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We investigate the leading twist quark generalized transverse momentum distributions (GTMDs) at
nonzero skewness in a light-front quark-diquark model for the nucleon motivated by soft-wall AdS/QCD.
The boost-invariant longitudinal coordinate, σ ¼ 1

2
b−Pþ, is identified as the Fourier conjugate of the

skewness. The Fourier transform of the GTMDs with respect to the skewness variable ξ can be employed to
provide the Wigner distributions in the boost-invariant longitudinal position space σ, the coordinate
conjugate to light-front time, τ ¼ tþ z=c. The Wigner distributions in the longitudinal position space
exhibit diffraction patterns, which are analogous to the diffractive scattering of a wave in optics.
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I. INTRODUCTION

A key tool for revealing hadronic structure is the deep
inelastic scattering (DIS) process, where individual quarks
and gluons, together known as partons, are resolved. One
can extract the parton distribution functions (PDFs) [1–4]
from such process. The PDFs encode the distribution of
longitudinal momentum and polarizations carried by the
partons. Being functions of longitudinal momentum frac-
tion (x) only, they provide one dimensional picture of the
hadrons. They do not give knowledge about the transverse
motion and spatial location of the constituents inside the
hadrons. A more comprehensive structural information of
hadrons is encoded in the transverse momentum dependent
parton distribution functions (TMDs) and the generalized
parton distributions (GPDs). The TMDs appear in the
description of semi-inclusive reactions like semi-inclusive
deep inelastic scattering (SIDIS) and the Drell-Yan process
[5–9], whereas the GPDs are accessible in the description
of hard exclusive reactions like deeply virtual Compton
scattering (DVCS) or deeply virtual meson production

(DVMP) [10–13]. Both the distributions provide us with
essential information about the momentum distribution and
the orbital motion of partons inside the hadrons, and allow
us to draw three-dimensional pictures of the hadrons.
Meanwhile, the entire perspective of thehadronic structure

can be achieved through the Wigner distributions, the
quantum-mechanical counterpart of classical phase-space
distributions, that unify the momentum and the position
distributions and give subtle details of the partons inside the
hadron. The Winger distributions were introduced in quan-
tum chromodynamics (QCD) by Ji [14] and have been
investigated extensively in recent times to understand the
multidimensional partonic imaging of the hadrons [15–32].
The Wigner distributions are six-dimensional phase-space
distributions, which do not have a probabilistic interpreta-
tion, but after some phase-space reductions, they reduce to
the TMDs and theGPDs. The angularmomentumof a parton
can be extracted from Wigner distributions by taking the
phase-space average [16]. Through Fourier transformations,
the Wigner distributions are linked to the generalized
transverse momentum distributions (GTMDs), which are
functions of the light-cone three momenta of the parton as
well as themomentum transfer to the hadron. They are often
denoted as the “mother distributions” since several
GTMDs, in certain kinematical limits, reduce to the
TMDs and the GPDs. The physical process, which gives
access to the quark GTMDs is the exclusive double Drell–
Yan process [33], while the gluon GTMDs are measurable
in diffractive dijet production in deep-inelastic lepton-
nucleon and lepton-nucleus scattering [34–37] and
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ultraperipheral proton-nucleus collisions [38], as well as in
virtual photon-nucleus quasielastic scattering [39].
At leading-twist, there are sixteenGTMDs for the nucleon.

They are characterized by different spin-orbit and spin-spin
correlations between the nucleon and a parton inside the
nucleon. Two of the GTMDs, F1;4 and G1;1 [28,40], play an
important role in understanding the nucleon spin structure and
describe the strength of spin-orbit interactions similar to spin-
orbit interactions in atomic systems like hydrogen [16,41].
The first complete classification of various parton distribu-
tions and their connectionwith theGTMDsand/or theWigner
distributions has been reported in Refs. [40,42]. Regarding
the GTMDs and the Wigner distributions of spin-1=2
composite systems, notable analyses exist, using different
theoretical models, e.g., in the light-cone constituent quark
model [15–17], the light-front dressed quark model [18–20],
the chiral soliton model [15,16], light-cone spectator model
[21], the light-front quark-diquark model [22–27], quark
target model [28], etc. These distributions for spin-0 hadrons
have also been investigated using different theoretical
approaches [29–32]. Meanwhile, the scale evolution of the
GTMDs has been studied in Refs. [18,43].
It is well known that the skewness variable (ξ) represents

the longitudinal momentum transfer in a physical process
and in particular ξ ¼ 0 corresponds to the momentum
transfer only in the transverse direction. It should be noted
that the most of the previous analyses for the nucleon
GTMDs have been made by assuming the momentum
transfer in the process only in the transverse direction.
However, the experiments always probe ξ ≠ 0. Thus, it
becomes desirable to develop a deeper understanding of
GTMDs at nonzero skewness. In this work, we investigate
all the leading twist quark GTMDs at nonzero skewness
within the Dokshitzer Gribov Lipatov Altarelli Parisi
(DGLAP) region in a light-front quark-diquark model
(LFQDM) for the nucleon [44]. In this model, both the
scalar and the axial vector diquarks are considered and the
light-front wave functions (LFWFs) are constructed from
the two particle effective wave functions obtained in soft-
wall anti–de Sitter (AdS)/QCD. So far, this model has been
successfully employed to describe many interesting proper-
ties of the nucleon, e.g., electromagnetic form factor, PDFs,
GPDs, TMDs, Wigner distributions at zero-skewness, spin
asymmetries, etc., [23,44–49]. We obtain the GTMDs at
nonzero skewness for unpolarized as well as longitudinally
and transversely polarized nucleons. Our work is therefore
suited for the direct analysis of experimental data. One can
map out the Wigner distributions as the Fourier transform
(FT) of the GTMDs. We then investigate the Wigner
distributions in the longitudinal position space by taking
the FT of the GTMDs with respect to ξ. We illustrate that
the FTof the GTMDs in ξ reveals the structure of a nucleon
in a longitudinal impact parameter space, σ ¼ 1

2
b−Pþ [50],

where the three-dimensional (3D) coordinate b⃗ ¼ ðb⊥; b−Þ
is conjugate to the momentum transfer Δ⃗, provide a

light-front image of the target nucleon in a frame-independent
3D light-front coordinate space. In this context, the DVCS
amplitudes and the GPDs of a relativistic spin-1

2
composite

system in the boost-invariant longitudinal position space have
been investigated in Refs. [50–57]. The results were analo-
gous to the diffractive scattering of a wave in optics.
The paper is organized as follows. In Sec. II, we give

brief introductions to the nucleon LFWFs of the quark-
diquark model motivated by soft-wall AdS/ QCD. The
leading twist nucleon GTMDs at nonzero skewness have
been evaluated in this model and discussed in the numerical
results in Sec. III. We study the Wigner distributions in the
longitudinal boost-invariant space in Sec. IV. Summary is
given in Sec. V.

II. LIGHT-FRONT QUARK-DIQUARK MODEL
FOR NUCLEON

The proton state is written as superposition of the quark-
diquark states allowed under SUð4Þ spin-flavor symmetry
as [44,58,59]

jP;�i ¼ CSju S0i� þ CV juA0i� þ CVV jdA1i� ð1Þ

where ju S0i, juA0i and jdA1i are the isoscalar-scalar
diquark singlet state, isoscalar-vector diquark state and
isovector-vector diquark state, respectively.
The two-particle Fock-state expansion for Jz ¼ �1=2

with spin-0 diquark is given by

ju Si� ¼
Z

dxd2p⊥
2ð2πÞ3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − xÞp
×
�
ψ�ðuÞ
þ ðx;p⊥Þ

����þ 1

2
s; xPþ;p⊥

�

þ ψ�ðuÞ
− ðx;p⊥Þ

���� − 1

2
s; xPþ;p⊥

��
; ð2Þ

where the LFWFs ψλNðuÞ
λq

ðx;p⊥Þ with nucleon helicities

λN ¼ � and for quark λq ¼ �; plus and minus correspond
to þ 1

2
and − 1

2
, respectively, are [60]

ψ ðuÞ
þ ðx;p⊥Þ ¼ NSφ

ðuÞ
1 ðx;p⊥Þ;

ψþðuÞ
− ðx;p⊥Þ ¼ NS

�
−
p1 þ ip2

xM

�
φðuÞ
2 ðx;p⊥Þ;

ψ−ðuÞ
þ ðx;p⊥Þ ¼ NS

�
p1 − ip2

xM

�
φðuÞ
2 ðx;p⊥Þ;

ψ ðuÞ
− ðx;p⊥Þ ¼ NSφ

ðuÞ
1 ðx;p⊥Þ; ð3Þ

and jλqλS; xPþ;p⊥i represents the two-particle state having
the scalar diquark of helicity λS ¼ 0 (singlet). Meanwhile,
the state with spin-1 diquark is expressed as [61]
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jνAi� ¼
Z

dxd2p⊥
2ð2πÞ3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1− xÞp �
ψ�ðνÞ
þþ ðx;p⊥Þj

þ 1

2
þ 1;xPþ;p⊥

�
þψ�ðνÞ

−þ ðx;p⊥Þj

−
1

2
þ 1;xPþ;p⊥

�
þψ�ðνÞ

þ0 ðx;p⊥Þj

þ 1

2
0;xPþ;p⊥

�
þψ�ðνÞ

−0 ðx;p⊥Þj−
1

2
0;xPþ;p⊥

�

þψ�ðνÞ
þ− ðx;p⊥Þjþ

1

2
− 1;xPþ;p⊥

�

þψ�ðνÞ
−− ðx;p⊥Þj−

1

2
− 1;xPþ;p⊥

��
; ð4Þ

with jλqλD; xPþ;p⊥i being the two-particle state with the
axial-vector diquark helicities λD ¼ �1, 0 (triplet). For

J ¼ þ1=2, the LFWFs ψλNðuÞ
λq;λD

ðx;p⊥Þ are,

ψþðνÞ
þþ ðx;p⊥Þ ¼ NðνÞ

1

ffiffiffi
2

3

r �
p1 − ip2

xM

�
φðνÞ
2 ðx;p⊥Þ;

ψþðνÞ
−þ ðx;p⊥Þ ¼ NðνÞ

1

ffiffiffi
2

3

r
φðνÞ
1 ðx;p⊥Þ;

ψþðνÞ
þ0 ðx;p⊥Þ ¼ −NðνÞ

0

ffiffiffi
1

3

r
φðνÞ
1 ðx;p⊥Þ;

ψþðνÞ
−0 ðx;p⊥Þ ¼ NðνÞ

0

ffiffiffi
1

3

r �
p1 þ ip2

xM

�
φðνÞ
2 ðx;p⊥Þ;

ψþðνÞ
þ− ðx;p⊥Þ ¼ 0;

ψþðνÞ
−− ðx;p⊥Þ ¼ 0; ð5Þ

and for J ¼ −1=2

ψ−ðνÞ
þþ ðx;p⊥Þ ¼ 0;

ψ−ðνÞ
−þ ðx;p⊥Þ ¼ 0;

ψ−ðνÞ
þ0 ðx;p⊥Þ ¼ NðνÞ

0

ffiffiffi
1

3

r �
p1 − ip2

xM

�
φðνÞ
2 ðx;p⊥Þ;

ψ−ðνÞ
−0 ðx;p⊥Þ ¼ NðνÞ

0

ffiffiffi
1

3

r
φðνÞ
1 ðx;p⊥Þ;

ψ−ðνÞ
þ− ðx;p⊥Þ ¼ −NðνÞ

1

ffiffiffi
2

3

r
φðνÞ
1 ðx;p⊥Þ;

ψ−ðνÞ
−− ðx;p⊥Þ ¼ NðνÞ

1

ffiffiffi
2

3

r �
p1 þ ip2

xM

�
φðνÞ
2 ðx;p⊥Þ; ð6Þ

having flavor index ν ¼ u, d. The wave functions are
normalized according to the quark counting rules [44]. The

LFWFs φðνÞ
i ðx;p⊥Þ are the modified form of the soft-wall

AdS/QCD prediction for the two particle effective wave
functions

φðνÞ
i ðx;p⊥Þ ¼

4π

κ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logð1=xÞ
1 − x

r
xa

ν
i ð1 − xÞbνi

× exp

�
−δν

p2⊥
2κ2

logð1=xÞ
ð1 − xÞ2

�
: ð7Þ

The wave functions φν
i (i ¼ 1, 2) reduce to the original

AdS/QCD wavefunction [62,63] for the parameters aνi ¼
bνi ¼ 0 and δν ¼ 1.0. We use the AdS/QCD scale parameter
κ ¼ 0.4 GeV [64,65] and the quarks are assumed to be
massless. The parameters of this model are determined
from the fitting of the flavor decomposed Dirac and Pauli
form factors data and listed in Refs. [44,45]. This model
wave function with the parameters provide a reasonably
good agreement with the proton electric and magnetic
charge radius data as well as parton distribution data.

III. GTMDS WITH NONZERO
SKEWNESS IN LFQDM

In this section, we present the detail calculations of the
leading twist GTMDs in the LFQDM. The bilinear decom-
position of the fully unintegrated quark-quark correlator for
a spin-1=2 hadron is presented and parameterized in terms
of GTMDs in Ref. [40]. In the fixed light-cone time
zþ ¼ 0, the quark-quark correlator for GTMDs is defined
as [40,42]

Wν½Γ�
½λ00λ0�ðx; ξ;Δ⊥;p⊥Þ

¼ 1

2

Z
dz−

ð2πÞ
d2zT
ð2πÞ2 e

ip:zhP00; λ00jψ̄ νð−z=2ÞΓW ½−z=2;z=2�

× ψνðz=2ÞjP0; λ0ijzþ¼0; ð8Þ

where jP0; λ0i and jP00; λ00i are the initial and final states
of the proton with helicities λ0 and λ00, respectively and
ψðψ̄Þ is the quark field. The Γ denotes the leading twist
Dirac γ-matrices, i.e., Γ ¼ fγþ; γþγ5; iσjþγ5g corre-
sponding to unpolarized, longitudinally polarized and
transversely polarized quarks, respectively. The gauge
link, W ½−z=2;z=2�, ensures the SUð3Þ color gauge invari-
ance of the bilocal quark operator. Here, we follow
the convention x� ¼ ðx0 � x3Þ and the kinematics are
given by

P≡
�
Pþ;

M2 þ Δ2⊥=4
ð1 − ξ2ÞPþ ; 0⊥

�
; ð9Þ

p≡ ðxPþ; p−;p⊥Þ; ð10Þ

Δ≡
�
−2ξPþ;

tþ Δ2⊥
−2ξPþ ;Δ⊥

�
; ð11Þ
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where the skewness is defined as ξ ¼ −Δþ=2Pþ. In the
symmetric frame, the average momentum of proton P ¼
1
2
ðP00 þ P0Þ, while momentum transfer Δ ¼ ðP00 − P0Þ.

The initial and final four momenta of the proton are
then given by

P0 ≡
�
ð1þ ξÞPþ;

M2 þ Δ2⊥=4
ð1þ ξÞPþ ;−Δ⊥=2

�
: ð12Þ

P00 ≡
�
ð1 − ξÞPþ;

M2 þ Δ2⊥=4
ð1 − ξÞPþ ;Δ⊥=2

�
: ð13Þ

Note that the square of the total momentum transfer,
t ¼ Δ2, and one can derive the following relation
explicitly using Δ− ¼ ðP00− − P0−Þ

−t ¼ 4ξ2M2 þ Δ2⊥
ð1 − ξ2Þ : ð14Þ

Here, we define ξ following the convention in Ref. [40],
which differs by a minus sign with respect to that in
Ref. [66]. The bilinear decomposition of the quark-
quark correlator, Eq. (8), relates to the leading twist
GTMDs as given in Appendix A. Meanwhile, the

correlator Wν½Γ�
½λ00λ0� defined in Eq. (8) can be expressed

in terms of overlaps of the LFWFs given in Eqs. (3),
(5), and (6). We obtain for the scalar diquark

W½γþ�ðSÞ
½λ00λ0� ðx;p⊥;Δ⊥Þ ¼

1

16π3
X
λq

ψλ00†
λq

ðx00;p00⊥Þψλ0†
λq
ðx0;p0⊥Þ;

ð15Þ

W½γþγ5�ðSÞ
½λ00λ0� ðx;p⊥;Δ⊥Þ

¼ 1

16π3
X
λq

ð2λqÞψλ00†
λq

ðx00;p00⊥Þψλ0†
λq
ðx0;p0⊥Þ; ð16Þ

W½iσjþγ5�ðSÞ
½λ00λ0� ðx;p⊥;Δ⊥Þ

¼ 1

16π3
X
λ00q

X
λ0q

ð2λ0qiÞiψλ00†
λ00q

ðx00;p00⊥Þψλ0†
λ0q
ðx0;p0⊥Þ; ð17Þ

while for the axial-vector diquark

W½γþ�ðAÞ
½λ00λ0� ðx;p⊥;Δ⊥Þ

¼ 1

16π3
X
λq

X
λD

ψλ00†
λqλD

ðx00;p00⊥Þψλ0†
λqλD

ðx0;p0⊥Þ; ð18Þ

W½γþγ5�ðAÞ
½λ00λ0� ðx;p⊥;Δ⊥Þ

¼ 1

16π3
X
λq

X
λD

ð2λqÞψλ00†
λqλD

ðx00;p00⊥Þψλ0†
λqλD

ðx0;p0⊥Þ; ð19Þ

W½iσjþγ5�ðAÞ
½λ00λ0� ðx;p⊥;Δ⊥Þ

¼ 1

16π3
X
λ00q

X
λ0q

X
λD

ϵij⊥ð2λ0qiÞiψλ00†
λ00qλD

ðx00;p00⊥Þψλ0†
λ0qλD

ðx0;p0⊥Þ;

ð20Þ

with the Dirac structures Γ ¼ γþ; γþγ5, and iσjþγ5. The
initial and final transverse momenta of the struck quark
are given by

p0⊥ ¼ p⊥ − ð1 − x0ÞΔ⊥
2

; with x0 ¼ xþ ξ

1þ ξ
; ð21Þ

p00⊥ ¼ p⊥ þ ð1 − x00ÞΔ⊥
2

; with x00 ¼ x − ξ

1 − ξ
; ð22Þ

respectively. With the scalar and the axial-vector
diquark components, the correlator in the LFQDM
model is written as

Wν½Γ�
½λ00λ0�ðx;p⊥;Δ⊥Þ ¼ C2

SW
ν½Γ�ðSÞ
½λ00λ0� ðx;p⊥;Δ⊥Þ

þ C2
AW

ν½Γ�ðAÞ
½λ00λ0� ðx;p⊥;Δ⊥Þ; ð23Þ

where, CA ¼ CV;CVV for u and d quarks respectively.
Following the bilinear decomposition of the corre-

lator given in Eqs. (A1)–(A3), we express the GTMDs

in terms of the correlators Wν½Γ�
½λ00λ0� with proper helicity

combinations and Dirac structure. Using the LFWFs given
in Eqs. (15)–(20), we end up with the results of leading
twist GTMDs in the LFQDM model and the explicit
expressions of the GTMDs are

(i) for unpolarized quark with Dirac matrix struc-
ture Γ ¼ γþ:

Fν
1;1ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ ¼ Nν

F11
1

16π3
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p �
Aν
1ðx00ÞAν

1ðx0Þ þ
	
p2⊥ −

Δ2⊥
4

ð1 − xÞ2
ð1 − ξ2Þ

þ ξð1 − xÞ
ð1 − ξ2Þ ðp⊥:Δ⊥Þ



Aν
2ðx00ÞAν

2ðx0Þ
x00x0M2

�
exp½−ãðx00Þp002⊥ − ãðx0Þp02⊥�; ð24Þ
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Fν
1;2ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ ¼ −Nν

F12
1

16π3
1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p �
Aν
1ðx00ÞAν

2ðx0Þ
x0

−
Aν
2ðx00ÞAν

1ðx0Þ
x00

�

× exp½−ãðx00Þp002⊥ − ãðx0Þp02⊥�

−
Δ2⊥
2M2

ξ

ð1 − ξ2Þ
Nν

F12

Nν
F14

F1;4ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ; ð25Þ

Fν
1;3ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ ¼ Nν

F13
1

16π3
ð1 − xÞffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p 1

2

�
Aν
1ðx00ÞAν

2ðx0Þ
x0ð1þ ξÞ þ Aν

2ðx00ÞAν
1ðx0Þ

x00ð1 − ξÞ
�

× exp½−ãðx00Þp002⊥ − ãðx0Þp02⊥�

þ 1

2ð1 − ξ2Þ
Nν

F13

Nν
F11

F1;1ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ

þ 1

2M2

ξ

ð1 − ξ2Þ ðp⊥:Δ⊥Þ
Nν

F13

Nν
F14

F1;4ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ; ð26Þ

Fν
1;4ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ ¼ −Nν

F14
1

16π3
ð1 − xÞffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p 1

x00x0
Aν
2ðx00ÞAν

2ðx0Þ exp½−ãðx00Þp002⊥ − ãðx0Þp02⊥�; ð27Þ

(ii) for longitudinally polarized quark with Dirac matrix structure Γ ¼ γþγ5:

Gν
1;1ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ ¼ −Nν

G11
1

16π3
ð1 − xÞffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p 1

x00x0
Aν
2ðx00ÞAν

2ðx0Þ exp½−ãðx00Þp002⊥ − ãðx0Þp02⊥�; ð28Þ

Gν
1;2ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ ¼ Nν

G12
1

16π3
1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p �
Aν
1ðx00ÞAν

2ðx0Þ
x0

þ Aν
2ðx00ÞAν

1ðx0Þ
x00

�

× exp½−ãðx00Þp002⊥ − ãðx0Þp02⊥�; ð29Þ

Gν
1;3ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ ¼ Nν

G13
1

16π3
ξð1 − xÞ

ð1 − ξ2Þ3=2
1

2

�
Aν
1ðx00ÞAν

2ðx0Þ
x0

þ Aν
2ðx00ÞAν

1ðx0Þ
x00

�
× exp½−ãðx00Þp002⊥ − ãðx0Þp02⊥��

þ ξ

ð1 − ξ2Þ
Nν

G13

Nν
G14

G1;4ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ; ð30Þ

Gν
1;4ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ ¼ Nν

G14
1

16π3
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p 1

2

�
Aν
1ðx00ÞAν

1ðx0Þ −
	
p2⊥ −

Δ2⊥
4

ð1 − xÞ2
ð1 − ξ2Þ

þ ξð1 − xÞ
ð1 − ξ2Þ ðp⊥:Δ⊥Þ



Aν
2ðx00ÞAν

2ðx0Þ
x00x0M2

�
exp½−ãðx00Þp002⊥ − ãðx0Þp02⊥�; ð31Þ

(iii) for transversely polarized quark with Dirac matrix structure Γ ¼ iσjþγ5:

Hν
1;1ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ ¼ −Nν

H11

1

16π3

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p �
1

x0
Aν
1ðx00ÞAν

2ðx0Þ −
1

x00
Aν
2ðx00ÞAν

1ðx0Þ
�

× exp½−ãðx00Þp002⊥ − ãðx0Þp02⊥�; ð32Þ

Hν
1;2ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ ¼ Nν

H12

1

16π3
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p 1

2

�
1 − x0

x0
Aν
1ðx00ÞAν

2ðx0Þ þ
1 − x00

x00
Aν
2ðx00ÞAν

1ðx0Þ
�

× exp½−ãðx00Þp002⊥ − ãðx0Þp02⊥�; ð33Þ
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Hν
1;3ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ ¼ Nν

H13

1

16π3
1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p �
Aν
1ðx00ÞAν

1ðx0Þ

þ
�
p2⊥ −

ð1 − xÞ2
ð1 − ξ2Þ

Δ2⊥
4

�
Aν
2ðx00ÞAν

2ðx0Þ
x0x00M2

�
exp½−ãðx00Þp002⊥ − ãðx0Þp02⊥�

−
1

2M2ð1 − ξ2Þ
Nν

H13

Nν
H12

Δ2⊥H1;2ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ; ð34Þ

Hν
1;4ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ ¼ −Nν

H14

1

16π3
1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p 2

x00x0
Aν
2ðx00ÞAν

2ðx0Þ exp½−ãðx00Þp002⊥ − ãðx0Þp02⊥�; ð35Þ

Hν
1;5ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ ¼ Nν

H15

1

16π3

�
ξ

ð1 − ξ2Þ3=2
ð1 − xÞ
x00x0

Aν
2ðx00ÞAν

2ðx0Þ
�
exp½−ãðx00Þp002⊥ − ãðx0Þp02⊥�

þ ξ

ð1 − ξ2Þ
Nν

H15

Nν
H17

Hν
1;7ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ; ð36Þ

Hν
1;6ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ ¼ Nν

H16

1

16π3

�
1

ð1 − ξ2Þ3=2
ð1 − xÞ2
2x00x0

Aν
2ðx00ÞAν

2ðx0Þ
�
exp½−ãðx00Þp002⊥ − ãðx0Þp02⊥�

þ 1

2ð1 − ξ2Þ
Nν

H16

Nν
H12

Hν
1;2ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ

þ ξ

ð1 − ξ2Þ
Nν

H16

Nν
H18

Hν
1;8ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ; ð37Þ

Hν
1;7ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ ¼ −Nν

H17

1

16π3

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p 1

2

�
1

x0
Aν
1ðx00ÞAν

2ðx0Þ þ
1

x00
Aν
2ðx00ÞAν

1ðx0Þ
�

× exp½−ãðx00Þp002⊥ − ãðx0Þp02⊥�; ð38Þ

Hν
1;8ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ ¼ Nν

H18

1

16π3
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p 1

4

�ð1 − x0Þ
x0

Aν
1ðx00ÞAν

2ðx0Þ −
ð1 − x00Þ

x00
Aν
2ðx00ÞAν

1ðx0Þ
�

× exp½−ãðx00Þp002⊥ − ãðx0Þp02⊥�; ð39Þ

with

Aν
i ðxÞ ¼

4π

κ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logð1=xÞ
ð1 − xÞ

s
xa

ν
i ð1 − xÞbνi ; ð40Þ

ãðxÞ ¼ logð1=xÞ
2κ2ð1 − xÞ2 ð41Þ

q̃2⊥ðx; ξ;Δ2⊥;p2⊥;Δ⊥:p⊥Þ ¼ ãðx00Þp002⊥ þ ãðx0Þp02⊥: ð42Þ

The normalization constants Nν
Λλ are

Nν
F11; N

ν
G11N

ν
H11; N

ν
H12 ¼

�
C2
SN

2
S þ C2

A

�
1

3
N2

0 þ
2

3
N2

1

��
ν

;

Nν
F14; N

ν
G14; N

ν
H17; N

ν
H18 ¼

�
C2
SN

2
S þ C2

A

�
1

3
N2

0 −
2

3
N2

1

��
ν

;

Nν
F12; N

ν
F13; N

ν
G12; N

ν
G13; N

ν
H13; N

ν
H14; N

ν
H15; N

ν
H16 ¼

�
C2
SN

2
S − C2

A
1

3
N2

0

�
ν

; ð43Þ
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where CA ¼ CV; CVV for the u and d quarks respectively.
Note that, NS ¼ 0 for d quark.
There are altogether 16 GTMDs at the leading twist. At

ξ ¼ 0 limit, x00 ¼ x0 ¼ x and all the expressions for the
GTMDs, Eqs. (24)–(39), are consistent with the results
presented in Ref. [23]. At Δ ¼ 0 and ξ ¼ 0, the GTMDs
reduce to the leading twist TMDs reported in Ref. [45]. For
nonzero skewness, the GTMDs F1;1 andG1;4, Eqs. (24) and
(31), respectively have an additional term containing
p⊥:Δ⊥, which breaks the axial symmetry of the distribu-
tions in the transverse momentum plane at a fixed Δ⊥. In
the GTMDs F1;2 and F1;3, Eqs. (25) and (26), an additional
term is found for ξ ≠ 0 that involves the GTMD F1;4.
Similarly, G1;3 has an additional term containing G1;4,
which vanishes at ξ ¼ 0. At the GPD limit, t ¼ Δ2 and
integrating over the quark transverse momentum p⊥, F1;1,
F1;2, and F1;3 contribute to the unpolarized GPDs H and E
[40], while G1;2, F1;2, and G1;4 contribute to the polarized
GPDs H̃ and Ẽ as shown in Appendix A.
To illustrate the numerical results of the flavor dependent

GTMDs, we emphasize on the ξ dependence since the other
dependencies of the GTMDs with vanishing skewness have
been investigated in several studies [15–25]. We consider
the DGLAP region, ξ< x < 1, for our discussion. Here, we
present the numerical results of the GTMDs for the
unpolarized and longitudinally polarized quarks evaluated
in Eqs. (24)–(31). These eight GTMDs are related to
several physical quantities like orbital angular momentum
(OAM), axial and tensor charges, etc., and also linked to the
GPDs and the TMDs in certain kinematical limits.
Meanwhile, the GTMDs for transversely polarized quark
are presented in the Appendix B.

A. Unpolarized quark

Figure 1 shows our model results of the GTMDs for an
unpolarized quark in a proton as functions of ξ and x at
fixed Δ2⊥ ¼ 0.2 GeV2 and p2⊥ ¼ 0.3 GeV2 with Δ⊥ being
perpendicular to p⊥. The four columns represents the four
GTMDs F1;1, F1;2, F1;3, and F1;4. The upper and lower
rows are for the u and d quarks, respectively. One notices
that all the distributions exhibit the accessibility of the
DGLAP region x > ξ. F1;2 and F1;3 for the u quark show
positive distributions, while they are negative for the d
quark. Meanwhile, we find that for both the quarks, F1;1 is
positive but F1;4 shows negative distribution. In case of F12

given in Eq. (25), the second term containing F1;4 domi-
nates and leads to the positive distribution for u and
negative for the d quarks. We observe that the general
features of all the distributions are more or less similar. The
GTMDs have their peaks at lower-xð<0.5Þ and the peaks
shift toward higher values of x with decreasing the
magnitude as the momentum transfer increases in the
longitudinal direction. In the light-cone gauge, the canoni-
cal quark orbital angular momentum (OAM), lz, has
contributions from GTMDs F1;4 at ξ ¼ 0 and Δ⊥ ¼ 0

limit [16,22]:

lν
z ¼ −

Z
dx d2p⊥

p2⊥
M2

Fν
1;4ðx; 0;p2⊥; 0; 0Þ: ð44Þ

The lz provides the correlation between proton spin and
quark OAM. In our model, the negative polarity of F1;4 for
both the quarks indicates that the quark OAM tends to be
aligned to the proton spin for both u and d quarks (lν

z > 0),
which is consistent with the results reported in Ref. [22].

FIG. 1. The GTMDs as functions of x and ξ for an unpolarized quark. The upper panel is for the u quark, while the lower panel
represents the results for the d quark. We fix Δ2⊥ ¼ 0.2 GeV2, p2⊥ ¼ 0.3 GeV2 and Δ⊥⊥p⊥. Left to right panels represent the GTMDs
F1;1, F1;2, F1;3, and F1;4, respectively.
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Meanwhile, it has been shown in Ref. [16], the quark OAM
tends to be aligned to the proton spin for the u quark
(lu

z > 0), but antialigned for the d quark (ld
z < 0).

In Fig. 2, we present x and Δ2⊥ dependence of the
unpolarized GTMDs at fixed ξ ¼ 0.1 and p2⊥ ¼ 0.2 GeV2.
Here again, we notice that the general feature of all the plots
is almost same. The magnitudes of distributions decrease
and the peaks along-x move toward larger values of x with
increasing momentum transfer Δ2⊥. As the total kinetic
energy remains limited, the distributions in the transverse
momentum broadens at higher-x reflecting the trend to
carry a larger portion of the kinetic energy. These general
features of the GTMDs are nearly model-independent

properties of the GPDs and, indeed, they are observed in
several theoretical studies of the GPDs [55–57,65,67–74]
As we expect from the Eqs. (24)–(27), F1;2 and F1;3

distributions show opposite polarity for the u and d quarks,
whereas the polarity of F1;1 and F1;4 remain unchanged
against the flavors. At the TMD limit, Δ⊥ ¼ 0 and with
vanishing skewness, the time reversal even (T-even) part of
F1;1 maps onto the unpolarized TMD fν1ðx;p2⊥Þ and the
T-odd part of F1;2 is linked to the Sivers TMD f⊥ν

1T ðx;p2⊥Þ.
In our model, the different polarities of F1;2 for the u and d
quarks lead to the Sivers effect [75], where a quark in a
transversely polarized target has the transverse momentum
asymmetry in the perpendicular direction to the proton

FIG. 2. The GTMDs as functions of x and Δ2⊥ for an unpolarized quark. The upper panel is for the u quark, while the lower panel
represents the results for the d quark. We fix ξ ¼ 0.1, p2⊥ ¼ 0.3 GeV2 and Δ⊥⊥p⊥. Left to right panels represent the GTMDs F1;1, F1;2,
F1;3, and F1;4, respectively.

FIG. 3. The GTMDs as functions of x and ξ for a longitudinally polarized quark. The upper panel is for the u quark, while the lower
panel represents the results for the d quark. We fix Δ2⊥ ¼ 0.2 GeV2, p2⊥ ¼ 0.3 GeV2 and Δ⊥⊥p⊥. Left to right panels represent the
GTMDs G1;1, G1;2, G1;3, and G1;4, respectively.
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spin. This asymmetry for the u quark is found to be in
opposite momentum direction to that of the d quark.

B. Longitudinally polarized quark

The GTMDs for the longitudinally polarized quark, i.e.,
G1;1, G1;2, G1;3, and G1;4 as functions of x and ξ for fixed
Δ⊥ ¼ 0.2 GeV2 and p⊥ ¼ 0.3 GeV2 are shown in Fig. 3.
As we mentioned earlier, the distributions are evaluated in
the DGLAP region, x > ξ. The distributions G1;2 and G1;3

are positive for the u quark and they are negative for the d
quark, whereas G1;1 shows negative distribution for both
the quarks. The G1;4 for the d quark is positive at low-x and
slightly negative around x ¼ 0.5, while for the u quark it
exhibits distinctly different behavior having a negative peak
at lower-x and a positive peak at larger-x. At the ξ ¼ 0
limit, the spin-orbit correlation of a quark can be expressed
in terms of G1;1 [16,23]:

Cν
z ¼ −

Z
dx d2p⊥

p2⊥
M2

Gν
1;1ðx; 0;p2⊥; 0; 0Þ; ð45Þ

where Cν
z > 0 indicates that the quark spin and OAM tend

to be aligned and Cν
z < 0 implies that they are antialigned.

The negative Gν
1;1 distribution in our model indicates that

Cν
z > 0, reflecting quark spin and OAM tend to be aligned.

The G1;4 shows a dipolar behavior with opposite polarity
for the u and d quarks and this GTMD at vanishing
skewness and Δ2⊥ ¼ 0 limit contributes to the axial charge
gA defined as gA ¼ R dx d2p⊥G1;4ðx; 0;p2⊥; 0; 0Þ, which is
related to the spin as sνz ¼ 1

2
gνA. At the GPD limit (t ¼ −Δ2⊥

and integrating over p⊥), the GPDs H̃ and Ẽ can be
expressed in terms ofG1;2,G1;3,G1;4 as shown in Eqs. (A6)
and (A7). We illustrate the x and Δ2⊥ dependence of the
longitudinally polarized quark GTMDs in Fig. 4. We find

that the qualitative behavior of the polarized and unpolar-
ized GTMDs are more or less similar.

IV. WIGNER DISTRIBUTIONS IN BOOST-
INVARIANT LONGITUDINAL SPACE

The Wigner distributions in the transverse impact
parameter space have been studied extensively in several
models including the LFQDM model for zero skewness.
The transverse impact parameter b⊥ is the Fourier con-
jugate to the variable D⊥ ¼ Δ⊥=ð1 − ξ2Þ [76–79], which
simply reduces to Δ⊥ for zero skewness (ξ ¼ 0).
Meanwhile, the skewness variable ξ is conjugate to the
boost-invariant longitudinal impact parameter defined as
σ ¼ 1

2
b−Pþ. The Fourier transformation of the correlator

Wν½Γ�
½λ00λ0�ðx; ξ;Δ⊥;p⊥Þ with respect to skewness variable ξ

provides a distribution in the boost-invariant longitudinal
space σ. Notably, the Fourier transform of the DVCS
amplitude with respect to ξ at fixed invariant momentum
transfer provides an interesting diffraction pattern in the
longitudinal impact-parameter space [50,51]. The results
were analogous to the diffractive scattering of a wave in
optics. On the other hand, the GPDs extracted in different
phenomenological models [52–54] and AdS/QCD inspired
model [55–57,79] exhibit an analogous behavior in longi-
tudinal boost-invariant space. It is therefore interesting
to study a more general distribution, Wigner distribution,
in the longitudinal impact parameter space, which is
defined as

ρ̃ν½Γ�ðx; σ;Δ⊥;p⊥; SÞ ¼
Z

ξs

0

dξ
2π

eiσ:ξWν½Γ�ðx; ξ;Δ⊥;p⊥; SÞ;

ð46Þ
where the upper limit of the integration, ξs, is equivalent to
the slit width that provides a necessary condition for

FIG. 4. The GTMDs as functions of x and Δ2⊥ for a longitudinally polarized. The upper panel is for the u quark, while the lower panel
represents the results for the d quark. We fix ξ ¼ 0.1, p2⊥ ¼ 0.3 GeV2 andΔ⊥⊥p⊥. Left to right panels represent the GTMDs G1;1,G1;2,
G1;3, and G1;4, respectively.
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occurring of the diffraction pattern. Since we are consid-
ering the region ξ< x < 1, the upper limit of the integration
ξs is given by ξs ¼ x if ξmax > x; otherwise it is given by
ξs ¼ ξmax if ξmax < x, where the maximum value of ξ for a
fixed value of −t is given by [50–53]

ξmax ¼
−t
2M2

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4M2

ð−tÞ

s
− 1

!
: ð47Þ

Similar to the Wigner distributions in the b⊥ space for
various polarization configurations of the proton and the
quark [16,21,23], in the longitudinal position space they are
defined as

ρ̃νUYðx; σ;Δ⊥;p⊥Þ ¼
1

2
½ρ̃ν½ΓY �ðx; σ;Δ⊥;p⊥;þŜzÞ

þ ρ̃ν½ΓY �ðx; σ;Δ⊥;p⊥;−ŜzÞ�; ð48Þ

ρ̃νLYðx; σ;Δ⊥;p⊥Þ ¼
1

2
½ρ̃ν½ΓY �ðx; σ;Δ⊥;p⊥;þŜzÞ

− ρ̃ν½ΓY �ðx; σ;Δ⊥;p⊥;−ŜzÞ�; ð49Þ

ρ̃jνTYðx; σ;Δ⊥;p⊥Þ ¼
1

2
½ρ̃ν½ΓY �ðx; σ;Δ⊥;p⊥;þŜjÞ

− ρ̃ν½ΓY �ðx; σ;Δ⊥;p⊥;−ŜjÞ�; ð50Þ

where the subscripts in the first place U, L, and T represent
the proton polarizations, i.e., unpolarized, longitudinally
polarized, and transversely polarized, respectively and Y ¼
fU;L; Tg defines the quark polarizations and the corre-
sponding Dirac structures fΓY ¼ γþ; γþγ5; iσjþγ5g. The
longitudinal spin of the proton is represented by Ŝz and Ŝj
is the transverse spin of proton along x and y axis with
j ¼ 1, 2, respectively. Thus, each of the Eqs. (48)–(50)
stands for the three distributions for Y ¼ fU;L; Tg and
altogether, we have nine Wigner distributions for different
polarization combinations of the quark and the proton. We
have another polarization combination when the quark and
the proton are polarized in right angle. For this polarization

combination, the Wigner distribution, also known as
pretzelous distribution, is defined as

ρ̃⊥jν
TT ððx;σ;Δ⊥;p⊥Þ ¼ ϵij⊥ð−1Þj

1

2
½ρ̃ν½iσjþγ5�ðx;σ;Δ⊥;p⊥;þŜiÞ

− ρ̃ν½iσjþγ5�ðx;σ;Δ⊥;p⊥;−ŜiÞ�: ð51Þ

Using the definition of the Wigner distributions in boost-
invariant longitudinal impact parameter space, Eq. (46), in
Eqs. (48)–(51), the distributions can be parametrized in
terms of leading twist GTMDs as:

(i) for unpolarized proton

ρ̃νUUðx;σ;Δ⊥;p⊥Þ ¼
Z

ξs

0

dξ
2π

eiσ:ξ
1ffiffiffiffiffiffiffiffiffiffiffiffi
1− ξ2

p Fν
1;1; ð52Þ

ρ̃νULðx; σ;Δ⊥;p⊥Þ ¼
Z

ξs

0

dξ
2π

eiσ:ξ
−i

M2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
× ϵij⊥pi⊥Δ

j
⊥Gν

1;1; ð53Þ

ρ̃νjUTðx; σ;Δ⊥;p⊥Þ ¼
Z

ξs

0

dξ
2π

eiσ:ξ
−i

M
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
× ϵij⊥½pi⊥Hν

1;1 þ Δi⊥Hν
1;2�; ð54Þ

(ii) for longitudinally polarized proton

ρ̃νLUðx; σ;Δ⊥;p⊥Þ ¼
Z

ξs

0

dξ
2π

eiσ:ξ
i

M2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
× ϵij⊥pi⊥Δ

j
⊥Fν

1;4; ð55Þ

ρ̃νLLðx;σ;Δ⊥;p⊥Þ ¼
Z

ξs

0

dξ
2π

eiσ:ξ
2ffiffiffiffiffiffiffiffiffiffiffiffi
1− ξ2

p Gν
1;4; ð56Þ

ρ̃νjLTðx; σ;Δ⊥;p⊥Þ ¼
Z

ξs

0

dξ
2π

eiσ:ξ
2

M
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
× ½pj

⊥Hν
1;7 þ Δj

⊥Hν
1;8�; ð57Þ

(iii) for transversely polarized proton

ρ̃iνTUðx; σ;Δ⊥;p⊥Þ ¼
Z

ξs

0

dξ
2π

eiσ:ξ
−i

2M
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p ϵij⊥
�
Δj

⊥ðFν
1;1 − 2ð1 − ξ2ÞFν

1;3Þ

− 2ð1 − ξ2Þpj
⊥Fν

1;2 þ
ξ

M2
ϵkl⊥pk⊥Δl⊥Δ

j
⊥Fν

1;4

�
; ð58Þ

ρ̃iνTLðx; σ;Δ⊥;p⊥Þ ¼
Z

ξs

0

dξ
2π

eiσ:ξ
�

−1
2M3ð1 − ξ2Þ3=2 ϵ

ij
⊥ϵkl⊥pk⊥Δl⊥Δ

j
⊥G1;1 þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
M

pi⊥Gν
1;2

þ 1

M
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p Δi⊥ðð1 − ξ2ÞGν
1;3 − ξGν

1;4Þ
�
; ð59Þ
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ρ̃jνTTðx; σ;Δ⊥;p⊥Þ ¼
Z

ξs

0

dξ
2π

eiσ:ξϵij⊥ð−1Þj
�

1

2M2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p ðpi⊥Δi⊥H1;1 þ ðΔi⊥Þ2H1;2Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
Hν

1;3 þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
M2

ðpj
⊥Þ2Hν

1;4 þ
1

M2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p pj
⊥Δ

j
⊥ðð1 − ξ2ÞHν

1;5 − ξHν
1;7Þ

þ 1

M2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p ðΔj
⊥Þ2ðð1 − ξ2ÞHν

1;6 − ξHν
1;8Þ
�
: ð60Þ

The pretzelous distribution is parametrized as

ρ̃⊥jν
TT ðx; σ;Δ⊥;p⊥Þ ¼

Z
ξs

0

dξ
2π

eiσ:ξϵij⊥
�
−

1

2M2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p pi⊥Δ
j
⊥ðHν

1;1 − 2ð1 − ξ2ÞHν
1;5Þ

−
1

2M2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p Δi⊥Δ
j
⊥ðHν

1;2 − 2ð1 − ξ2ÞHν
1;6 − ζHν

1;8Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
M2

pi⊥p
j
⊥Hν

1;4 þ
ξ

2M2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p pj
⊥Δi⊥Hν

1;7

�
: ð61Þ

All the GTMDs in Eqs. (52)–(61), Fν
1;m,G

ν
1;m, andH

ν
1;n (for

m ¼ 1, 2, 3, 4 and n ¼ 1; 2; 3…8) depend on the set of
variables (x, ξ, p2⊥, p⊥:Δ⊥, Δ2⊥) and the Fourier trans-
formation with respect to ξ gives the Wigner distributions
in the conjugate space σ. Note that, each of the distributions
carries flavor index ν and the flavor u and d are distin-
guished by the flavor dependent model parameters aνi , b

ν
i

encoded in the LFWFs φðνÞ
i of Eq. (7).

The analytical results in Eqs. (52)–(61) are used for further
numerical computation and a few of the distributions in σ
space are shown in Figs. 5 and 6. All the distributions are
functions of ρ̃νXYðx; σ;Δ⊥;p⊥Þ and using the relation
between Δ⊥ and total momentum transfer square −t, as
given in Eq. (14), the distributions are eventually expressed
as functions of ρ̃νXYðx; σ; t;p⊥Þ. In Fig. 5, we illustrate the
distributions ρ̃νUU and ρ̃νLL when both the quark and proton
are unpolarized and longitudinally polarized, respectively,
as function of σ at fixed x ¼ 0.3, p⊥ ¼ 0.2p̂y GeV, and
−t ¼ f0.05; 0.1; 0.6g GeV2. The three different values of−t
correspond to the values of ξmax ≈ f0.052; 0.101; 0.466g,
respectively, which reflect the upper limit of the ξ integration
in Eq. (47), ξs ¼ 0.052 and 0.101 for −t ¼ 0.05 and 0.1,
respectively, while for −t ¼ 0.6 the integration limit is ξs ¼
x ¼ 0.3 since ξmax > x. Note that to get the nonvanishing
contribution of p⊥:b⊥, we prefer to choose Δ⊥kp⊥.
However, in some cases, for example, ρ̃νUL, ρ̃νLU, etc.,
presented in the Appendix C, which involve ϵij⊥piΔj, we
consider Δ⊥⊥p⊥. The ρUU has the contribution from the
GTMD F1;1 and the ρLL involves the GTMD G1;4. For
nonzero skewness, these two distributions, Eqs. (24) and
(31), have an additional contribution containing p⊥:Δ⊥.
Our results for the ρ̃UU and ρ̃LL in the longitudinal

position space show an oscillatory behavior, which can be

viewed as the diffraction pattern generated by the single slit
experiment in optics. The size of the principle maxima in the
diffraction pattern is inversely proportional to the slit width.
The finite size of theξ in theFourier transformation inEq. (46)
is responsible for producing the diffraction pattern, where ξs
plays the role of the slit width of the single slit experiment.We
should also mention here that the Fourier transform with a
finite range of ξ of any arbitrary function does not provide the
diffraction pattern [53]. We observe that as −t increases, ξs
also increases and the width of the principle maxima con-
sequently decreases. In other words, the position of the first
minima shifts toward the center with increasing−t. Note that
a similar diffraction pattern in longitudinal position space has
also been observed in DVCS amplitude [50,51], GPDs
[52–57,79], and the coordinate-space parton density [80].
Thus, this interesting feature of the Wigner distributions in σ
space is not very surprising. For ρ̃UU, the magnitude of the
peak of the principal maxima increases gradually up to the
limit ξmax ¼ x and beyond that region, e.g., ξmax > x, it
decreases as shown in green dots for −t ¼ 0.6 GeV2.
Meanwhile, the magnitude of the maxima in ρLL continu-
ously increases as−t increases. Expect in themagnitude, both
the u and d quarks exhibit identical features for ρ̃UU and ρ̃LL.
The Wigner distributions ρ̃TT and ρ̃⊥TT in longitudinal

position space are illustrate in Fig. 6. Each of these
distributions, Eqs. (60) and (61), has contributions from
several GTMDs with some prefactor of momentum struc-
tures, e.g., ϵij⊥pi⊥, Δi⊥, ϵ

ij
⊥pi⊥Δ

j
⊥, ϵ

ij
⊥pi⊥p

j
⊥, ϵ

ij
⊥Δi⊥Δ

j
⊥, etc.

For the choice p⊥ and Δ⊥ both along the y-axis, the
contributions from some of the GTMDs vanish irrespec-
tive of the choice of the quark polarization j ¼ 1, 2.
For example, with j ¼ 1 in ρ̃jTT , the prefactors of H1;4−8
become zero, while for j ¼ 2, the prefactors of H1;1, H1;2
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vanish. In case of ρ̃⊥j
TT , the choice of p⊥ and Δ⊥ both along

the same axis leads to ρ̃⊥TT ¼ 0. Even for the choice
p⊥ ≡ ð0; jp⊥jÞ, Δ⊥ ≡ ðjΔ⊥j; 0Þ, with j ¼ 1, only the

contributions from the H1;1, H1;5 survive and with
j ¼ 2, only the contributions from H1;1, H1;2 are nonzero.
Therefore, to get the contributions from all the involved

FIG. 6. The Wigner distribution ρ̃jTT (left panel) and ρ̃⊥j
TT (right panel) in the boost invariant longitudinal position space at different

values of −t in GeV2 for the u (upper panel) and d (lower panel) quarks.

FIG. 5. The Wigner distribution ρ̃UU (left panel) and ρ̃LL (right panel) in the boost invariant longitudinal position space at different
values of −t in GeV2 for the u (upper panel) and d (lower panel) quarks.
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GTMDs, the preferable choice is p⊥ ≡
ðjp⊥j=

ffiffiffi
2

p
; jp⊥j=

ffiffiffi
2

p Þ and Δ⊥ ≡ ðjΔ⊥j=
ffiffiffi
2

p
; jΔ⊥j=

ffiffiffi
2

p Þ with
j ¼ 1 or 2.
We observe that ρ̃TT and ρ̃⊥TT show a similar diffraction as

seen in ρ̃UU and ρ̃⊥LL.With increasing−t, the distributions shift
along y-axis and trend toward overall single-peaked functions.
For −t ¼ 0.6 GeV2, the ρ̃uTT exhibits distinctly different
behavior, where the magnitudes of the secondary maxima
and minima are comparatively higher than that in other
distributions. We also observe a sign flip from u to d quarks
in ρ̃TT , whereas ρ̃⊥TT shows negative distributions for both the
flavors. Thenumerical results of the otherWigner distributions
in the boost invariant longitudinal space are presented in the
Appendix C. For all the values of −t, the distributions do not
show the prominent diffraction pattern. For example, ρ̃TT for
the u displays a central minima instead of a maxima for
−t ¼ 0.6 GeV2, it also does not show the prominent pattern
for the d. These implies that the diffraction pattern is not solely
due to the finite size of the ξ integration, and the functional
forms of the GTMDs are also important for this phenomenon.
Notably, all the distributions in the boost invariant longitudinal
space feature a long-distance tail as reported in Refs. [80,81].

V. CONCLUSIONS

We calculated all the leading twist quark GTMDs in the
proton,when themomentum transfer is considered in both the
transverse and the longitudinal directions. We presented
the results in a light-front quark-diquark model motivated
by soft-wall AdS/QCD considering the DGLAP region, i.e.,
for x > ξ. We then employed the skewness dependent
GTMDs to investigate the quark Wigner distributions in
the boost invariant longitudinal position space with all the
possible polarization combinations of the quark and the
proton. We observed that the Wigner distributions in the
longitudinal position space for a fixed x and p⊥ exhibit a
diffraction pattern. The maxima of the distributions are
sensitive to the amount of the square of momentum transfer,
−t. The widths of the maxima become narrower and the
positions of the minima move toward center with the
increasing −t. In optics, the similar diffraction pattern is
observed from a single slit experiment, where the size of the
central maxima is inversely proportional to the slit width. Our
results are analogous to the diffractive scattering of awaves in
optics and finiteness of ξ integration (the upper limit, ξs) plays
the role of the slit width. However, the diffraction pattern is
not solely due to finiteness of ξ integration and the functional
behaviors of theGTMDs are crucial to have the phenomenon.
A similar diffraction pattern has also been observed in several
other observable such as DVCS amplitude, GPDs, and the
parton density in longitudinal position space.
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APPENDIX A: BILINEAR DECOMPOSITIONS OF
THE QUARK-QUARK CORRELATOR AND

GTMDS

The bilinear decompositions of the quark-quark corre-
lator of Eq. (8) relate to the leading twist GTMDs as [40]

Wν½γþ�
½λ00λ0� ¼

1

2M
ūðP00; λ00Þ

�
F1;1 þ

iσiþpi⊥
Pþ F1;2 þ

iσiþΔi⊥
Pþ F1;3

þ iσijpi⊥Δ
j
⊥

M2
F1;4

�
uðP0; λ0Þ; ðA1Þ

Wν½γþγ5�
½λ00λ0� ¼ 1

2M
ūðP00; λ00Þ

�
−
iϵij⊥pi⊥Δ

j
⊥

M2
G1;1 þ

iσiþγ5pi⊥
Pþ G1;2

þ iσiþγ5Δi⊥
Pþ G1;3 þ iσþ−γ5G1;4

�
uðP0; λ0Þ; ðA2Þ

Wν½iσjþγ5�
½λ00λ0� ¼ 1

2M
ūðP00; λ00Þ

�
−
iϵij⊥pi⊥
M

H1;1 −
iϵijΔi⊥
M

H1;2

þMiσjþγ5

Pþ H1;3 þ
pj
⊥iσkþγ5pk⊥
MPþ H1;4

þ Δj
⊥iσkþγ5pk⊥
MPþ H1;5 þ

Δj
⊥iσkþγ5Δk⊥
MPþ H1;6

þ pj
⊥iσþ−γ5

M
H1;7 þ

Δj
⊥iσþ−γ5

M
H1;8

�
uðP0; λ0Þ;

ðA3Þ

where the spinors uðk; λÞ with the momentum k and the
helicity λð¼ �Þ are given by

uðk;þÞ ¼ 1ffiffiffiffiffiffiffiffi
2kþ

p

0
BBB@

kþ þmF

k1 þ ik2

kþ −mF

k1 þ ik2

1
CCCA;

uðk;−Þ ¼ 1ffiffiffiffiffiffiffiffi
2kþ

p

0
BBB@

−k1 þ ik2

kþ þmF

k1 − ik2

−kþ þmF

1
CCCA
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with mF being the mass of the fermion. Using the
kinematics given in Eqs. (12) and (13), one can find out
the spinors uðP0; λ0Þ and uðP00; λ00Þ and compute the matrix
elements of ūðk; λÞΓuðk; λÞ, where Γ represents the Dirac
matrix structure.
The unpolarized (H andE) and the helicity dependent (H̃

and Ẽ) quark GPDs are connected to the unpolarized and
the longitudinally polarized quark GTMDs via

Hðx; ξ; tÞ ¼
Z

d2p⊥
�
F1;1 þ 2ξ2

�
p⊥:Δ⊥
Δ2⊥

F1;2 þ F1;3

��
;

ðA4Þ

Eðx; ξ; tÞ ¼
Z

d2p⊥
�
−F1;1

þ 2ð1 − ξ2Þ
�
p⊥:Δ⊥
Δ2⊥

F1;2 þ F1;3

��
; ðA5Þ

H̃ðx; ξ; tÞ ¼
Z

d2p⊥
�
2ξ

�
p⊥:Δ⊥
Δ2⊥

G1;2 þG1;3

�
þ G1;4

�
;

ðA6Þ

Ẽðx; ξ; tÞ ¼
Z

d2p⊥
�
2ð1 − ξ2Þ

ξ

�
p⊥:Δ⊥
Δ2⊥

G1;2 þ G1;3

�

−G1;4

�
: ðA7Þ

APPENDIX B: GTMDS FOR TRANSVERSELY
POLARIZED QUARK

The analytical expressions for the GTMDs with trans-
versely polarized quark are given in Eqs. (32)–(39). We list
the numerical results of those GTMDs as functions of
x and ξ in Fig. 7 and as functions of x and Δ2⊥ in Fig. 8.

FIG. 7. The leading twist GTMDs as functions of x and ξ when the quark is transversely polarized.
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We observe that H1;1, H1;2 show positive distributions
and H1;7, H1;8 show negative distributions for both the
flavors. The distributions H1;3, H1;5, and H1;6 are positive
for the u quark and negative for the d quark. Meanwhile,
H1;4 exhibits negative distribution for the u quark and
positive for the d quark. The polarities of these GTMDs
play an important role in their different combinations
that contribute to the Wigner distributions ρTY with
Y ¼ U, L, T as discussed in Sec. IV. The tensor charge
gT can be expressed in terms of H1;3 and H1;4 at Δ⊥ ¼ 0

and zero skewness as gνT ¼ R dx d2p⊥½Hν
1;3ðx; 0;p2⊥; 0; 0Þþ

p2⊥
2M2 Hν

1;4ðx; 0;p2⊥; 0; 0Þ�. In this model the polarity flip in the
distributionH1;3 andH1;4 against the flavors give rise to the
positive tensor charge for u and negative for d quarks.

APPENDIX C: OTHER WDS IN THE σ–SPACE

For completeness, here we present the numerical results
for the Wigner distributions having the cross-polarization

combinations in the longitudinal impact parameter space.
The Wigner distributions ρ̃UL, ρ̃UT , ρ̃LU, and ρ̃LT are
shown in Fig. 9. The upper panel is for the u quark,
while the lower panel is for the d quark. For all the
distributions, we take x ¼ 0.3 and jp⊥j ¼ 0.2 GeV. In
Eqs. (53) and (55), the momentum structure ϵij⊥pi⊥Δ

j
⊥

restricts us to choose Δ⊥ along the x-axis, which provides
the nonvanishing distributions. The transverse polariza-
tion distributions ρ̃TU, and ρ̃TL are presented separately in
Fig. 10. The momentum structure of the prefactors in
Eqs. (58) and (59) indicate that all the involved GTMDs
survive only for the choice p⊥ ≡ ðjp⊥j=

ffiffiffi
2

p
; jp⊥j=

ffiffiffi
2

p Þ,
Δ⊥ ≡ ðjΔ⊥j=

ffiffiffi
2

p
; jΔ⊥j=

ffiffiffi
2

p Þ, and i ¼ 1. Except the distri-
bution ρ̃TU, the qualitative behavior of all other distribu-
tions is more or less very similar. For all values of −t, ρ̃TU
does not show the prominent diffraction pattern. For
−t ¼ 0.6 GeV2, it shows a central minima instead of
maxima for the u quark, while the pattern is not eminent
for the d quark.

FIG. 8. The leading twist GTMDs as functions of x and Δ⊥ when the quark is transversely polarized.
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