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Permute & Add Network Codes via Group Algebras

Lakshmi Prasad Natarajan and Smiju Kodamthuruthil Joy

Abstract—A class of network codes have been proposed in the
literature where the symbols transmitted on network edges are
binary vectors and the coding operation performed in network
nodes consists of the application of (possibly several) permuta-
tions on each incoming vector and XOR-ing the results to obtain
the outgoing vector. These network codes, which we will refer
to as permute-and-add network codes, involve simpler operations
and are known to provide lower complexity solutions than scalar
linear codes. The complexity of these codes is determined by their
degree which is the number of permutations applied on each
incoming vector to compute an outgoing vector. Constructions
of permute-and-add network codes for multicast networks are
known. In this paper, we provide a new framework based on
group algebras to design permute-and-add network codes for
arbitrary (not necessarily multicast) networks. Our framework
allows the use of any finite group of permutations (including
circular shifts, proposed in prior work) and admits a trade-off
between coding rate and the degree of the code. Further, our
technique permits elegant recovery and generalizations of the
key results on permute-and-add network codes known in the
literature.

I. INTRODUCTION

Network coding theory [1] is dominated by the study of
linear network codes [2]-[6]. In scalar linear network coding
the symbols carried by each network edge is an element of
a finite field F,, and is obtained by computing an [F,-linear
combination of the symbols carried in its parent edges. It is
well known that scalar linear network coding is sufficient to
achieve the capacity of multicast networks as long as the size
of the field F, is sufficiently large [2], [3]. Note that a scalar
linear network coding solution requires all the network nodes
to perform arithmetic over a (possibly large) finite field.

An alternative to scalar linear network coding, which can
simplify network coding operations, is to use vector linear
network codes where the encoding kernels are linear combi-
nations of permutation matrices [7]-[13]. For these network
codes, the symbols carried by the network edges are length-
n binary vectors, and the coding operation performed at a
network node is the application of (possibly several) permuta-
tions on each incoming binary vector and adding (XOR-ing)
the permuted vectors to determine the outgoing binary vector.
Using the vocabulary of [7] (and by mildly generalizing its
terminology), we will refer to such network codes as permute-
and-add network codes. The degree of a permute-and-add
network code is the maximum number of permutations applied
on each incoming binary vector to compute an outgoing vector
at any node [11], [12]. Note that the degree determines the
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number of XORs to be performed at each node. Since the
task of performing permutations is cheap, the degree acts as a
proxy for the complexity of a permute-and-add network code.
It is known that permute-and-add network codes can provide
lower complexity coding operations than scalar linear network
coding [7], [11].

The permute-and-add codes of [7] were proposed for multi-
cast networks using a random coding framework. These codes
employ degree 1 permute-and-add operation at non-sink nodes,
while the decoding matrices are dense, indicating high com-
plexity at sink nodes. The prior works [8]—[13] all employ only
circular shifts (i.e., cyclic permutations) for coding operations,
and following [11], we will refer to these permute-and-add
network codes as circular-shift network codes. A deterministic
circular-shift network code was proposed in [8] for combina-
tion networks in which the coding operations performed at
non-sink nodes are of degree 1. The existence of circular-shift
network coding solutions for multicast networks was proved
in [9]. Codes for repairing failed disks in distributed storage
systems that make use of circular-shift network codes were
proposed in [10]. Circular-shift network codes were designed
n [11]-[13] for multicast networks by lifting scalar linear
network codes. A similar code over Z356 was designed in [14].
Note that most of the prior works on permute-and-add network
codes propose solutions for multicast networks only.

In this paper we provide a new algebraic framework for
designing permute-and-add network codes. We use the ring
theoretic platform of Connelly and Zeger [15], [16] and
show that permute-and-add network codes can be obtained
from linear network codes over ideals of group algebras.
Unlike previous works, our technique applies to arbitrary di-
rected acyclic multigraphs (which are not necessarily multicast
networks), and both the encoding as well as the decoding
procedures of our network codes employ permute-and-add
operations. Further, our framework admits the use of any finite
group of permutations (including circular-shifts) and allows
the designer to trade-off the rate of the network code to achieve
a smaller degree. The generality of our technique permits us
to recover and generalize some of the key results from [11],
[12]. We introduce the network model and establish our group-
algebraic framework in Section II. We discuss the solvability
of a network using permute-and-add operations in Section III.
This paper’s full version [17] contains proofs of all the claims.

Notation: For integers a, b, the symbol (a,b) denotes their
gcd. Unless otherwise specified, all vectors are column vectors.

II. NETWORK CODING USING GROUP ALGEBRAS

We first review group codes, group algebras and their matrix
representation, and then use these tools to obtain permute-and-
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add network codes.

A. Review of Group Algebras and Group Codes

Let GG be a finite group (not necessarily commutative) and
Fo = {0,1} the finite field of size 2. The group algebra
F2[G] is the set of all possible formal sums 3 aq9, where
ag € Fa. The addition and multiplication operations in F2[G]
are defined as > a9 + > cabeg = D eqlag +bg)g
and (3=, ag9)- (dec bag) = gec (Lnec anbn-1)g.
respectively. The ring F2[G] is commutative if and only if G
is Abelian. A group code M is a left-ideal of F5[G], i.e., M is
a subgroup of (F2[G], +) such that rm € M for all r € F3[G]
and m € M. Any group code M is a left F5[G]-module where
the action of a ring element on M is the same as the product
of elements in Fa[G].

Using n = |G| to denote the order of the group G, we
observe that there is a natural Fs-linear embedding Tt :
F2[G] — F% that maps m = 3, myg to the column vector
(mg)gec using some fixed ordering of elements of G.

The regular representation [18] of G in F5 maps each
g € G to a permutation matrix pi°8 € F5*". If the rows and
columns of p;°8 are indexed by the elements of G, the entry
in the k™ row and h™ column of pi°, where k, h € G, is

Py 8(k,h) =1if k =gh and p8(k,h) = 0 otherwise.

The regular matrix representation [19] of the algebra
F2[G] is the injective algebra homomorphism > g9 —
> gecTopy® from F2[G] into F3™". For any choice of
r= dec rqeg € F2[G] and m € F2[G], we have

Z qureg X Tndt( ) (1)

geaG

Tnat rm

where x denotes the matrix-vector product.

Example 1. To illustrate the matrix representation of a group
algebra, consider the ring Fo[C5] where Cs = {e,~,7?} is
the cyclic group of order 3 and e € Cj is the identity element.
Let That : F2[C5] — F3 be the map mee 4+ mqy + m.2y% —
(me, m~, m.2). The matrix representation pi°® of the identity
element e is the 3 x 3 identity matrix over Fo while

00 1 010
prE=11 0 0| andpF= |0 0 1
010 100

The matrix representation of ree + 77y + r,27% € F3[Cs] is

Te Ty2 Ty
Ty Te Ty2

ry2 Thy o Te

O

B. Permute-and-Add Network Codes from Group Algebras

Consider a group algebra F3[G] and a left ideal M C F3[G].
We use the ring theoretic model of Connelly and Zeger [15],
[16], where F3[G] and M play the roles of the ring and
the module, respectively. We will assume that the network

is a directed acyclic multigraph with finitely many nodes
and edges. We let each edge carry an element m € M by
communicating That(m) € F4. The linear coding operations
performed at the nodes are over F3[G] and M, while the
alphabet used for communicating along the edges is [F5.

A message is an information-bearing random variable taking
values in M. We assume that there are finitely many messages
generated in the network, and each message can be demanded
by more than one sink node. The set of incoming edges at a
node v will be denoted as In(v) and the set of outgoing edges
of v is Out(v). Without loss of generality, we assume: (i) there
are s messages Z1, ..., Zs, each generated at a unique source
node; (ii) source nodes have no incoming edges; and (iii) if v
is a source node generating Z; € M then every outgoing edge
of v carries the vector 7y,,¢(Z;).

We will use X, € F5 to denote the vector carried along
the edge e. An encoding coefficient k%€ € Fo[G] is as-
signed to each pair (d,e) of adjacent edges, i.e., if there
exists a node v such that d € In(v) and e € Out(v). For
every outgoing edge e € Out(v) of a non-source node v,
we have X, = Tnat(ZdeIn(v) Jde Trl_alt (X4)). Similarly, a sink
node v demanding a message Z; uses a linear operation
Tnat (X detm(v) ki1 (Xg)) to decode Tyai(Z;), where the
decoding coefficients k% € Fy[G]. For brevity, we denote
the set of all encoding and decoding coefficients as {k%¢}
and {k®?}, respectively. Let the expansions of these coeffi-
cients be k% =3 ki“g and k% = Ygea k&g, where
kde kbt e Fo. Using (1) and the fact that 7y, is a Fo-linear
map, we observe that the encoding and decoding operations
performed in the network can be realized as

Xe: Tnat( Z kd7e7-n_3}g(Xd)) = Z Z Preg X Xda

deln(v) deln(v) %GGG
ky©=1

Z Z Py & X Xa,

deln(v) gEG
k =1

Tnat(Zi): Tnat(z kdl n_a}c
deln(v)

2

respectively. This is a permute-and-add network code since the
encoding and decoding operations involve the application of
(possibly several) permutations pj°® on each incoming vector
X4 and computing their sum.

We also note that this network code is a linear code over the
F2[G]-left module M. The embeddings 7,,¢ and p'°8 simply
allow us to realize the coding operations as sums of matrix-
vector products, i.e., as a fractional linear network code [4]
over 5. Hence, we can use the framework of [15], [16] to
study the existence of network coding solutions.

Remark 1. The circular-shift network codes proposed in [11],
[12] correspond to the case where G is a cyclic group of odd
order. Since G is cyclic, the permutations pi8, g € G, used
for encoding and decoding are all cyclic permutation matrices.
The odd order of the group implies that the characteristic of
F2 does not divide |G|, and hence, F3[G] is semi-simple. O
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A network code over M is the collection of all encoding
and decoding coefficients {£%¢} and {k%}. A network code
is a solution if each sink node can decode its demand.

C. The Degree of Permute-and-Add Network Codes

In the literature [11], [12], the complexity of a permute-
and-add network code is measured in terms of the number of
permutations applied on each incoming vector X,4. From (2),
the number of permutations applied on X4 to compute X, is
{g € G| k* = 1}| = wt(Tnat (k%¢)), which is the Hamming
weight of the vector 7,4 (k%¢). We abuse the notation mildly
to denote this quantity as wt(k%€). Similarly, the number of
permutations applied on X4 to decode Tyat(Z;) is wt(k%?).

Definition 1. An F3[G]-linear network code over a left-ideal
M is of degree § if wt(k®¢), wt(k%?) < § for all the network
coding coefficients k¢ and k%*.

We now show that the annihilator of M can be used to
upper bound the degree of a linear network code over M.
The annihilator of M in the ring F3[G] is Ann(M) = {r €
F2[G] | rm = 0 for all m € M}. As a module over F3[G],
M is unfaithful if Ann(M) # {0}. We first make a simple
observation.

Lemma 1. For any choice of a®¢,a%" € Ann(M), if the
original network code {k®¢}, {k%'} is a solution to the given
network, then the modified network code {k%¢+a%°}, {k%i+
a®®} is also a solution to this network.

Proof Idea: The modified network code is obtained by
adding an arbitrary element of Ann(M) to each coefﬁcient
of the original network code. Hence, (k% +a®¢)r} (X ) =
kber i (Xq), since 7.t (Xq) € M. We use this property to
show that for each edge of the network, the symbols carried
by the original network code and the modified network code
are identical. See Lemma 1 of [17] of for a full proof in a
general setting where F2[G] and M are replaced by any ring
R and a module M over the ring R, respectively. ]

We know that the annihilator Ann(M) is a two-sided
ideal of F2[G], see [20]. In particular, Ann(M) is an ad-
ditive subgroup of F3[G]. Since 7.t is a Fa-linear map
we deduce that 7,4 (Ann(M)) = {ma¢(a) | @ € Ann(M)} is
a subgroup of FJ, ie., Tat(Ann(M)) is a binary linear
code. The covering radius of this linear code is 7r¢oy =
maxyery {Miger,,, (Ann(m)) WEt(v +a)}. For any vector in
F3 there exists a vector in Tya¢(Ann(M)) at a distance
of at the most r... By abusing the notation mildly,
we use 7Teoy(Ann(M)) to denote the covering radius of
Tnat (Ann(M)).

We modify a given network code {k%€}, {k%?} as fol-
lows. For each coefficient £%¢ we choose a vector a¢ €
Toat (Ann(M)) such that wt(mas (4¢) + a¢) < reoy. We
then use a®¢ = 7,.}(a®*) to modify the coefficient k% to
k%€ +ade. We observe that a®¢ € Ann(M) and the weight of
the modified coefficient k% +a%*° is at the most r¢y. Using a
similar strategy, for each decoding coefficient k%* we choose

a®® € Ann(M) such that wt(k%? 4 a®?) < r¢0.. We conclude
that the modified network code is of degree r¢oy.

Using Lemma 1, we see that any F2[G]-linear network code
over a group code M can be modified to a degree-rq, network
code without affecting the messages passed in any of the edges
or the ability of the sinks to decode their demands. Hence,
without loss of generality, we identify a given network code
with its modified counterpart. By doing so we have proved

Theorem 1. Any F3[G|-linear network code over a lefi-ideal
M is a degree 1cov (Ann(M)) permute-and-add network code.

Since the network edges carry length n binary vectors and
the messages belong to M, the rate of this fractional linear
network code is log, |M|/n = dim(M)/n, which is the ratio
of the dimension of M (as a vector space over Fz) to |G]|.

Remark 2. There exists a trade-off between rate and
degree. If ideals M’ and M are such that M’ C M,
then Ann(M’) D Ann(M), and hence, rcov(Ann(M’)) <
Teov (Ann(M)). Thus a network code designed over a smaller
ideal will achieve a smaller degree at the cost of yielding a
lower rate. See Example 2 (Section III) for an illustration. UJ

We have the following result as a corollary to Theorem 1.

Corollary 1. If M is a left-ideal of F2|G] such that the weight
of every element of M is even, then every Fo|G]-linear network

code over M is a degree bJ network code, where n = |G).

Proof. We first observe that ), 12 € Ann(M), since for

any > comgg € M we have (32,0 1h) - (32 ,cqmg9) =
dec(qzhecmh )g = 0. Clearly, >. ;09 € Ann(M).
Thus, Tyat(Ann(M )) contains the all-zeros and the all-ones
vectors, i.e., the repetition code is a subcode of 73,5 (Ann(M)).
Since the covering radius of the repetition code is L—J we

2 b
conclude that 7coy (Ann(M)) < {%J

Note that Theorem 1 does not address the question of
whether a F3[G]-linear network coding solution over the left-
ideal M exists. We consider this in Section III.

ITII. EXISTENCE OF NETWORK CODING SOLUTIONS

We first recall some basic results related to network coding
over modules [16] in Section III-A, and use them to analyze
network codes over ideals of [F2[G] in the rest of this section.

A. Review of Linear Network Codes over Modules

We sometimes denote a left R-module M as pM, where
R is the underlying ring. A module pM is unfaithful if its
annihilator Ann(M) £ {r € R | rm = 0 for all m € M} is
not equal to {0}, and is faithful otherwise. In a linear network
code over rM the symbols transmitted on network edges
belong to M while the coding coefficients belong to R. A
code over pIR is a scalar linear code over R. A network is
solvable over p M if it has a linear solution over M.

Theorem 2. [16, Lemma 1.6] Let the rings R and S be such
that there exists a ring homomorphism from R to S. If a
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network is solvable over some faithful R-module then it is
solvable over every S-module.

Every ring is a faithful module over itself. Hence, if a
network is scalar linearly solvable over R and if there is
a homomorphism from R to S, then the network is scalar
linearly solvable over S. Also, choosing S = R in Theorem 2,
we deduce that solvability over a faithful R-module implies
scalar linear solvability over R.

A scalar linear solution over F3[G] uses M = F3[G], and
hence, provides the highest rate among all choices of ideals
M. In [12] it was shown that if G is a cyclic group of odd
order a multicast network has a scalar linear solution over
F2[G] if and only if it is scalar linearly solvable over Fy. We
generalize this result to arbitrary networks and finite groups.

Corollary 2. A network has a scalar linear solution over
F2[G] if and only if it has a scalar linear solution over F.

Proof. The function that maps ) agg to 3 a4 is a ring
homomorphism from F2[G] onto Fs. Similarly, the function
that maps a € Fy to ae € F3[G], where e is the identity
element of G, is a ring homomorphism. The proof follows by
invoking Theorem 2 using both these homomorphisms. [

Lemma I1.6 of [16] analyzes the case where a network is
solvable over an unfaithful R-module M. Its proof uses the
fact that Ann(M) is a two-sided ideal in R and that M is
a faithful R/Ann(M)-module, see [20]. Using the natural
homomorphism from R to R/Ann(M) the proof shows that
the existence of an pM linear solution implies the existence
of an p/xu M linear solution. Since M is faithful over
R/Ann(M), using Theorem 2, we conclude that the existence
of an pM-linear solution implies the existence of a scalar
linear solution over the ring R/Ann(M ). Hence, the statement
of [16, Lemma I1.6] is essentially the “only if” part of

Theorem 3. A network is linearly solvable over pM if and
only if it is scalar linearly solvable over R/Ann(M).

Proof Idea: The proof of the “if”” part is similar to the proof
of [16, Lemma II.6] and uses the same ideas in the logically
reverse direction. See [17, Theorem 3] for complete proof. [

B. Network Codes from Semi-Simple Abelian Group Algebras

In the rest of this paper we will assume that GG is an Abelian
group of odd order and M is an ideal in F2[G].

The fact that |G| is odd implies that F3[G] is semi-simple.
Several well known families of error correcting codes are
ideals in semi-simple Abelian group algebras, such as BCH
codes, punctured Reed-Muller codes, quadratic residue codes
and bicyclic codes [21]-[24].

The transform domain treatment of Abelian codes in [25]
provides an isomorphism of F3[G] onto a direct product of
finite fields using Discrete Fourier Transforms. This subsumes
the spectral characterization [26] of cyclic codes. We know
that [25, Theorem 1] there exists a ring isomorphism

®: Fa[G] > REF, xFy x - xFy (3)

where ¢ is a positive integer and ¢, . . . , g; are powers of 2. The
ring R has ¢ minimal ideals, the k" minimal ideal is generated
by 0 = (0,...,0,1,0,...,0) where the only non-zero entry
of 0 occurs in the k™ position. The ideal generated by 6, is
(Or) = {0} x --- x {0} x Fg, x {0} x --- x {0}. Any ideal
of R is a direct sum of the some of the minimal ideals, i.e.,
if J is an ideal of R then there exists a T'(J) C {1,2,...,¢}
such that J = @per(g)(0k). It is straightforward to show that

Ann(J) = Orer(y) <6‘;§>, R/Ann(J) = erT(J) Fooo B

If M is an ideal in F3[G] and J = ®(M) is the image of M
under (3), then we will use T'(M) to denote T'(.J).

We are now ready to characterize the existence of network
coding solutions over Abelian codes M.

Lemma 2. Let M be an ideal in the semi-simple commutative
group ring Fo[G). A network has a linear solution over M if
and only if it is scalar linearly solvable over each finite field
Foo, k€ T(M).

Proof. From Theorem 3, (3) and (4), a network is solv-
able over the F3[G]-module M if and only if the net-
work has a scalar linear solution over F3[G]/Ann(M) 2
R/®(Ann(M)) = [T,eq ) Fg.- From Lemma IL.12 of [15]
we know that a network is scalar linearly solvable over a finite
direct product of finite rings if and only if it is scalar linearly

solvable over each ring in the product. O

The finite fields in the decomposition (3) can be determined
from the conjugacy classes of G [25]. We now recall this
result from [25]. The conjugacy class C'; containing the group
element g € G is Cy = {g,9°, g%, ... Lg% '} where ¢ = |Cyl
is the smallest integer such that gzz =g, and is known as
the exponent of C,. The distinct conjugacy classes of G
form a partition of G. The number finite fields ¢ in the
decomposition (3) is equal to the number of distinct conjugacy
classes of G. Let g1,...,9: € G besuchthat Cy,,...,Cy, are
the distinct conjugacy classes. Then G = C,y, U---U Cy, and

Fa[G] = szl F,,. where g, = 21%%! for each k =1, ... 1.
C. Circular-Shift Linear Network Codes

Circular-shift network codes correspond to the case where
G ={e,y,y? ...,y" 1}, y" = e, is a cyclic group. We repre-
sent the elements of group algebra F[G] as Z?;ol m;y’ where
m; € [Fy. Let the distinct conjugacy classes be those gener-
ated by the elements y/',... 3%, ie., Cyi,...,Cy where
J1s---,Jt € {0,1,...,n — 1}. Further, let w be a primitive n®
root of unity in a suitable algebraic extension of [Fs. The map
(N1 may') = (1, ..., 7he) where iy, = Y0 mwiE
for k=1,...,t, is an isomorphism (3).

We will use the convention that j; = 0, i.e., Oyjl =C, =
{e}. The exponent of this conjugacy class is 1, and thus the
first finite field in the decomposition (3) is F,, = F2. The
corresponding minimal ideal is (f1) = Fo x {0} x --- x {0}.

If M is such that ®(M) D (#;) then 1 € T(M). In this
case, from Lemma 2, a network has a solution over M only
if it is scalar linearly solvable over F5y. Also, any other finite
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field g, in the decomposition (3) is a field extension of [F»,
i.e., there exists a ring homomorphism from [F» to F,, . Hence,
from Theorem 2, if a network is scalar linearly solvable over
[, then it is scalar linearly solvable over each Fg, , k € T'(M).
Using these observations with Lemma 2 we conclude that if
M is such that 1 € T'(M) then a network is solvable over M
if and only if it is scalar linearly solvable over Fs.

Now, let M be such that 1 ¢ T'(M). This implies that
for any Y7 'miy’ € M, the image ®(Y7 ) miy') =
(1, g, . .., 1my) satisfies 0 = 7h; = Z;:ol m;. Hence, every
element of M has even weight. From Corollary 1 we deduce
that any network code over M is of degree (n — 1)/2. Hence,
we have proved

Lemma 3. Let G be a cyclic group of odd order n, and M
be any ideal of F3|G] such that 1 ¢ T'(M). Any network code
over M is a degree (n — 1)/2 network code.

Let ¢y be the multiplicative order of 2 modulo n. Then

C, = {y,92,...,y*" "} and |Cy| = lo. Assume, without
loss of generality, that in the decomposition (3) ¢; = 2 and
@2, -5 qror1 = 2%, i.e., let to denote the number of conjugacy

classes with exponent equal to £.

Lemma 4. Let o(n) = [{j | (j,n) =1,1 < j <n—1} be
the Euler’s totient function. Then {y|p(n) and toy > p(n) /L.

Proof Outline: The proof starts by showing |C,;| = |C,| =
{o if (j,n) = 1. And then we observe that {7 | (j,n) = 1} is
closed under squaring. These results imply that {37 | (j,n) =
1} is a disjoint union of conjugacy classes each of size ¢y. The
lemma then follows from the fact |[{y’ | (j,n) = 1}| = ¢(n).
See [17, Lemma 5] for full proof. [l

Let M= @[ (0;) be the direct sum of ideals corre-
sponding to the t; conjugacy classes with exponent equal
to ¢o. Since 1 ¢ T(M), from Lemma 3 we deduce that any
network code over M is of degree (n —1)/2. To compute the
rate, note that log, |M| = tofp. Applying Lemma 4, we have
log, [M| > ¢(n), and hence, the rate of any network code over
M is tofp/n which is least ¢(n)/n. Finally, we use Lemma 2
to see that a network has a solution over M if and only if it
is scalar linearly solvable over [Fy¢,. Hence, we have proved

Lemma 5. Let {y be the multiplicative order of 2 modulo n,
and to the number of Ly-sized conjugacy classes of the cyclic
group of order n. If a network has a scalar linear solution
over Fye, then it has a degree (n—1)/2 circular-shift network
coding solution with rate toly/n > p(n)/n.

Lemma 5 improves upon the result in [12, Theorem 4],
since the former applies to any network and the latter to only
multicast networks. Our result also promises higher rate. When
n =7, Theorem 4 of [12] (see example in p. 2664) provides
a rate 3/7 network code, whereas Lemma 5 guarantees a rate
6/7 code.

When n is prime with primitive root 2: In this case 2
is a primitive root modulo n. The cyclic group of order n
has exactly two conjugacy classes C. = {e} and C, =
{y,92,...,y" 1}. Hence, F3[G] = Fy x Fyn-1. Let M be

the ideal ®!({0} x Fyn-1). From Lemma 3, a network code
over M is of degree (n — 1)/2, and its rate is logy [M|/n =
(n — 1)/n. Finally, from Lemma 2, a network has a solution
over M if and only if it has a scalar linear solution over
Fon—1. This result generalizes [11, Theorem 4] from multicast
networks to arbitrary networks.

Our next observation provides low-rate degree-1 codes.

Lemma 6. Let n = 2/ — 1 for an integer ly. If a network
has a scalar linear solution over Fye, then it has a rate Ly/n
circular-shift network coding solution of degree 1.

Proof. The conjugacy class C, has exponent ¢y. Let (62)
be the ideal corresponding to C,, and let M be the ideal
®~1({f;)). Then M is the simplex code of length n and
its annihilator is the Hamming code. Clearly the rate of
M is ¢p/n and the covering radius of the annihilator is 1.
Also, T(M) = {2} and ¢o = 2. Then the result follows from
Lemma 2. (]

We end this section with an example of a family of ideals
that provide a trade-off between rate and degree.

Example 2. Let n = 15. The conjugacy classes of the cyclic
group of order 15 are {e}, {y,4% v*, 3%}, {v° ¢° 9", 4"},
{7,y 913,y Y and {y®, 40}, Let (61),...,(05) be the
minimal ideals corresponding to these conjugacy classes, re-
spectively. Consider the below ideals My, My, M3 that provide
decreasing value of degree at the cost of decreasing rates.

(i) T(M1) = {2,3,4}, ie, 2(M1) = (02) + (05) + (0a).
This code has rate 12/15. Its annihilator is equivalent to the
direct product of three length-5 repetition codes, and hence,
Teov(Ann(My)) = 6. Thus, M; yields degree 6 network codes.

(ii) T(M3z) = {2,3}. The annihilator of My is the [15,7]
double-error correcting BCH code with covering radius 3;
see [27, Table 10.1]. Thus, My provides rate 8/15 network
codes of degree 3.

(iii) T(M3) = {2}. The annihilator of M3 is the [15, 11]
Hamming code, which has covering radius 1. Network codes
over M3 have rate 4/15 and degree 1.

A network has a solution over M;, My, M3 if and only
if it has a scalar linear solution over [Fqs+. Thus, My, Mo, M3
achieve a rate-degree trade-off over the same class of solvable
networks. O

IV. CONCLUSION

We identified an algebraic technique to design permute-
and-add network codes by using the network coding frame-
work of Connelly and Zeger and the matrix representation
of group algebras. The natural ring theoretic flavour of our
approach allowed us to obtain new results (such as Theorem 1,
Corollary 1, Lemmas 2 and 6), and also generalize and
strengthen some results known in the literature (Corollary 2
and Lemma 5). Our techniques also apply to non-cyclic
Abelian groups of permutations, which yield network codes
with a wider range of achievable rate and degree compared
to circular-shift network codes (see [17, Sec IV-D] for an
illustration).
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