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Supercritical and Subcritical
Hopf Bifurcations in a Delay
Differential Equation Model
of a Heat-Exchanger Tube
Under Cross-Flow

Nonlinear vibrations of a heat-exchanger tube modeled as a simply supported
Euler—Bernoulli beam under axial load and cross-flow have been studied. The compres-
sive axial loads are a consequence of thermal expansion, and tensile axial loads can be
induced by design (prestress). The fluid forces are represented using an added mass,
damping, and a time-delayed displacement term. Due to the presence of the time-delayed
term, the equation governing the dynamics of the tube becomes a partial delay differen-
tial equation (PDDE). Using the modal-expansion procedure, the PDDE is converted
into a nonlinear delay differential equation (DDE). The fixed points (zero and buckled
equilibria) of the nonlinear DDE are found, and their linear stability is analyzed. It is
found that stability can be lost via either supercritical or subcritical Hopf bifurcation.
Using Galerkin approximations, the characteristic roots (spectrum) of the DDE are found
and reported in the parametric space of fluid velocity and axial load. Furthermore, the
stability chart obtained from the Galerkin approximations is compared with the critical
curves obtained from analytical calculations. Next, the method of multiple scales (MMS)
is used to derive the normal-form equations near the supercritical and subcritical Hopf
bifurcation points for both zero and buckled equilibrium configurations. The steady-state
amplitude response equation, obtained from the MMS, at Hopf bifurcation points is
compared with the numerical solution. The coexistence of multiple limit cycles in the
parametric space is found, and has implications in the fatigue life calculations of the

heat-exchanger tubes. [DOI: 10.1115/1.4045635]

1 Introduction

In thermal and nuclear power plants, heat exchangers play a
vital role in heat transfer between different fluids. In cross-flow
heat exchangers, the tubes are susceptible to dynamic fluid forces
that cause large-amplitude vibrations. The flow-induced vibrations
can potentially damage the tubes and compromise the functional-
ity of the heat exchanger. Thereby, they influence the design
parameters that regulate the life span of the heat-exchanger tubes.
In nuclear power plants, tube failure can also lead to the mixing of
radioactive and nonradioactive fluids, which can be hazardous.
Therefore, it is both useful and essential to investigate the stability
and vibration behavior of heat-exchanger tubes under cross-flow.
Among the different types of excitation mechanisms that lead to
tube vibration, fluid elastic instability (FEI) is considered to be the
most dangerous as it causes serious damage to the heat-exchanger
tubes in just a few hours of operation [1]. It is found that the heat-
exchanger tube loses its stability by two mechanisms [2], viz.,
damping-controlled and stiffness-controlled FEI. In damping-
controlled FEI, the net damping in the structure becomes negative
due to the positive feedback between the tube and the fluid, lead-
ing to large-amplitude vibrations. It has been previously shown
that the entire flexible bundle will encounter FEI at the same criti-
cal flow velocity, if the negative-damping instability mechanism
is the dominant cause for FEI [3,4].
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Due to the two-way interaction between the fluid and tube bun-
dles in the heat exchanger, this is a fluid—structure interaction
(FSI) problem. Ideally, one must solve the Navier—Stokes equa-
tion coupled with the tube deformation to predict the tube
response. However, such an exercise is computationally expen-
sive, especially at high Reynolds numbers (Re). Therefore, to
investigate the FSI problem with all its complexities, explicit
fluid-force models have been developed for predicting FEI in
tube-bundles, such as the jet-switching model [5], the quasi-static
model [6,7], the semi-analytical model [8], the quasi-steady model
[9], the unsteady model [10], the inviscid-flow model [11], and
computational fluid dynamics (CFD) models [10]. A drawback of
simple theoretical models is that they are known to rely consider-
ably on experimental data for input. Furthermore, even the most
accurate of these models like those of Chen [2] and Tanaka and
Takahara [10] require unsteady fluid-force data that is extremely
difficult to obtain and restricted to certain geometric configura-
tions [12]. CFD models can be very promising, although the com-
putational time and cost of solving the entire FSI problem for a
range of flow velocities is immense. Some of these challenges
have been documented by Bazilevs et al. [13] and are summarized
here. To solve an FSI problem, the differential equations and
boundary conditions associated with the fluid and structural
domains must be satisfied simultaneously. A robust mesh-moving
scheme must be employed. The fluid-domain topology changes as
a function of the structural displacement, which must be computed
at every time-step. At each time-step, the mesh-moving scheme
must guarantee exceptionally high quality and accuracy, which
becomes difficult for large structural displacements as in the case
of large-amplitude tube vibration. Furthermore, at high Re, a fine
enough mesh would be needed to capture the complexity of the

FEBRUARY 2020, Vol. 15 / 021007-1

Copyright © 2020 by ASME

d-s|o1e/JeauljuouleuoneIndwod B0 swse: uonoa||ooepbipawse//:dny woly papeojumoq

20 GL0 PU9/../89919/200L20/C/S LIIP

2202 Jaquisnop | g uo Jasn peqelspAH ABojouyos] jo ajnysu; ueipu| Aq spd- 200120


https://crossmark.crossref.org/dialog/?doi=10.1115/1.4045635&domain=pdf&date_stamp=2019-12-19

turbulent flow, and a small time-step-size would be needed for
convergence.

Owing to the difficulties cited above, the quasi-steady model
proposed by Price and Paidoussis [3] has been utilized in this
study. Fluid forces are represented using an added mass, damping,
and a time-delayed displacement term. The quasi-steady model is
essentially the quasi-static model but with the inclusion of a
frequency-dependent term arising out of the time-delay due to
flow retardation [3]. The quasi-steady model has several advan-
tages. It facilitates analytical calculations that are not possible in
CFD studies. It captures some of the most vital characteristics of
the FEI problem when the damping-controlled instability mecha-
nism is more dominant, as is the case in this study. In literature,
several studies similar to this study serve as precedents for using
the quasi-steady model. For predicting FEI, Paidoussis and Li [9]
assumed that all the tubes around the tube of interest (flexible tube
used for the stability analysis) are rigid. The critical flow velocity
at which the single flexible tube encounters FEI was calculated.
Paidoussis and Li [9] also studied the chaotic vibrations of a flexi-
ble tube subjected to loose supports. Wang and Ni [14] studied the
nonlinear dynamics of cantilever tubes subjected to loose supports
using the analysis developed by Paidoussis and Li [9], which in
turn relies on the quasi-static model of Price and Paidoussis [3]. A
similar example is the work by Xia and Wang [15], which
explores the postinstability nonlinearity associated with the mean
axial extension of a loosely supported flexible cylinder. Wang
et al. [16] studied the effect of initial axial load on the instability
and nonlinear dynamics of a single flexible tube in an array of
rigid cylinders. The quasi-steady theory developed by Price and
Paidoussis [3,17] was employed. However, Wang et al. [16] nei-
ther studied the spectrum nor rigorously showed the existence of
Hopf bifurcations.

The quasi-steady model proposed by Price and Paidoussis
[3,17] incorporated a constant time-delay attributed to the retarda-
tion of the flow as it approaches the cylinder array. This model
has been a precedent for several subsequent time-delay models.
Granger and Paidoussis [18] came up with the improved “quasi-
unsteady” model that took into account the effect of unsteady
forces. Contrary to the flow-retardation effect, a memory function
was proposed to model the time-delayed term [19]. Li and Murei-
thi [19] replaced the time-delay term of the quasi-steady model by
the equivalent Theodorsen function. However, their analysis was
only suited to low mass-damping parameter values. Mahon and
Meskell [20] devised an experimental method to measure the
time-delay between tube motion and fluid forces directly by meas-
uring the surface pressure on the cylinder. Results were in qualita-
tive agreement with the time-delay proposed by Price and
Paidoussis [17]. Sawadogo and Mureithi [21] determined the
time-delay by equating the unsteady fluid forces to the quasi-
steady forces. It was found to be of the same order of magnitude
as proposed by Price and Paidoussis [17].

Over the past three decades, many researchers have assumed
that the heat-exchanger tube to be simply supported. Some exam-
ples are found in Refs. [22-24]. As quoted by Paidoussis and Li
[9]—“supports in real heat exchangers are somewhere between a
simple support and a clamped one, and exact integral relationships
between frequencies are rather rare.” It should be noted that
clamped tubes are stiffer compared to simply supported tubes.
Therefore, the stability results for simply supported tubes will be
more conservative as compared to fixed tubes. Furthermore, if the
tubes are long, and if the support thickness is small as compared
to the diameter of the tube, simply supported boundary condition
can be assumed.

In this work, the tube is modeled as an Euler—Bernoulli beam
with simply supported boundary conditions [16], as explained in
Sec. 2. Heat-exchanger tubes undergo thermal expansion, and are
consequently subject to thermal loads acting along the axial direc-
tion. Further, external tensile loads can be induced by design. The
model includes the effect of this axial load (Py) and nonlinear
effects due to large deformations. The quasi-steady model

021007-2 / Vol. 15, FEBRUARY 2020

developed by Paidoussis and Li [9] is employed to obtain a partial
integro-delay differential equation (DDE) that governs the tube
motion. This partial delay differential equation (PDDE) is con-
verted into a single nonlinear DDE using modal truncation, and its
linear stability is analyzed in Sec. 3. It should be noted that a
DDE is an infinite-dimensional system and therefore, its charac-
teristic equation has infinitely many eigenvalues. Using Galerkin
approximations [25,26], the spectrum at different flow velocities
and axial loads is obtained in Sec. 3.3. The spectrum contains
information on the dominant frequencies (and their damping) that
will be present in the transient solution. Dominant eigenvalues
from the spectrum are used to generate the stability chart. Further-
more, the normal forms for Hopf bifurcation are derived using the
method of multiple scales (MMS) [27] in Sec. 4. These normal
forms give insights into the nature of Hopf bifurcation (subcritical
or supercritical). The approximate amplitude obtained from the
normal-form equations is compared to that from the numerical
simulation. From a global bifurcation analysis (Sec. 5), the coexis-
tence of multiple stable and unstable periodic solutions in the
parametric space of flow velocity and axial load is shown. Finally,
in Sec. 6, the contribution of this work is summarized. The pres-
ence of multiple periodic solutions bears significance for fatigue
life calculations on the tube. Moreover, as explained later in this
paper, tensile axial loads can be induced to control the dynamic
response of the tube. Therefore, we expect this study on the tube
modeled as a beam to be directly linked to design considerations
for heat-exchanger tubes.

2 Mathematical Modeling

Figure 1(a) shows the schematic of the heat-exchanger tube bun-
dle with its isometric view along with the coordinate axes. In Fig.
1(b), the cross-sectional view of the tube bundle is shown. Figure
1(c) shows the idealized model of the heat-exchanger tube as a sim-
ply supported beam under axial loads and cross flow fluid forces.

The tube is assumed to be of length L, diameter D, and cross-
sectional area A, subjected to cross-flow and axial load Py, and is
modeled in this section using the Euler—Bernoulli beam theory.
The governing equation of the transverse displacement W(x, ¢) of
the tube is written as [16]

FPW W PW  EADPW [t [ ow)\? OPW
B o ™M L axe J (ﬁ) X+Pogm =t
(D

where El and C are, respectively, the flexural rigidity and
damping coefficient of the tube, X is the spatial coordinate, and T
is time. As the beam is simply supported, the boundary
conditions are written as W(0,7) =W(L,T) =0 and
O*W [OX?*|y_y = O*W OX?|y_;, = 0. The axial loads P, on the
tube are a consequence of the applied tensile axial load P, due to
prestress and thermal expansion. Defining o as the thermal expan-
sion coefficient of the heat-exchanger tube material, and A0 as the
temperature differential for the heat-exchanger tube, Py can be
written as Py = EAaAO — P,. The motion dependent cross-flow-
induced forces F(W, W, W) acting on the tube are given by [9]

- W ow
F = ML L KW(X, T — AT) (2
(W>W7W) f T2 Cr T + fW( ’ ) (@)
where
My = pD2Cras Cp = 2pUDCH, K =L pi* DL and
f_4p ma» f_zp D> f_2p 8Wa
D
7 (3)

In Eq. (3), p and U are, respectively, the density of the fluid and
the freestream velocity. Cp, C;, and C,, are, respectively, the
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drag, lift, and added-mass coefficients; p is a parameter which
relates to the tube-array pattern; D is the diameter of the heat-
exchanger tube; and AT is the time-delay that arises due to the
phase lag between cylinder motion and fluid dynamic forces. By
introducing the following nondimensional quantities in Eq. (1)

WX El c M
=, x=2, =)\ —=—T=QT, {=——, m=——
"=p 7L W =T S=g Mo

(4a)
27[0 P0L2 'ﬂcma ADZ
=== =20 g Tm o oad =22 @
U=bar P~ P ram ™47 217 “®)
we obtain
1 *w (f UCD) 8w+184w+p082w
1—p o * 4mm) Ot /l‘]t Ox* )fl‘ ox?
Pw 1(8w 2 U* ocy,

1 |G g gm0 =0 ©

where Ay = 7 is the first nondimensional natural frequency of the
tube and the dimensionless time-delay T is given by © = 27/U,
for u=1 [9]. By considering only the first vibrational mode, the
solution w(x, 7) of Eq. (5) can be written as

w(x, 1) = V2 sin(nx)q(7) (6)

Substituting Eq. (6) into Eq. (5), premultiplying the resulting
equation by v/2sin(zx), and then integrating with respect to x
over the domain [0, 1] results in the following DDE:

i+ (e+5%2)at0 + 1 -]

2
g() + i () — O

 8m2m ow

gt —1)=0 )
Following the procedure outlined in Ref. [16], substituting o =

(1=p)¢ aa = ((1 = p)Cp/4mm), o3 = (1 =), o= (1-f)
yrt, and o5 = —((1 — B)/87%m)(C. /Ow) into Eq. (7), we get

G(t) + (o1 + 02U)q (t) + a3 {1 _%}

q(t) + g’ (1) + asUq(t — 1) = 0 ®)

(a) (b)

In Eq. (8), po and U are the parameters of interest, as shall be
seen in Sec. 3. It should be noted that the dimensionless time-
delay is a derived quantity and is given by t = 2n/U. In this
paper, the following numerical values are used for the parameters
in Eq. (8): a; =0.0145, ap = 0.00524, 03 = 0.76, og = 1.1105,
and a5 = 0.026. These parameters are the same as those used by
Wang et al. in Ref. [16].

3 Linear Stability

In this section, the fixed points of Eq. (8) are determined and
their linear stability is analyzed. To find the fixed points, we sub-
stitute ¢(t) = g(t — 1) = ¢ into Eq. (8). Next, by dropping the
rate-dependent terms at the fixed points, we get

o {1 —’%} G+ ug +asU*G=0 ©)

Solving for g in Eq. (9), we get

—03 {1 — p_g] —asU?
T

04

q, = 07 and qZ ==*

10)
In Eq. (10), fixed points g, will be real only if the following con-

dition is satisfied:

2772 2
st U” + a3m
Po >T (1n

To study the stability around these fixed points, we substitute
q(t) = r(t) + g in Eq. (8), which results in

(1) + (o1 + 2U)i (1) + o3 {1 - %}

r(l) + 30(4qzr(l) + 30(46?)’2([) + 064}’(1)3 + 055U2r(l — 'L') =0
(12)

By retaining only the linear terms in Eq. (12), we obtain the fol-
lowing equation:

F(0) + (3 + U (0) + o {1 ,%}

(1) + 304G (t) + asU?r(t — 1) = 0 (13)

O O O O
O Os+«0 O
O
(@)

Fig. 1 (a) Schematic of the heat-exchanger tube bundle with its isometric view along with the coordinate
axes, (b) the cross-sectional view of the tube bundle, and (c) idealized model of the heat-exchanger tube as a
simply supported beam under axial loads and cross flow fluid forces
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The stability of Eq. (13) depends on the roots of its characteristic
equation. By substituting r(f) =e* in Eq. (13), we obtain the
following characteristic equation:

D, U, po) = 7% +(a1+oczU/u+oca[ }
+304G° + asU%e ™ =0 (14

The above Eq. (14) is a quasi-polynomial (due to the presence of
the e ** term) and has infinitely many roots. If the real parts of all
the characteristic roots of Eq. (14) are negative, then the equilib-
rium at ¢ is stable. It is generally not possible to obtain the right-
most characteristic roots of Eq. (13) in closed form. However, we
can get information about the critical curves that separate the sta-
ble and unstable regions in the parametric space of py and U. The
stability of Eq. (13) around ¢ is lost through Hopf bifurcation
when its rightmost characteristic roots cross the imaginary axis
(see Fig. 2(a)). Alternatively, stability can be lost through a static
bifurcation, when the rightmost root crosses the imaginary axis
along the real line (see Fig. 2(b)). Therefore, to get the stability
boundary, we substitute 1 = jo. and py = p. in Eq. (14) to
obtain the following:

[fwf,. + o3 (1 - %) + 304G% + asU? cos(w(.,,r)}

+j[(ocl + U)oy — asU? sin(cuc.,.r)] =0 (15)

Equation (15) will now be used to obtain the critical curves for
different equilibrium points.

3.1 Critical Curves for the Equilibrium at g=g, = 0. Sub-
stituting ¢ = ¢; = 0 in Eq. (15) and setting the real and imaginary
parts to zero, the following equations are obtained:

+ o3 {1 — —} + O(5U2 cos(we7) =0 (16a)

(o1 + U)o — osU? sin(we1) =0 (16b)

For various values of the axial load p.,, Eqs. (16a) and (16b) can
be solved numerically to determine the variables U and o, along
the stability boundary. The stability boundary so obtained is repre-
sented by curves 1 and 2 in Fig. 3. As discussed earlier, the stabil-
ity at g, =0 can also be lost through a static bifurcation
(buckling). To determine the critical curve along which the static

Imag.(A)

Real(})

bifurcation may occur, we substitute w., = 0 in Eq. (16a). Then,
the expression relating p., and U is obtained as follows:

2772 2
oS T U + o3
Por=—"_—"— 17
o3

The relationship between p.. and U, given by Eq. (17) with
we = 0, is graphically shown by curve 3 in Fig. 3. It should be
noted that the equilibrium at g, exists only above curve 3 (see
Eq. (11)) in the py and U parameter space.

3.2 Critical Curves for the Equilibrium at g = g,. In this
section, the stability boundary for equilibrium at g, is discussed.
Substituting ¢ = ¢, (Eq. (10)) in Eq. (15), and setting the real and
imaginary parts of the resulting expression to zero, we get

—co — 203 (1 —%) — 305U + osU? cos(w,7) =0 (18a)

(1 4 02U — 05U sin(we, 1) = 0 (18b)

For different values of U, one can solve Eqs. (18a) and (18b)
numerically for the values of p,, and ., on the stability boundary.
This boundary is shown by curves 4 and 5 in Fig. 3. The stability

30 .

20

.10
SV
0
-10
0 0.5 1 1.5 2 2.9 3
U

Fig. 3 Critical curves for Hopf and static bifurcation for equi-
librium points q; =0 and q,. Curves 1, 2, 4, and 5 correspond
to Hopf bifurcation (w. # 0) and curve 3 corresponds to static
bifurcation (o =0). Six regions are labeled (I-VI) for later
discussion.

Imag.(A)

Real(A)

(a)

(b)

Fig. 2 Two ways in which the rightmost characteristic roots of Eq. (13) can cross the imaginary
axis, leading to the loss of stability of equilibrium at q: (a) o # 0 (Hopf bifurcation) and (b) wc =0
(static bifurcation). It should be noted that in both (a) and (b), only the first few rightmost roots of
the infinite spectrum of the DDE given by Eq. (13) are shown.
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of the equilibrium at ¢ = g, can also be lost through a static
bifurcation (see Fig. 2()), where @ = 0. Substituting @, = 0 in
Eq. (18a), the equation relating p... and U is obtained as follows:

2772 2
U
po =BT BT (19)
o3

Equation (19) is the same as Eq. (17) and hence the stability
boundary is given by curve 3 in Fig. 3. In Fig. 3, all the stability
boundaries are shown. However, one must exercise caution when
determining the stable and unstable regions from Fig. 3. For
example, the conditions for Hopf bifurcation given by Eqgs. (16a)
and (16b) or by Egs. (18a) and (18b) are satisfied as long as a pair
of roots lies on the imaginary axis. In Fig. 4(a), although the sys-
tem is unstable, the second pair of eigenvalues lies exactly on the
imaginary axis and satisfies the analytical conditions imposed on
the stability boundary. Similarly, the condition w. = 0, imposed
on the characteristic roots for the case of static bifurcation, is sat-
isfied even for the case shown in Fig. 4(b) for which the system is
unstable. Therefore, it is difficult to determine the stable and
unstable regions directly from Fig. 3. For understanding the stabil-
ity behavior of the tube, we divide the stability chart into six
regions, shown as I-VI in Fig. 3. In Sec. 3.3, we shall develop
Galerkin approximations for the linear DDE given by Eq. (13)
and numerically obtain its characteristic roots, after which it is
straightforward to comment on stability. The distribution of the
characteristic roots (spectrum) of Eq. (13) for different flow veloc-
ities and axial loads will also be studied. The spectrum will also
give us insights into the regions of maximum damping in the pg
and U space.

3.3 Spectrum. Several methods exist in the literature to study
the stability of time-delayed systems by obtaining their character-
istic roots. Some of these methods are Lambert W function
[28-31], Galerkin approximations [32-34], semidiscretization
[35], pseudospectral collocation [36—38], continuous-time approx-
imation [39,40], and quasi-polynomial root finder algorithm
(QPmR) [41]. Cluster treatment of characteristic roots approach is
another powerful tool to obtain accurate stability charts for time-
delayed systems [42]. Pekar and Gao have recently presented an
exhaustive list of various methods to study the stability of DDEs
[43]. In this section, using a Galerkin method [25,26], we derive
an ODE-based approximation for Eq. (13), thereby converting the
DDE into a finite dimensional ODE system. Equation (13) is
converted into the following form:

The procedure for converting a DDE into a system of ODEs has
already been reported in the literature [25,26]; however, the pro-
cedure is repeated here for completeness. By defining the state
variables r(7) = [r(1), #(¢)]" in Eq. (20), we get

r(r) = Ar(t) + Br(t — 1) (1)
In Eq. (21), the following time-shift transformation is introduced:
r(t+s) = y(s,1) (22)

Differentiating Eq. (22) with respect to s and #, and using the chain
rule, we obtain

oy(s,t)  Oy(s,1)
= —T1<s<
o EPE 7<s<0 (23)

From Eq. (22), we have r(r) = y(0,¢) and r(r — t) = y(—1,1).
Substituting these relations in Eq. (21), we get

ay(s,t)
ot

= Ay(0,7) + By(—1,1) (24)
s=0

In essence, we have converted the DDE given by Eq. (20) into an
equivalent PDE (Eq. (23)) and its boundary condition (Eq. (24)).
Now, we approximate the solution of Eq. (23) as follows:

3ils.) = S w9z =) 50, i=12  @9)

-

1

J

Here, ¥(s) = [, (s), Y5 (s), ..., Yn(s)]" are the basis functions
and z (1) = [z11(¢), zio(2), ..., zin(1)]" are the independent coordi-
nates. By defining ¥(s) € R*"*% and (1) € R**! as follows:

O L K A CR GO DI eD

Equation (25) can be written as

v(s,0) = W)z (0,4 ()20)] =¥ ()8 @)
Substituting Eq. (27) into Eq. (23), we get
W(s)B(r) = ¥'(s)" B(0) (28)

where W'(s) is the derivative of W(s) with respect to s. Premulti-

FO) + A7) + Aor(f) + Agr(t =) = 0 (20) plying Eq. (28) by ¥(s) and integrating with respect to s over the
domain [—1, 0], we obtain the following:
. Imag.(A) Imag.(A)
[ J
([ ]
®
o * ® °
Real(}) i Real(4)
o o ¢
[ ]
[ ]
[ ]
([

C)

(b)

Fig. 4 Possible locations of the characteristic roots on the critical curves for the case of (a) wc # 0
and (b) wcr = 0. It should be noted that in both (a) and (b), only the first few rightmost roots of the infi-
nite spectrum of the DDE given by Eq. (13) are shown.
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—T

0 0
(J ‘l’(s)‘l‘T(s)ds)B(t)— (J ‘l’(s)‘l"(s)Tds>ﬁ(t) (29)

Equation (29) can be rewritten as

Cp(1) = DB(2) (30)

where C and D are square, block-diagonal matrices of dimension
2N, given by

(3D

Submatrices C"”) and D' are defined as follows:

(i) & ’ T @) & ’ 1(\T P —
Vs [ s, DL [ T =12
(32)

The matrix of boundary conditions, of dimension 2 x 2N, can be
derived by substituting Eq. (27) into Eq. (24) as follows:

¥ (0)p(r) = [A¥T(0) + BY' (—7)] (1) (33)
Equations (30) and (33) can be combined as follows:

MB(r) = KB(1) (34)

Matrices M and K are of dimension 2N x 2N, and are obtained
by replacing the Nth and 2Nth rows of Eq. (30) with the first and
second rows of Eq. (33), respectively. Defining G2M™'K,
Eq. (34) can be written as follows:

B(t) = GB(r) (35)

The system of ODEs given by Eq. (35) approximates the DDE
given by Eq. (20), and the eigenvalues (/1,» of G approximate the
characteristic roots of Eq. (14). As N is increased, the eigenvalues
of G converge to the rightmost characteristic roots of Eq. (14)
[25,26]. The error E;, Vi = {1,2,...,2N}, is defined as the abso-
lute value of D(l,—) (Eq. (14)), obtained by substituting the eigen-
values of G into Eq. (14). All /; for which E; < 107* are
considered to be converged to the characteristic roots of Eq. (14).
In this work, shifted Legendre polynomials are used to approxi-
mate the solution (Eq. (25)) and are defined as follows:

Yi(s) =1 (36a)

hls)=1+2 (360)

‘//k(s) _ (2k - S)IPZ(S)Wk—kl(_)l_ (k - 2)!//k_2(5) , k= 374’ . ,N
(36¢)

In the literature, it is reported that shifted Legendre polynomials
have shown good convergence properties [26]. The entries of mat-
rices C(”) and D(P) can be expressed in closed form as follows:

i
cn={a-1 "'
0, otherwise 37)
2, if i <jandi+j is odd
D) = o TR p=
J 0, otherwise

021007-6 / Vol. 15, FEBRUARY 2020

where i = 1,2,...,Nandj=1,2,...,N. If we consider N terms in
the series solution given by Eq. (25), approximately N/2 eigenval-
ues of matrix G converge to the rightmost roots of the characteris-
tic polynomial (Eq. (14)). In this paper, we use N =100 and this
value of N was found to be sufficient for generating an accurate
stability chart for Eq. (20).

Figure 5 shows the stability chart for Eq. (14) in the [U, po]
plane, obtained using the Galerkin approximation method. To
generate the stability chart, the region of Fig. 5 has been discre-
tized into 300 x 4500 points. At each of these points, the eigenval-
ues of matrix G (see Eq. (35)) are evaluated. If all the eigenvalues
fall on the left half of complex plane, the system is considered to
be stable; otherwise, it is considered unstable. All the white
regions shown in Fig. 5 (i.e., [, III, IV, and VI) are unstable. The
color contours in Fig. 5 indicate the damping present in the right-
most root in the stable region. It should be noted that for a
retarded delay differential equation, the decay rate will depend on
the real parts of all the infinite roots. However, the contribution to
the solution from the rightmost root is the highest and is the last to
decay. Therefore, we have assumed the real part of rightmost root
to be the damping in the system. The highest damping (/ furthest
into the left half-plane) is present around U =2.34 and for
po = 30. Figure 5 must be contrasted with Fig. 3 as the boundary
curves shown in these figures are same. From the stability chart,
we can conclude that the zero equilibrium (¢ = ¢, = 0) is stable
only in region II. The buckled equilibrium at ¢ = g, exists in
regions IV, V, and VI, but it is stable only in region V. An impor-
tant observation from the stability chart is that curve 3, which sep-
arates regions III and IV, does not represent the critical curve for
static bifurcation since the system is unstable in both regions III
and IV.

As discussed in Sec. 2, for a given flow velocity, from the sta-
bility chart, the axial tension P4 can be adjusted for maximum
damping. For example, if the heat exchanger is operated at U =2,
the induced axial load can be selected to py = —15 for optimal
damping of vibrations. It should be noted that with py = —15, the
beam settles at zero equilibrium.

Now, we study the distribution of the characteristic roots for
different critical points in Fig. 5 along U = 1, shown by the dashed
vertical line. Points Py, P, and P3 in Fig. 5 are the bifurcation
points of zero equilibrium. Similarly, Ps, Ps, and P are the bifur-
cation points of buckled equilibrium. The value of critical axial
load p,, and frequency ., at these points is shown in the second
and third columns of Table 1, respectively.

Figures 6(a)-6(f) show the 12 rightmost characteristic roots of
Eq. (14) corresponding to points Py, P5, P3, Ps, Pg, and P5. It can
be seen from Figs. 6(a)-6(f) that the rightmost roots are purely

-0.01
-0.02

-0.03

(5] (/\nm:r)

0.04 &

-0.05

-0.06

Fig. 5 Stability chart in the [U, po] plane, generated using the
Galerkin approximation method, with N=100. Color contours
indicate the damping present in the rightmost root.
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imaginary indicating the possibility of Hopf bifurcation. In Fig. 7,
the spectrum corresponding to point P, is shown. It can be seen
that there is a characteristic root at the origin, which is expected
as this point falls on curve 3 in Fig. 5. However, the system is
already unstable (see Fig. 7). Therefore, P, is not a bifurcation
point.

In Fig. 8, we show the real part of the rightmost root in the
region —15 < py < 10.207 for the zero equilibrium (§ = ¢, = 0),
represented by the red line. The blue dotted line shows the real
part of the rightmost root in the region 10.207 < py < 30 for the
buckled equilibrium (g = g,). We can clearly see from Fig. 8 that
the real part of the rightmost root crosses the imaginary axis at
points Py, P, P3, Ps, Ps, and P; with nonzero slope (T) with
respect to the parameter py. This clearly indicates the presence of

a Hopf bifurcation. The value of ' = Real(dZ/dpo)|
Real </1|( = ),|(

fourth column of Table 1.

~
_ ~
Po=Pcr

)/20’> at these points is shown in the

Perto Per—0

4 Hopf Bifurcation

In this section, the Hopf bifurcation of Eq. (12) is studied.
Equation (12) is rewritten here for reference

F(6) + (o + U)F (1) + o3 {1 - %}

() + 304 2r (1) + 30ugr? () + aar(t)’ + asUr(t— 1) = 0
(38)

From the stability chart (see Fig. 5), we can see that by fixing
U (at1) and increasing py, the stability of the equilibrium at =0
switches when we cross curves 1 and 2. It should be noted that
curves 1 and 2 in the stability chart correspond to the stability
boundary for ¢ = g, = 0 in Eq. (12). Similarly, for a fixed value
of U, the stability of the equilibrium at r =0 switches when we
cross curves 4 and 5 in the stability chart. It should be noted that
curves 4 and 5 in the stability chart correspond to the stability
boundary for ¢ = ¢,, i.e., for the buckled equilibrium case of
Eq. (12). In order to determine the nature of Hopf bifurcation
(supercritical or subcritical), one must obtain the normal forms of
Eq. (38) at the Hopf bifurcation points. The normal forms near the
Hopf bifurcation can be obtained using the MMS [27] or the
method of averaging [44,45] or center manifold reduction [46].
These normal forms can be used to study the stability of the limit
cycles born out of Hopf bifurcation. In this section, the normal-
form equations are obtained using the MMS.

4.1 Hopf Bifurcation for the Case of ¢ = g; = 0. Substitut-
ing ¢ = ¢, = 0 into Eq. (38), we get
. . Po
F(t) + (o + 0U)F (1) + 03 [1 - ?}
() + aqr(t)’ + osUr(t—1) =0 39
Table 1 Values of p.,, wc, I' (numerical), I (analytical), and rel-
ative error between the latter ((I'—I')/I') expressed as a percent-

age, for different bifurcation points as shown in the stability
chart (see Fig. 5)

Point Per o, T (x107*) T (x107*) Relative error (%)
P, —11.652 1.285 5.7416 5.7274 0.2479
P, —=7.923 1.175 —6.6533 —6.6375 0.2380
Py 6.978 0.445 144.5214 144.5937 0.0500
Ps 11.822 0445 —289.5746 —288.7426 0.2881
Pg 19.273  1.175 13.2800 13.2417 0.2892
P 21.137 1.285 —11.3442 —11.3089 0.3121

Journal of Computational and Nonlinear Dynamics

The following parameters are now introduced into Eq. (39):

o3
T

2€ = 0 + OCQU7 kl = a3, k2 k4 = 0(5U2 (40)

Equation (39) now becomes
P (1) 4 207 () + kyr (1) — kopor(t) + a1 (1) + kar(t — 1) =0 (41)
Dropping the nonlinear term in Eq. (41) and introducing the

parameters , ky, k>, and k4 (Eq. (40)) into the characteristic equa-
tion of the linearized problem, we have

k.
D(A,po) = 7+ 2Li+ ki —kapo + 5 = 0 42)

where 4 is an implicit function of py. From the chain rule of differ-
entiation, we have

dp D D di

dooOpo Ordpy " @
Solving Eq. (43) for (d1/dpy), we get
di. _ ap (oD ks
i) Cmrrwem
At a Hopf bifurcation, we have to show that

r= Real(d;“/dpo)|p(,:p(,,w/1:ja)“. 5
joo in Eq. (44) and using the identity e /“" = cos
(WerT) — jsin(weT), we get

= 0. Substituting pg = p, and 1 =

k (724" + kst Cos(wc,,r))
A Akt COs(we,T) — k312 — 402, — dwket sin(@,, 1)
(45)

Substituting sin(w,,7) and cos(w,,T) obtained from Egs. (16a)
and (16b) in Eq. (45), we get

_ ke (2¢ = 10, + thi — thoper)
N 4(lt+ w2 + 42 + ALtk — Althoper + k372

(46)

It can be seen from Table 1 that the analytically predicted values
of I (velocity of root crossing) at the Hopf bifurcation points are
in close agreement with those obtained numerically from Galerkin
approximations. At points Py, P,, and P;, we have I' # 0. This
guarantees the occurrence of the Hopf bifurcation at these points.
It should be noted that I > 0 indicates the crossing of purely
imaginary roots from left to right (stable to unstable) in the com-
plex plane. Conversely, I' < 0 indicates the crossing of purely
imaginary roots from right to left (unstable to stable) in the com-
plex plane.

As the focus of this section is to study the motion around the
Hopf bifurcation points, we perturb the parameter p, using a
detuning parameter A. Substituting py = p., + €A, k = ki —kaper,
and k3 = oy /e in Eq. (41), we get

(1) 4 207 (1) + 17 (1) + kar(t — 7) + €[ksr (1) — kaAr(r)] =0
7

Using the MMS for DDEs as proposed by Das and Chatterjee
[27], the solution 7(¢) of Eq. (47) is expanded as follows:

r(t) = r(t,To) = ro(t,To) + eri (¢, To) + - - - (48)
In Eq. (48), t = €t is the actual time-scale, and Ty = €'f is the

slow time-scale. The time-delay term r(f — 1) is expanded as
follows:
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r(t—1) =ro(t—1,To) + 6(1‘1 (t—1,Ty) — TM) 4o
Ty
(49)

Upon substituting Eqs. (48) and (49) into Eq. (47), the terms with
coefficients €’ and ¢!, respectively, are collected. Equating them
each to zero, the following equations are obtained:

5 o T T
U=1 :
o po=—11.652 |
@ l
o 1
= 2
b |
%b O*"""***”"”f”””w”"iﬁ——
£ 6
[o] |
|
o 1
|
o i
5 o ; l
-1.5 -1 -0.5 0
Real ())
(a)
5 o : ‘
U=1 ;
o Po=6.978 |
[o] |
|
o 1
= o ql,
8 gL =
<
g o ¢
= |
o l
o 1
|
o l
5 & , |
-1.5 -1 -0.5 0
Real (\)
(0
5 o , ‘
U=1 ;
° po=19273 |
S l
o 1
= :
e
£ o
o l
o i
|
o l
5 o : 1
-1.5 -1 -0.5 0
Real ())

6 o 610

o) a2 o + karo(t =) =0 (50a)
1 8}1
O( ) (91‘2 +2C7+ K11+k411(17‘5) szro
0]0 6)()( — ) 82
20— — kst 2 k 50b
L T 75 (500)
5 O T T
U=1 :
o po = —7.923 |
o |
I
o |
= 0
~— |
e O,,,,,,,,,,,,,,,,,,,,,,,,,,,,,Eﬁ,,,
E 0
o]} |
|
o |
I
o |
5 o - ‘ !
-1.5 -1 -0.5 0
Real (X)
(b)
5 O T T
U = |
o po=11.822 |
o |
I
o |
gy |
= o '
P MU - -
g o |
Lo} |
o |
o |
|
o |
-5 o— :
-1.5 -1 -0.5 0
Real (\)
(d)
5 O ‘ T
U = |
o po =21.137 |
o |
|
o |
= i
Nt I
e O,,,,,,,,,,,,,,,,,,,,,,,,,,,,,iﬁ,,,
L o
(o] |
I
o |
|
o |
5 o |
-1.5 -1 -0.5 0
Real (\)
(H

Fig. 6 Characteristic roots of Eq. (14), obtained using Galerkin approximations for U=1 and for (a) pp = —11.652, (b)
Po = —7.923, (c) po =6.978, (d) po = 11.822, (€) po = 19.273, and (f) pp = 21.137.
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At the Hopf bifurcation point, the transient solution of Eq. (50a)
decays with time since the characteristic roots lie on the left half
of the complex plane (see Figs. 6(a)—-6(c)). The only solution that
persists is the one due to the roots lying on the imaginary axis,
with frequency .. Therefore, the solution of Eq. (50a) is
assumed as follows:

ro(t, To) = A(To)sin(wert) + B(To)cos(wert) 51)
Substituting Eq. (51) in Eq. (50b), we get

Pr or
WZI + 2C6_l‘1 + Kry + kar (l — ‘L') + 7 COS(3CO”‘I)

+ 7> sin(3we,t) + Zs cos(wert) + Zy sin(wet) =0 (52)

where Z1, Z,, Z3, and Z, are given as follows:

_ 1 3 3 2
Zy = 1kB’ = T kA’B (53a)
1 3 3 2
Zy = 7k’ + TkAB (53b)

OB

Z; = (k4r sin(w,,T) + 2(0) 0—A + (2C — kgt cos(w”r)) T,

Ty

3 3
+ Zk;AzB + Zk3B3 — khAB

(53¢)
0A . OB
Zy = (20 — katcos(we 7)) T, (200¢r + kgt sin(wr)) T
+§k A32+§k A’ — kyAA
R s 2
(53d)

The terms with coefficients Z3 and Z, cause resonance in Eq. (52)
and are known as secular terms. Since the solution of r(f) is
bounded, these terms should vanish. Setting Z; = 0 and Z; = 0,
the expressions for (0A/9Ty) and (0B/JT,) are obtained. Then,
using the relations A = €(9A/Ty) + O(e?) and B = e(dB/AT,)
+0O(e?), the complex amplitude modulation relations are obtained
as follows:

A(z) _ E(A1 sin(we, ) 4 Az coS(We,T) +A3)

4
1A, (54a)

U=1 1

|

o po = 10.207 |

o l

|

o l

= o i
R 00—

g o l

= |

o 1

o 1

|

o 1

-5 o 1

-15 -1 -0.5 0

Real ())

Fig. 7 Characteristic roots of Eq. (14) obtained using Galerkin
approximations for U= 1 and for p, = 10.207

Journal of Computational and Nonlinear Dynamics

. B sin(w., 1) + By cos(w.,1) + B
B(r) = ¢ 2L80(@er®) + Bacos(@et) + By (54b)
4By
In Eq. (54a), the variables A;—A, are given by
Ay = 3kythk3B> — 4Bkythky A + 3BkathzA? (55a)

Ay = —3k3AB% kst — 3k3 Akt + 4k AAkst (55b)

Az = 6k3AB%{ + 6k3A%C — 8k AAL + 6w k3B — 8Bw koA
+ 6B, k3A?
(55¢)

Ay = —kﬁrz + kgt cos(we, 1) — 4% — 4a)§r — 4wkyt sin(we, 1)
(55d)

In Eq. (54b), the variables B|—B, are given as follows:
Bi = —3k3AB*kyt — 3k3A3kat + 4ka AAkyt (56a)
By = 4Bkathky A — 3kath3 B> — 3BksThzA> (56b)

B3 = —6wk3A> + 6k3B>( — 8Blky Al — 6w, k3AB* + 80 ka AA
+ 6Bl A%,
(56¢)

By = fkirz + dkyt cos(we,T){ — 4k — 4wi_ — 4erkyT sin(we,T)
(56d)

Now, using the polar transformation A(¢) = R(#)sin(0(¢)) and
B(t) = R(r)cos(0(¢)) in Egs. (54a) and (54b), the amplitude and
phase modulation equations are obtained as follows:

R(1) = cer (4R (1) — 3K:R (1)} (57a)

0(t) = ees (4sz - 3k3R(t)2) (57b)
where ¢; and e, are defined as follows:
e = (k4‘c CO8(We,T) — 2{) /e3 (58a)

e, = (260”- + kgt sin(co(.,.r)) /e3 (58b)

0.04
0.03
0.02
J 050}

A)

Rea
(an)

-0.01
-0.02

-0.03

-10 0 10 20 30
Do

Fig. 8 Variation of the real part of rightmost characteristic root
of Eq. (14) for U=1 and for —15<p, <30
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Here, e3 = 4(—kjt* + 4ks7 cos(we 1) — 40 — 402, — kgt
sin(w,,7)). The approximate solution of the DDE presented in
Eq. (47), accurate to O(e”), can now be written using the normal-
form equations (Eqs. (57a) and (57b)) as follows:

r(t) ~ R(t)cos(wet + 60(t)) (59a)

#(1) = R(1)cos(wot + 0(1)) — R(t)sin(wot + 0(6)) (w0, + 0(2))
(59b)

4.1.1 Hopf Bifurcation at Point P,. Substituting the values of
Pper and o, for point P (see Table 1) in Eqgs. (57a) and (57b), we
get

R(1) = 5.7073 x 10~*(¢A)R(¢) — 6.1730 x 10°R(1)*  (60a)
0() = 2.8203 x 1072(eA) — 30.5050 x 1072R(r)>  (60b)

Figure 9(a) shows the local bifurcation diagram (supercritical
Hopf bifurcation) obtained from Eq. (60a). In all the bifurcation
diagrams reported in this paper, solid lines are used to represent
stable solutions, while dashed lines are used to represent the
unstable solutions. Also, nonzero equilibrium solutions (R # 0)
correspond to the amplitudes of the periodic solutions that arise
from the Hopf bifurcation. The blue circles in Fig. 9(a) are the
amplitudes of the periodic solutions obtained by integrating
Eq. (47) using the dde23 maTLAB solver. Equation (47) is a DDE
for which the history function must be defined for numerical
integration. First, with initial conditions R(0) and 0(0), the set of
ODE:s given by Egs. (60a) and (60b) are solved. Then, r(¢) (Eq.
(59a)) and 7(r) (Eq. (59b)) obtained for the interval [0, 1]
(t =(2m/U)) is given as the history function for Eq. (47).
Figures 9(b) (for eA = —0.1) and 9(c) (for eA = 0.1) show R(?)
obtained using Eq. (60a) (red line) and the system response r(t),
obtained by integrating Eq. (47) using the dde23 MATLAB solver
(blue line).

Figures 9(a) and 9(b) indicate that for eA < 0, the system set-
tles at the zero equilibrium (solid black line in Fig. 9(a)) for any
initial condition. For €A > 0 (see Figs. 9(a) and 9(c)), the system
settles into a periodic motion whose amplitude is given by R*
corresponding to the value of eA.

4.1.2  Hopf Bifurcation at Point P,. Substituting the values of
Pper and o, for point P, (see Table 1) in Egs. (57a) and (57b), we
get

R() = —6.7009 x 10~*(eA)R(r) + 7.2477 x 10°R(1)*  (61a)
0(r) = 3.0835 x 1072(eA) — 33.3519 x 10 2R(r)>  (61b)

Figure 10(a) shows the local bifurcation diagram (subcritical
Hopf bifurcation) obtained from Eq. (61a). For a given €A, the
amplitude of unstable periodic solutions is obtained from Eq. (47)
as follows. We numerically integrate Eq. (47) for increasing val-
ues of constant history function and track the equilibrium solution.
The critical value of the magnitude of the history function, above
which the equilibrium will not approach zero, is considered to be
the magnitude of the unstable limit cycle (blue circle). Figure
10(b) shows R(z) obtained using Eq. (61a) (red line) and the sys-
tem response 7(¢) obtained by integrating Eq. (47) using the dde23
MATLAB solver (blue line). Both cases are for eA = 0.1 and for the
magnitude of history function given by point Al in Fig. 10(a).
Figure 10(c) shows the same physical quantities for the magnitude
of the history function given by point A2 in Fig. 10(a).

Figures 10(a) and 10(b) indicate that for a given value of
€A(> 0), any initial condition greater than R* results in a diverg-
ing solution. Conversely, for a given value of eA(> 0), any initial

021007-10 / Vol. 15, FEBRUARY 2020

condition less than R* (see Figs. 10(a) and 10(c)) results in the sys-
tem settling at the zero equilibrium (solid black line in Fig. 10(a)).

4.1.3 Hopf Bifurcation at Point P;. Substituting the values of
Per and o, for point P53 (see Table 1) in Egs. (57a) and (57b), we
get

R(1) = 144.5864 x 10~*(eA)R(f) — 156.3844 x 10°R(¢)’
(62a)

0(r) = 7.8807 x 102(eA) — 85.2384 x 1072R(1)*  (62b)

Figure 11(a) shows the local bifurcation diagram (supercritical
Hopf bifurcation) obtained from Eq. (62a). Figures 11(a)-11(c)
are similar to Figs. 9(a)-9(c), except that these results are for the
bifurcation point P;. Figures 11(a) and 11(b) indicate that for
€A < 0, the system settles at the zero equilibrium (solid black line
in Fig. 11(«)) for any initial condition. For eA > 0 (see Figs. 11(a)
and 11(c)), the system settles into a periodic motion whose ampli-
tude is given by R* corresponding to the value of €A.

It can be seen from Figs. 9—11 that both the transient and the
steady-state solutions of the normal-form equation, obtained using
the MMS, match closely with the results from direct numerical
integration.

4.2 Hopf Bifurcation for the Case of §=g,. To study the
Hopf bifurcation at buckled equilibrium (¢ = g,), we substitute
the value of ¢, from Eq. (10) into Eq. (38). It should be noted that
the “*="” sign in front of the expression for g, in Eq. (10) corre-
sponds to the upward/downward buckled configuration of the
beam. Here, we study the bifurcation corresponding to the upward
configuration (+ve sign). Due to the symmetric nature of the
buckling problem, the results are equally valid for the downward
configuration (—ve sign). The characteristic equation correspond-
ing to the linearized version of Eq. (38) around the equilibrium
q = q, is given by

D(,po) = A2+ 200 — 2k + 2kapo — 3ks + kye =0 (63)

The characteristic equation D(4,pg) satisfies Eq. (43); therefore,
we have

di. 2k,

a__ —ch 64
dpo 27+ 20 — kste = )

At the Hopf bifurcation point, we have py = p., and A = jw,,.
Substituting these values in Eq. (64), we get

di B —2k;
dpo PO=Pers A= 2jwey + 20 — kqte iVt

(65)

With I = Real(dZ/dpy)| we have

PO=Pers A=jWer
2k (—2{ + ka7 cos(wcrr))

- —40% 4 AlkyT c08(WerT) — k312 — 4wl — 4wkyT sin(we,T)

(66)

Substituting sin(w,,t) and cos(w,,7) obtained from Egs. (18a)
and (18b) in Eq. (66), we get

r —2ky (=20 + t(@? + 2ky — 2kapo + 3k4))
=4+ 4Lt (w2, 4 2k — 2kapo + 3ks) — K372 — 4?2, — 8w Tl
(67)

The velocity of root-crossing (I'), calculated from Eq. (67), at
points Ps, Ps, and P; (Fig. 5) is shown in the fourth column of
Table 1. It can be seen from Table 1 that the analytically predicted
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Fig. 9 (a) Local bifurcation diagram at point P,. System response at local bifurcation point P, for (b) eA = —0.1 with initial
conditions for Egs. (60a) and (60b) given by point A1 in (a) and (¢) eA = 0.1 with initial conditions for Eqs. (60a) and (60b) given

by point A2 in (a).

0.3 o, -
o
2
.
0.2 o
,
b4
~ 0.1 A1*>Ig
" e<— A2
O = = srmise i e
-0.1
-1 -0.5 0 0.5
eA
(a)

045 ——7(t) (dde23) —— R(t) (MMS)

1000 2000 3000 4000 5000 6000

t

(b)

7(t) (dde23) —— R() (MMS)

t x10*

(c)

Fig. 10 (a) Local-bifurcation diagram at point P,. System response at local bifurcation point P, for eA = 0.1 with initial condi-
tions for Eqgs. (61a) and (61b) given in (a) by point (b) A1 and (c) A2.

values of I' at the Hopf bifurcation points are in close agreement

with those obtained numerically using Galerkin approximations.  get
Furthermore, at the critical points (Ps, Pg, and P;), we have I" # 0

in both cases.

Next, the normal form equations for Eq. (38), around the Hopf
bifurcation points for the equilibrium at ¢ = ¢,, are derived. As G, =

-3 {1 _[%)] —asU?
T

Substituting the parameters ky, k, ks, k4, €2, and A in Eq. (10), we

there is a quadratic nonlinearity in Eq. (38), we substitute py =
Per + €2A and o4 = €%k3 in Eq. (38) to obtain the normal form
near the Hopf bifurcation point. Substituting the parameters (, &,

ko, k4 (as defined in Eq. (40)), po and o4 in Eq. (38), we obtain

| —ky — ki 4 koper 4 ka2 A
- €2k3

(69)

Substituting Eq. (69) into Eq. (68), we get

F(1) + 207 (r) + {k, — (per + EA)ky + 381@@%} F (1) +207(0) + (2koper — 2kt — 3ks + 2ka @A) (1) + Ekar(r)’

(68) )
() + 3€k3qor (1) + Ekar(t)® + kar(t — 1) = 0 +3ev/ks(—ks — ki + koper + ko2 A)r(t)” + kgr(t — ) = O
(70)
0.06
- 7(t) (dde23) —— R(t) (MMS) 01
0.2 0.5 ffl
5 o = =
0 -0.05
-0.1 -0.06 0.1 — I
-1 -0.5 0 0.5 1 1000 2000 3000 4000 5000 500 1000 1500 2000 2500 3000 3500 4000
eA t t
(a) (b) @)

Fig. 11 (a) Local bifurcation diagram at point P;. System response at local bifurcation point P; for (b) eA = —0.1 with initial
conditions for Egs. (61b) and (62b) given by point A1 in (a) and (¢) eA = 0.1 with initial conditions for Egs. (62b) and (62b) given
by point A2 in (a).
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Next, expanding the square-root term in Eq. (70) using the Taylor
series around € =0, we get

\/k3(*k4 — k] + kzp(-,‘ + k2€2A) ~d|y — azezA (71)

where a; = \/fk3(k4 + ki — koper) and a = (1/2)

(\/—ks(k4 + ki — kaper)ka/ka + ki — k2p(‘r>~
(71) into Eq. (70), we get

Substituting Eq.

P (1) + 207 (1) + (a3 + asé*A)
(1) + 3eay — aA)r())* + Eksr(0) + kar(t — 1) =0 (72)

where a3 = 2kyp. — 2ky — 3ks and a4 = 2k;. Now, introducing
the new time scales Ty = €'t and T; = €*t, r(t) is expanded as
follows:

I‘(l) = I’(l‘7 TO7 Tl) = I‘()(l7 T(),T]) + ery (l., To,Tl)
+ € (t,To, Ty) + - -- (73)

In Eq. (73), t = ¢ is the actual time-scale; T, and T} are the slow
time-scales. The time-delay term r(r — t) is expanded up to O(e>
using the Taylor series similar to Eq. (49). Upon substituting the
expressions for (¢ — 1) and r(¢) in Eq. (72), terms with coeffi-
cients of €*, ¢!, and €? are collected and are each equated to zero
to obtain the following equations:

&ry or

O() : 2 +2C L. azro + kgro(t —1) =0 (74a)

o

(’)n

ole): 55

+24’ +a311+k4r1(t717)

Oro(t — 17) 5 0*ry Oro )

= Thky T, — aTo0t — 20— —3airy (74b)

r or
2) . 2 , U N N _
o) R + 2 e + azry + kara (1 — 1)

= Kl + Kz + K3 — 6r0r1a1 (74(,)

where K, K5, and K3 are given as follows:

821‘0 821’0
oron T on2 (75a)

Ki=— <a4Ar0 + k3}"(3) +2

o oro(t—1) 1, Pro(t—r1)
K> = ( ¢ a7, kyt aT, +5T ky or? (75b)

9%ry ory ory (1t — ‘c))
K=—(2 R R A} :
3 ( oo " oty Mo, 79

Since the only nondecaying solution at the Hopf bifurcation
point is the one due to the roots lying on the imaginary axis
with frequency @, the solution of Eq. (74a) can be written as
follows:

ro(t,To, T1) = A(To, Ty )cos(wert) + B(To, Ty )sin(we, 1) (76)

021007-12 / Vol. 15, FEBRUARY 2020

Substituting Eq. (76) into Eq. (74b), we get

*r or
al‘zl 2{—1+a311+k411(171')

= —Zs5cos(Wert) — Zg sin(we, 1) — Z7 c0s(2w¢,1)
— Zgsin(2w,t) — Zy a7)

where Zs, Zg, Z7, Zg, and Zg are given by

A B A B
Zs= —k41:§—0005(wu )+k41:§—T0s1n(err) +2C68—T0+ 268 T
(78a)
OB 0A 0A

Z6 = an—’ro — 2a—7bwc,~ — k4fa—7bsin(w(-,~f) — k4fa—]_'0005(wl-y'[)
(78b)

3 3
Z; = EalA2 - Eale (78¢)
Zs = 3a,AB (78d)

3 3
Zy = EalA2 + 5ale (78¢)

In order to eliminate the secular terms, we set Zs = 0 and Zg = 0.
Equations (78a) and (78b) then give us

0A
o, 0 (79a)
OB
T 0 (79b)

Equation (77) is now rewritten as

811

B2 + 2(— + azry + kari (1 — ©) + Z7 cos(2w,t)

+Zg sm(2a)(., )+2Zy=0 (80)
The solution 7 (z, Ty, T ) of Eq. (80) is assumed as follows:

I (l‘, To, Tl) =C (T()7 Tl) —+ Cz(To, T1)COS(2CL)(;,~I)

+ C3(To, T1)sin(2w,, ) 81

Substituting Eq. (81) in Eq. (80) and solving for Cy, C», and Cj,
we get

3a,(A? + B?)

Ci=———"—= 82

! 2 ks az (82a)
C, = hy cos(2w¢,T) + hy sin(2we,7) + h3 820)

hy
C, = hs cos(2w¢,T) + he sin(2we, 1) + hy (820)

hg

where h—hg are defined as follows:

hy = =3a ksB* + 3a,ksA? (83a)
h2 = 6d|ABk4 (83b)

hy =—24a,ABw.,{ —12a,0?, A* + 12a,0* B> — 3a,a3B* +3a, a3 A*
(83¢)
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hy = (—dkqas + 1602 ks)cos(2m,, 1) — 243
+ 16k4lw, sin(2w,,T) — 32@'2w(2,r - 2a§ - 32wfr + 16w3,_a3

(83d)
hs = 3a1B%ks — 3a1A%ky (83¢)
he = 6a1ABky (831)

hy = —24a1ABw?, + 12a,A* (w0, — 12aB* (o, + 6a;a3AB
(83g)

hy = (—dkqas + 1602 ks)cos (2w, 1) — 243
+ 16ky{w,, sin(2w,1) — 32002, — 243 — 320} + 1607 a3
(83h)

Substituting Egs. (73) and (81) in Eq. (74c) and by setting the
coefficients of secular terms to zero, we solve for (9A/dT,) and
(OB/OT,). Then, using the relations A = e(0A/dT,) +
(0A/0T,) and B = €(OB/ITy) + €2(dB/OT)), and substituting
(0A/dTy) = (9B/OTy) = 0 (see Egs. (79a) and (79b)) in A and B,
we note that

. 0A
_ 2
A=¢ o (84a)
. OB
_ 2
B=c¢ T (84b)

Now, substituting the polar transformation A(r) = R(¢)sin(6(¢))
and B(t) = R(t)cos(0(t)) in Egs. (84a) and (84b) and simplifying,
the amplitude and phase modulation equations can be written as
follows:

R(1) = R\€AR(t) + RoR (1) (85a)

0(r) = 0,&A + 0.R>(?) (85b)

The approximate solution of the DDE presented in Eq. (72), accu-

rate to O(e°), can now be written using the normal form equations
(Eqgs. (85a) and (85b)) as follows:

(1) ~ R(t)cos(wet + 0(t)) (86a)

(1) = R(1)cos(wert + 0(2)) — R(1)sin(wet + 0(1)) (wer + 0(2))
(86b)

4.2.1 Hopf Bifurcation at Point Ps. Substituting the values of

R(1)=—289.1699178 x 10~*(¢> A)R (1) +498.7098850 x 10 >R (¢)?
(87a)

0(1) = 15.76079909 x 102(¢2A) — 3.121840462R(1)*  (87b)

Figure 12(a) shows the local bifurcation diagram (subcritical
Hopf bifurcation) obtained from Eq. (87a). To obtain the
amplitude of unstable periodic solutions, we numerically integrate
Eq. (72) for a given €A and for increasing values of the constant
history function, and track the equilibrium solution. The critical
value of the magnitude of the history function above which the
equilibrium will not approach zero is considered the magnitude of
the unstable limit cycle (blue circle). Figure 12(b) shows R()
obtained using Eq. (87a) (red line) and the system response (blue
line) obtained by integrating Eq. (72) using the dde23 MATLAB
solver. Both cases are for €A = 0.01 and the magnitude of the
history function given by point Al in Fig. 12(a). Figure 12(c)
shows the same physical quantities for the magnitude of the his-
tory function given by point A2 in Fig. 12(a).

Figures 12(a) and 12(b) indicate that for a given value of
€2A(> 0), any initial condition greater than R* results in a diverg-
ing solution. On the contrary, for a given value of ¢2A(> 0), any
initial condition less than R* (see Figs. 12(a) and 12(c)) results in
the system settling at the buckled equilibrium (solid black line in
Fig. 12(a)).

4.2.2  Hopf Bifurcation at Point Ps. Substituting the values of
per and o, for point Pg (see Table 1) in Egs. (85a) and (85b), we
get

R(1)=13.18331333 x 10~ *(A)R (1) —30.54194023 x 10 >R (1)’
(88a)

0(r) = 6.161982410 x 102(€2A) — 1.331671312R(¢)*  (88b)

Figure 13(a) shows the local bifurcation diagram (supercritical
Hopf bifurcation) obtained from Eq. (88a). Figures 13(b) (for
€2A = —0.01) and 13(c) (for €2A =0.01) show R(z) obtained
using Eq. (88a) (red line) and the system response obtained by
integrating Eq. (72) using the dde23 maTLAB solver (blue line).
Figures 13(a) and 13(b) indicate that for €A < 0, the system set-
tles at the buckled equilibrium (solid black line in Fig. 13(a)) for
any initial condition. For €?A > 0 (see Figs. 13(a) and 13(c)), the
system settles into a periodic motion whose amplitude is given by
R* corresponding to the value of €2A.

4.2.3 Hopf Bifurcation at Point P;. Substituting the values of
Per and o, for point P (see Table 1) in Egs. (85a) and (85b), we
get

R(1)=—11.35943198 x 10~*(¢2A)R(1)+20.63464775 x 10 >R (1)’

P and o, for point Ps (see Table 1) in Egs. (85a) and (85b), we (89a)
get
0.06 0.01
h 7(t) (dde23) — R(t) (MMS) 7(t) (dde23) —— R(t) (MMS)
0.05 L
0.04 e 0.005
7’ o
0.03 A—>e /g . —~
X Nl 0
= 00 o = N
]
0.6 P o -0.005
1
) I S e
0.01 -0.01
006 -004 -002 0 002 004 006 200 400 600 800 1000
EA t t %10
(a) (b) (c)

Fig. 12 (a) Local bifurcation diagram at point Ps. System response at local bifurcation point Ps for €2A = 0.01 with initial con-
ditions for Egs. (87a) and (87b) given in (a) by point (b) A1 and (c) A2.
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Fig. 13 (a) Local bifurcation diagram at point Ps;. System response at local bifurcation point P for (b) €2A = —0.01 with initial
conditions for Eqs. (88a) and (88b) given by point A1 in (a) and for (c) €2A = 0.01 with initial conditions for Eqs. (88a) and (88b)

given by point A2 in (a).

0(f) = 5.641822544 x 10"2(¢A) — 1.215852977R(1)*  (89h)

Figure 14(a) shows the local bifurcation diagram (subcritical
Hopf bifurcation) obtained from Eq. (89a). Figures 14(a)-14(c)
are similar to Figs. 12(a)-12(c), except that these results are for
the bifurcation point P;. Figures 14(a) and 14(b) indicate that for
a given value of ¢2A(> 0), any initial condition greater than R*
results in a diverging solution. On the contrary, for a given value
of €A(> 0), any initial condition less than R* (see Figs. 14(a) and
14(c)) results in the system settling at the buckled equilibrium
(solid black line in Fig. 14(a)).

It can be seen from Figs. 12-14 that the transient and the
steady-state solutions of the normal-form equations for buckled
equilibrium, obtained using the MMS, both match closely with
the results obtained from direct numerical integration. This
implies that both the methods are appropriate choices for this
study. The mutual consistency of the results also serves to authen-
ticate the results themselves. It should also be noted that for this
study, the results obtained using the MMS were computationally
less expensive than the results obtained from direct numerical
integration. This makes MMS a candidate approach for studying
the Hopf bifurcations of such systems.

All the results obtained using the MMS reported in this section
are valid for small values of €. To study the behavior of the system
far from the bifurcation points, we resort to numerics and generate
a global bifurcation diagram. These results are described in
Sec. 5.

S Global Bifurcation Analysis

Figure 15 shows the global bifurcation diagram obtained by
integrating Eq. (8) using the dde23 maTLAB solver, for U=1 and
varying the axial load po, with py € [—15,30]. It can clearly be
seen from Fig. 15 that Py, P,, P3, Ps, Ps, and P, are the Hopf

0.06 7 T v .
x10” 0.04
0.05

0.04

L o m N

0.03F - ‘. .
0009 001 0011 7 D

0.02 .

0.01 ]
1

r(t) (dd&s) ——R(t) (MMS)

bifurcation points. Furthermore, it should be observed that from
point P, a second equilibrium (g = ¢, ) coexists with the equilib-
rium given by ¢ = ¢;. Solid blue lines indicate the stable equilib-
rium points and dotted blue line indicate the unstable equilibrium
points for ¢ = ¢; = 0. Solid magenta lines are the stable equilib-
rium points and dotted magenta lines are the unstable equilibrium
points for G =g, =*\/(—3[1 — (po/m2)] — asU%/oyy). In
Fig. 15, solid and dashed lines represent the stable and unstable
solutions, respectively. The stable and unstable periodic solutions
are tracked using the same method as described in Sec. 4.

It can be seen from Fig. 15 that the stable and unstable periodic
solutions arising from P; and P, meet at the saddle-node bifurca-
tion point SN;. At SNy, pg = 20.41, after which both stable and
unstable periodic solutions arising from P; and P, cease to exist.
SN, is the saddle-node bifurcation point for the stable and unsta-
ble periodic solutions arising from P5 and Ps, respectively. SNj is
the saddle-node bifurcation point for the stable and unstable peri-
odic solutions arising from Pg and P, respectively. The axial
loads at SN, and SNj are 25.8 and 24.15, respectively. The
following important observations can be made from Fig. 15.

(1) For pg € (Py,SN,], there exist multiple limit cycles (both
stable and unstable) for the system, due to Hopf bifurcation
at different points.

(2) The zero equilibrium is unstable in the intervals [Py, P],
and P; and beyond. The buckled equilibrium is unstable
over intervals [P4,Ps| and [Pg,P7]. Since no stable static
equilibrium exists in these regions, the system can only set-
tle in a stable limit-cycle.

Figures 16(a)-16(c) show the limit-cycles for pg = 1, po = 13,
and py = 20, respectively. For py = 1 (Fig. 16(a)), two coexisting
limit cycles are present: one originating from supercritical Hopf
bifurcation at P, (stable limit cycle, red solid line) and the other
from the subcritical Hopf bifurcation at P, (unstable limit cycle,

x10*

T(}) (dd023)v —R(t)v (MMS)

’ -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0 5000

10000 15000
t t x10*

(b) (c)

Fig. 14 (a) Local bifurcation diagram at point P;. System response at local bifurcation point P; for e2A = 0.01 with initial con-
ditions for Egs. (88a) and (88b) given in Fig. 14(a) by point (b) A1 and (c) A2.
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151

max [g(t)|

Fig. 15 Global bifurcation diagram of Eq. (8) for U=1 and
poc[—15, 30]. Stable limit-cycles arising from points P,, P3;, and
Ps are denoted by SLC and the unstable limit-cycles arising
from points P,, Ps, and P; are denoted by ULC. Stable zero equi-
librium is represented by blue solid line (SZE) and the unstable
zero equilibrium is represented by dotted blue line (UZE).
Magenta solid line represents the stable buckled equilibrium
(SBE) and magenta dotted line represents the unstable buckled
equilibrium (UBE).

red dashed line). For py = 13 (Fig. 16(b)), four limit cycles coex-
ist. Of these, two stable limit cycles arise from the supercritical
Hopf bifurcation originating at points P, (red solid line) and P;
(brown solid line), and two unstable limit cycles arise from the
subcritical Hopf bifurcation originating at points P, (red dashed
line) and Ps (brown dashed line). For pg = 20 (Fig. 16(c)), five
limit cycles coexist. Of these, three stable limit cycles arise from
the supercritical Hopf bifurcation originating at points P; (red
solid line), P5 (brown solid line), and P¢ (black solid line), and
two unstable limit cycles arise from the subcritical Hopf bifurca-
tion originating at points P, (red dashed line) and Ps (brown
dashed line). Figure 16 should be contrasted with Fig. 15. All sta-
ble limit cycles for pg = 1, pp = 13, and py = 20 are obtained by
directly integrating the DDE given by Eq. (8). Obtaining unstable
limit cycles for a system is a challenging task and hence the bisec-
tion method is used [47].

It can be seen that for U=1, at lower axial loads (see
Fig. 16(a)), the amplitude of stable limit-cycle oscillations is rela-
tively less than that for higher axial loads (see Figs. 16(b) and
16(c)) making po < P; a more favorable region to operate as the
beam settles to zero equilibrium. The existence of multiple limit
cycles at higher axial loads poses operational challenges because
there are more than one settling amplitude, that depend on the ini-
tial conditions. Multiple limit cycles at higher values of axial load
make fatigue life calculations more complicated in that region of

the parametric space. However, if the operational conditions push
the system into multiple limit-cycles region, fatigue-life calcula-
tions should be based on the worst case scenario of the limit-cycle
amplitudes. It should be noted from the global bifurcation diagram
that by inducing tensile loads, we can change p, from positive to
negative and can control the region of operation of the heat
exchanger. For example, if we apply sufficient tension and make
po = —5, the tube will be stable around zero equilibrium for flow
velocity of U= 1.

6 Conclusions

The nonlinear dynamics of a heat-exchanger tube subjected to
cross-flow has been studied. The critical curves for the resulting
DDE are first obtained using an analytical approach. A Galerkin
method is then used to analyze the stability of the system in the
parametric space of flow velocity and axial (thermal) load. The
analytical technique only gives the possible critical curves at
which a stability switch may happen. However, using Galerkin
approximations, the rightmost characteristic roots of the DDE in
the [U, po| plane are obtained to generate a more comprehensive
stability chart. Furthermore, the damping present in the rightmost
root, in the stable region, is obtained. The highest damping is pres-
ent around U =2.34 and py = 30. The possibility of Hopf bifurca-
tion has been investigated for U = 1. It is found that both zero and
buckled equilibria can lose stability through supercritical or sub-
critical Hopf bifurcation. Using the MMS, normal forms near the
bifurcation points have been obtained analytically. The results
from local-bifurcation analysis using the MMS are in close agree-
ment with numerical results indicating that both methods are
appropriate for this study. The consistency of the results also
serves to authenticate them. However, since the MMS is valid
only in the immediate vicinity of the Hopf-bifurcation points, a
global-bifurcation diagram has been generated using numerical
simulations to analyze the tube motion farther away from the
bifurcation points.

The presence of multiple co-existing limit-cycles at higher axial
loads (po = 13, and py = 20) present operational challenges. This
is due to the uncertainty in the settling amplitude that is contin-
gent on the initial conditions of the vibrating tube, which in turn
are hard to capture. Furthermore, the global-bifurcation diagram
indicates that apart from Hopf bifurcations, three saddle-node
bifurcation points also exist where the stable and unstable periodic
solutions meet and cease to exist thereafter. The presence of
saddle-node bifurcations implies that at certain values of axial
load, the system can switch from one limit-cycle to another, which
makes the behavior of the beam unpredictable.

The stability studies carried out in this work are expected to be
useful in the designing of heat-exchanger tubes for greater tube
life and safety. Therefore, for a given flow velocity, axial load can
be tuned from the stability chart for maximum damping. Further,
from the global bifurcation diagram, for a given flow velocity,
axial load can be adjusted to suppress the limit cycle oscillations.

2 2 2
1 1 1
=9 =9 =0
-1 g -1
2 2 2
2 1 0 1 2 2 1 0 1 2 2 5 0 1
q(t) q(t) q(t)

(b) (c)

Fig. 16 (a) Limit-cycles for U= 1 with (a) po =1, (b) po =13, and (c) po =20
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