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Abstract

Computational modeling of strong discontinuities is a challenging a task. Stress
analysis and shape sensitivity can be done with any simulation method such as finite
element method, finite difference method, Rayleigh-Ritz method, weighted residual
method or least square method. All these numerical analysis methods are
computationally expensive and uneconomical. Mesh dependency with respect to
fracture boundary is a major problem in these methods. Furthermore accuracy of the

methods depends on the size of the discretized element.

To bring the mesh independency the classical FE approximation is extended or
enriched. This enrichment gives a higher order approximation and better
reproducibility of the field ahead of the crack tip. The developed method requires a
very less computation space and is also an economical method for complex
problems. This proposed method is called as extended finite element merthod
(XFEM).

The Generalized Finite Element Method (GFEM) is based on the enrichment of the
classical approximation. The enriched basis is achieved with the help of the various
enrichment functions. These enrichment functions are capable to mimic the presence
of the crack boundary, dislocation or discontinuity in the domain. These functions
are selected on a priori knowledge of the solution of the given problem. Different
enriched basis function has been demonstrated for demonstrating the capability of
the GFEM.

In the present work GFEM is presented as a potential methodology for modeling the
complex geometries and fracture problems. Methodology is implemented to assess
the true strength, durability and the integrity of the structure/ structural components.
The interdependency of the input variables and their effect on the output has been
studied in the sensitivity analysis. During the implementation of the methodology
various issues like inter-boundary conflict for the different approximations,

numerical integration of the crack domain, assembly of the global stiffness matrix,
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and numerical instability of the global stiffness matrix have been suitably addressed.

These issues have been explored and rectified with efficient and optimal method.

Structural optimization plays the key role in the design industry. Prediction of the
fatigue life and strength of the structure is another important factor of this industry.
Fatigue life and the strength depend on the various independent and dependent
variables. It's a challenging task to identify the important variable in the design.
This objective can be easily achieved with the shape sensitivity analysis of the any
fracture parameter such as stress intensity factor (SIF), J-integral. We have studied
the shape sensitivity of the J-integral. Results show the dependency of the J-integral

on the various conditions as well as on variables.

In order to demonstrate the potential of the method, an edge crack problem has been
considered an example. Elastic and hyper-elastic cases are considered for analysis.
Sensitivity analysis has been illustrated for same geometry numerical problem.
Sensitivity analysis has been performed with different boundary and loading
conditions. Effect of crack length on the J-integral has been illustrated. The
sensitivity analysis is based on the variational formulation of the continuum
mechanics. A bimaterial domain has been also taken as another example for
sensitivity analysis. Mathematically sensitivity analysis is defined as the
differentiation of that entity with respect to the independent variable. This definition
has been used for validation of the results. This alternative approach is based on the

first principle of the differentiation.
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Nomenclature

R{x)
Aand u

I, and I,

Classical shape function
Enrichment function
Derivative of enrichment function

Classical Nodal freedom
Additional Nodal freedom
Heaviside function
Polar coordinate system near the tip
Traction Boundary
Displacement Boundary
Cracked Boundary
1% order stress tensor
Body force
Applied Traction
Prescribed Displacement
Domain
Work done and strain energy
Shape function derivative matrix
Stiffness matrix
Vector of element external force
Stress intensity factor for Mode-1
Stress intensity factor for Mode-11
Stress intensity factor for Mode-111
J-Integral
Distance function
Blending function
Lame’s parameters

First and second invariant of the unimodular component of the left Cauchy-

Green Deformation tensor
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T(x,7)
Vix,T)
(x)

[a—

SR = T = B < R o

L+ B

Material response tensor of 4th order
Material response tensor of 2nd order
Transformation mapping

Velocity field

Material derivative of displacement field
Material derivative of J-Integral
Sensitivity function

Sensitivity function
Young’s Modulas

Bulk Modulas
Prescribed displacement
Length* width
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Chapter 1

Introduction

1.1 Motivation

The Finite Element Method (FEM) has been found wide used of enormous application in
many fields. FEM approximation is interpolatory in nature. This interpolatory nature of
approximation in FEM makes the solution mesh dependent. One possibility to achieve
accuracy in solution is by adaptive refinement of mesh. However such schemes are
computationally expensive. FEM does not suit well to treat problems with discontinuities
(i.e. Crack propogation) that do not align with the mesh. Meshless Methods (MMs) have
been used with objective of eliminating part of difficulties associated with reliance on
mesh to construct the approximation. MMs are based on approximations that are not
interplatory in nature but are based on alternative strategies like for instance the moving
least square (MLS) approach. The problem associated with these methods is that they are
computationally expensive and non interpolatory nature requires Lagrange multipliers for
imposition of boundary conditions.

There has been a need for developing better approximation schemes that have
interpolatory characteristics, consistency and stability. Also in using such methods for
fracture problems, the methods should be capable of reproducing the actual stress/ strain
field ahead of the crack tip. To this end, there has been many works on improving the
classical FEM approximations and one such methodology was coined as Extended Finite
Element Methods (XFEM). In these methods the approximation is enriched by some
additional enrichment functions. However there were difficulties associated with the
method as regards making appropriate choice on the enrichment functions.

Minimizing the error between approximation solution and exact solution can make
appropriate choice on the enrichment functions belonging to a particular function space.
Proper Orthogonal Decomposition (POD) is done on the fact that distance between
member of ensemble and subspace is minimal. An XFEM with choice on enrichment
functions based on POD is termed as Generalized Finite Element Method (GFEM) [10].



In this work POD has been used for finding out the enrichment basis function for GFEM
approximation [10]. Such a enrichment function accounts for the oscillatory nature of the
solution ahead of singular regions. The global approximation has been constructed by
combining the local bases with partition of unity functions (i.e. classical basis function).

1.2 Outline of Thesis

The thesis has been divided into the 9 chapters. The first chapter contains the motivation and
second chapter contains the literature survey of XFEM/GFEM. Third chapter contains the review
of fracture mechanics. Realization of the capability of GFEM has been illustrated through the
shape functions in 1-D and 2-D in the following chapter. Different examples of enrichment
functions have been demonstrated in this chapter. Two scales GFEM has two different orders of
the approximation, which results into the inter-boundary conflict for the neighboring elements to
enriched elements. The blending element concept has been introduced to ensure the continuity
among the two different approximations. Next chapter continues the discussion about the
blending element. Fourth chapter contains the mathematical foundation of Galerkin formulation
of the GFEM and the numerical integration schemes respectively. This chapter also contains the
discussion over the implementation issues of the GFEM. Stress analysis of the fracture problems
has been shown in the seventh chapter. Eighth chapter contains the sensitivity analysis of the edge

crack problem. Final chapter ends with a conclusion and the Scope of the future work.



Chapter 2

Literature Review

2.1 Choice of Enrichment Function in XFEM/GFEM

A Judicious choice is required to be made in the selection of enrichment function. The main
objective of enrichment function is that it should able to reproduce the singular stress field near
crack tip. Selection of enrichment function is done by apriori knowledge of solution. XFEM and
meshless methods have used the partition of unity enrichment for solving the crack problems.
Belytschko et al. [7] described methods based on the partition of unity for approximating
discontinuous functions in finite element and meshless formulations. Fries and Belytschko [8]
presented a new intrinsic enrichment method for treating arbitrary discontinuities in a FEM
context. Unlike the standard XFEM, no additional unknowns were introduced at the nodes whose
supports were crossed by discontinuities. An approximation space was constructed consisting of
mesh based, enriched moving least squares (MLS) functions near discontinuities and standard FE
shape functions elsewhere. Belytschko and Black [1] introduced a method for solving crack
problem in finite element framework. In this method the meshing task is reduced by enriching the
element near the crack tip and along the crack face with leading singular crack tip asymptotic
displacement fields using partition of unity method to account for the presence of crack.
Enrichment function need not be known solely in closed framework but results from numerical
simulation can be used as enrichment functions. Later authors used canonical domain containing
features such as branched cracks, or closely spaced voids to generate what they called mesh-based
handbook functions. This approach is very useful for the situations in which analytical
expressions, which reflect the nature of solutions, are not available. For enrichment in the
introduction paper of GFEM, Strouboulis [4] had used harmonic function as enrichment function
to enrich the basis of approximation. Aquino et al [10] had shown that due to appealing
approximation properties, POD modes are best choice of the enrichment function in the GEFM.
For a proper orthogonal decomposition — Generalized finite element method (POD-GFEM)

formulation, the POD modes ¢,,(x) are used as the enrichment functions in Equation (1). GFEM

basis function is union of the classical finite element polynomial basis {Ni}si and the enriched
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bases, {Ni(pp}l,zl (p =123 ......,m). where s is number of nodes and m is the enrichment
functions (POD modes). This has been used in the present work

u(x) = Yier Ni(0) w; + Yo Xjer Nj(0) By (X) ajq (2.1)
Where @, is the enrichment function, I is total number of nodes, aj, is the additional

degrees of freedoms.

Mousavi et al [9] had proposed new enrichment function named as harmonic enrichment function.
To model weak discontinuities in bimaterial interfaces, Moes et.al [11] proposed a ridge function.
The ridge function is continuous across the interface, though the gradient of ridge function is
discontinuous. The ridge enrichment is well suited for continuous deformation map and Moes et
al [11] reported optimally convergent results in the small strain regime for linear elastic materials
with relatively small modulus mismatch. Arndtl et al [12] had used generalized finite element
method for vibration analysis of straight bars and trusses. They had used enrichment functions as
combination of some trigonometric functions.

Along with selection of enrichment function, there are some issues, which appear in the
evaluation of integrals over the element domain. Classical Gauss quadrature rules fails for
discontinuous domain. Ventura [13] had shown the way that how classical gauss quadrature rule
can be used for discontinuous domain by splitting the element into sub cells. Sunderrajan et. al
[26] had proposed the numerical integration scheme based on conformal mapping. Convergence
is main criterion to be satisfied for any kind of method. Labordr et al [14] and Chahine et al [15]
has targeted the convergence and studied the convergence for variety of XFEM on cracked
domain.

Numerical instability is a problem concerning solution in GFEM. These numerical instabilities
come into the scenes due to the singular stress field ahead of crack tip. Peter and Hack [16] had
discussed the ways that a singular stiffness matrix may be avoided by static condensation of row
and column corresponding to some of the enhanced degree of freedoms. Xiao and Karihaloo [17]
discussed improving the accuracy of XFEM crack tip fields using higher order quadrature and
static admissible stress recovery procedures. The static admissible stress recovery scheme is
constructed by the basis functions and Moving Least Square (MLS) to interpolate the stress at
integration points obtained by XFEM.

XFEM has been widely used in field of multiscale modeling of the material. In multiscale
modeling different level of accuracy is required which varies from atomic level to macro
simulation level. Since GFEM approximation has ability to reproduce multiscale effects in
modeling so many of the researchers have used GFEM technique for multiscale modeling. Hirari
et. al [18] had proposed zooming technique with local global approximation which enhance the
classical FEM over the entire region of domain. In this technique mesh was refined on the critical

region (i.e. stress concentration region). In a superposition multiscale approach, global and local



parts are modeled independently, and then superimposed to provide the final solution by
satisfying the compatibility equations. Haider et. al [19] has proposed homogenization based
multiscale modeling which is based on domain decomposition technique. In this technique
domain is divided into several sub domains, which are connected by the interface element.

2.2 Review of XFEM applications

Many of the engineering problems had been analyzed using the XFEM. A few of them has been
discussed here. The methodology for multiple and arbitrary crack propagation problem had been
proposed by Areias and Belytschko [20] with enrichment of rotation field. Areiase et. al [21] had
proposed the very similar formulation as Hansbo and Hansbo [22] did for the evolution of crack
in thin shells using mid surface displacement and director field discontinuities.

XFEM has been explored for dynamic problems by Belytschko et. al [23], Belytschko and Chen
[24], and Zi et. al [25] which are based on singular enrichment FEM. Rathore et. al [26] proposed
GFEM to model dynamic fracture with incorporating time dependency. Menouilllard et. al [27]
published a paper on explicit XFEM. In this publication they have introduced lumped mass matrix
for enriched element.

XFEM has been wide application for coupled problems. Chessa and Belytschko [28, 29]
published and proposed a methodology for solving hyperbolic problems with discontinuities
based on a locally enriched space-time XFEM. The coupling was implemented through a weak
enforcement of the continuity of the flux between the space-time and semi-discrete domains in a
manner similar to discontinuous Galerkin methods. Furthermore Rathoré et al. [30] proposed a
combined space-time XFEM, based on the idea of the time extended finite element method,
allowing a suitable form of the time stepping formulae to study the stability and energy

conservation.

The feasibility of extending the traditional FEM to Generalized finite element method (GFEM)
has been demonstrated by Strouboulis and Babuska [3]. The target had been achieved by adding
special functions to the approximation. These special functions can be selected on the basis of
available information about boundary value problems. The functions are combined with linear
finite element hat functions, which follow the partition of unity and provide the flexibility in the
approximation. The flexibility of GFEM means approximation space can be formed by any
mixture of special local approximation functions at disposal. One can mix quadratic and higher
order traditional polynomial basis function defined on master element. Strouboulis et. al [3] have
chosen grids which are quasi uniform meshes typically used in standard FEM and used the regular
Legendre shape functions with element degree two. He has assumed two combinations of special
functions. In the first case, he starts with the uniform p-order tradition FEM shape functions
prem=2 and add one or more layer of singular function. This is called singular case. In second case

he computed approximation in which he limits the FEM element degree to prem=1 and added
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successive terms. Using successive increasing terms in all special functions may give error
comparable but no significant advantage in convergence is obtained beyond that provided by
singular path space. This is because he used the singular patch only in the elements with vertex at
the corner, if he may have increase the n layer i.e. use of special singular functions at vertices
surrounding the corner, he may get a good convergence rate. In this study they have focused on
the theory behind the new approximation and it was limited to the 2-dimensional problems.

At the same time Duarte et. al [5] had explored the same concept for three dimensional problems.
Their works based on traditional h-p finite element method. They had used tetrahedral mesh and a
priori knowledge of elastic solution to get the p-orthotropic approximation. They have improved
the traditional h-p finite element method by using h adaptivity with the partition of unity. They
had suggested using a polynomial basis function to build the approximation space. They had
investigated the structure of stiffness matrix for its rank and size of matrix. They have calculated
the strain energy and showed the applicability of the proposed algorithm.

After establishing the theoretical foundation of GFEM, Strouboulis et. al [4] had elaborated the it
for the various applications. GFEM is mesh independent methodology and is based on optimal
basis function.

During implementation they came up with some issues. The main issue in the GFEM came out as
the integration as a classical Gaussian quadrature rule fails due to the presence of discontinuity.
So to avoid this shortcoming, they had proposed the fast remeshing approach. In this approach
they had divided the element into subdivision and named it as nested subdivision. This algorithm
became the most essential tool for implementation of GFEM in fracture problem.

Second issue appeared as the decision on the selection of enrichment functions since Shape
function of any methodology reflects the behavior of its approximation. Babuska et. al [31] had
taken this issue and explained the principle for the selection of enrichment function. They had
illustrated the performance of various kinds of enrichment function such as a sine function,
polynomial function and other trigonometric functions. They have made remarks on the order of
the function through the asymptotic rate of convergence. They had illustrated the polynomial
function by pre-asymptotic performance of approximation. They had concluded that shape
functions are best available information about the approximation method. They had made remarks
that enrichment function should characterize on the smoothness. In case of sobolev- type spaces
the polynomial function is the best choice. They emphasized on the compact support ness of the
basis function.

Another issue was realized as the inter-boundary approximation conflict. There is a jump between
the enrichment approximation and classical approximation. Due to this jump between two
approximations, there is degradation in the convergence rate. For increasing the computational
efficiency blending function had been used for smoothing the approximation. This concept was
introduced by Sukumar [52] and then it has been elaborated by Chessa et. al [32]. They had



introduced the enhanced strain methods, which is basically depends on the eliminating the
unwanted terms in the approximation. They had assumed the strain as a summation of symmetric

displacement gradient and an enhanced strain filed.

Vuh + genh (2.2)

5
Where £ is strain, Vu" = Bd is displacement gradient
They had put the condition for discontinuous polynomial enrichment that blending element will
give linear field if the following inequality holds.

2.3
sze+p @3)

Where s complete order of the function, e order of the shape function, p order of the polynomial
enrichment function.

Performance of the developed tool can be increased either using the strain enhanced element for
blending element or by using signed function with polynomial functions.

Babuska et. al [33] had presented the state of the art of GFEM as a review paper. In this paper
they had briefly discussed about the main ideas, and various issues related to the GFEM. They
had documented the mathematical foundation and the formulation of GFEM approximation. They
have talked about the selection of the approximation spaces. Selection of the approximation
function depends upon the following points

Available information on the elastic solution in terms of Sobolev spaces and boundary value
problem is used for obtaining the enrichment function. Using these enrichment functions, they are
making the decision for the order of the approximation. The decision for the selection of
enrichment function also depends on the a priori knowledge of the solution. This decision is taken
with preserving the conformal mapping of the complex geometries.

They have emphasized on the implementation portion of the GFEM and the issue related to the
implementation. Finally they have concluded that GFEM is the best tool for problems with
complex geometries and non-smooth solution. GFEM has potential of being used in context of
mixed formulation.

Pereira et. al [34] has implemented the contour integral method to extract the SIF values from
GFEM solutions. They had investigated the contour integral method, cutoff function method
along with J-integral method for calculating the SIF values. They have studied the relative error
variation with respect to the number of degrees of freedom, integration radius. Variation of SIF
values (K;and Kj;) with respect to the number of degrees of freedom and integration radius had
been demonstrated. They have made remarks that these parameters are sensitive to the extraction
domain. Selection of extraction domain is an important decision in this method.

Realizing the potential of GFEM, Strouboulis et. al [35] has extended their work for solving the
Helmholtz equation. In the proposed methodology they have used the plane wave function as the

enrichment function. They have studied the pollution effects in the results. Pollution effects can



be defined as the deviation of Galerkin solution from the exact solution. They had studied the p
and g convergence. g is the number of plane waves added. They had talked about the

implementation of the proposed methodology. Error follows the triangle’s inequality

[T = Il = e = 2

*

|| = =it

< Il = w7l + [T =

(2.4)

is the numerical integration error. They had used Gauss elimination with partial

I —
pivoting for solving the discrete system of equations. They had studied the relative error with
respect to the number of degrees of freedom. It was observed that the pollution effect cannot be
avoided and Convergence criterion has an exponential rate with respect to wave direction.
Numerical integration is an important step in GFEM. One has to very careful in the calculation of
the same.

In another work [36] choice of enrichment function and various kinds of errors are discussed in
the solution. Pollution errors are directly dependent on the number of plane wave functions.
Choice of handbook function affects the convergence of the approximation. But the choice of
such function depends on the computation cost and ease of implementation. It does not affect
convergence. Boundary conditions can also affect the accuracy of the solution, since they can
couple with error from interior approximation and other dominant computing the errors. In this
work they have studied the relative error with respect to the number of plane waves used in
solving the system.

Duarte et.al [37] has an emphasized on the application of global —local enrichment function in 3-
D fracture, which has been successfully used to construct an enriched basis for generalized FEM.
Global-local enrichment function uses the same approach as used in global-local FEM.
Fundamental difference, however, is that the proposed generalized FEM accounts for possible
interaction of local (near crack for example) and global (structural) behavior. These interactions
can be accounted when solving the global problem with global local enrichment functions. This is

in contrast to standard global-local FEM.

This global-local enrichment approach is used to define following vector-valued global shape

function
=@ Uu
¢a PoYioc (2.5)
Where g, denotes a global partition of unity function. This function is used at nodes xa of the

global mesh whose support, w,, is contained in the local domain £2;,..

Let’s ul denotes generalized FEM approximation of the solution of governing differential

equation. The approximation is solution of following problem



ud € XP(Qg)  h'(Qy) YW e XP(Qy)

Find such that,
Ia(ug) e(ve)dX+7 J‘ug veds = ﬁ.vgds +n Il].vgds, (2.6)
Qg Qg X g

where X(’;P(QG) is a discretization of h'(Q; ), the Hilbert space defined on 0, built with
generalized FEM shape function and n is a penalty parameter

Srinivasan et. al [38] have presented the extension GFEM in the context of heterogeneous
material. They have done hyperelastic analysis of bimaterial solid. In the proposed methodology,
they have considered the approximation function as the summation of the classical and enriched
displacement fields. They have considered the independent enrichment functions, which are
decided on the basis of a priori knowledge of the solution field. These enrichment functions are
linearly independent of each other.

ul(x) = X1 @i (). u; + Lo Thet Yiaia (2.7)

For demonstrating the proposed methodology, they have used Ridge function in place of classical
Heaviside function. They have demonstrated the capability and robustness of the discontinuous
deformation map formulation. Belytschko et. al [39] has presented a review paper entitled as A
review of XFEM/GFEM for material modeling. In this publication they have mentioned about the
capabilities and advances of the GFEM.

They had discussed the various kinds of the enrichment function. As the selection of the
enrichment function depends on the priori knowledge of the solution. They have mentioned type
of enrichment function depending on the type of the problem definition. These are tabulated in
Table 1.

Table 2.1: Type of enrichment function and their use

S.No. Type of Problem Enrichment function

Heaviside function for crack +Level set function

1 Crack / Fracture Crack- tip enrichment function for tip
Problem
Level set function

Level set function
2 Dislocation Combined step and core enrichment function

Step enrichment functions- for non-linear and anisotropic
problem.

3 Grain Boundaries Heaviside step function

Gradient of approximation function
4 Phase interface Ridge function or Tent function

Signed distance function




In the current state of construction, our structures are becoming taller and taller. These taller
structures are dynamically unstable. They may have vibration and other oscillation. Reason for
these kinds of effects may be wind or earthquake force. Even water current force can also be a
reason in the case of bridge pillar. Vibration analysis of such kind of structures is very tough and
complicated to the implementation point of view. Arndt et. al [40] had illustrated the vibration
analysis of the these kinds of tall structures. They had demonstrated the proposed methodology
for a straight bar and trusses. In the study they have assumed the approximation function as a

summation of classical approximation and the enriched approximation.
ult (x) = yFEM | enriched (2.84a)

ul(x) = Ty Niwg + Xiey Nie 00 [ X2y Wiy (Dagj + drj()byj]  (28D)
N; is the classical shape function, ¥, ; and ¢, ; are enrichment functions.

The enrichment functions for vibration analysis are as follows

Yyj = sin(ﬁjLex)
Py = sin (,BjLe(x — 1))
bij = cos(ﬁjLex) -1

¢rj = cos (,BjLe(x - 1)) -1

(2.9)

Babuska et. al [41] had extended the GFEM work form fracture simulation to multiscale
modeling. This work was done with the objective of optimal accuracy. An approximation error
had been controlled with the help of local approximation. They had talked about the identifying
the local approximation spaces. Then the optimal local approximation space is combined within
the GFEM. These optimal local spaces have been used as the enrichment functions. The next
guestion arises that how to find out the optimal local spaces. They had done some mathematically
manipulations and shown that this is like an eigenvalue problem. Finding out the eigenvalues and
corresponding eigenvector is an easy from an implementation point of view. Eigenvalues and
corresponding vector can be found out using Singular value decomposition (SVD), Proper
Orthogonal Decomposition (POD) or eigen value problem itself. They have developed a
mathematical formulation for the homogenization problem. As an example they had considered
the fiber reinforced composites, which is a typical example for multiscale modeling. They had

discussed the associated approximation error.
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2.3 Observations from literature review

Selection of these enrichment functions is still a challenging work which is usually done with the
priori knowledge of solution. Here in this work we are using POD [10] basis function as
enrichment function for our case. These basis functions can also be readily used for multiscale
modeling. Numerical Integration is another challenging work to incorporate within the
formulation. It’s essential to use a very efficient and versatile integration scheme for evaluation of
integrals over discontinuous domain. In this work we adopt an element partition method [13] for
numerical evaluation of integrals. Blending element approximation is one more crucial deciding
factor to be considered. For bringing the smoothness of approximation function over the all nodes
of blending element, blending or ramp function has been used.

2.4 Objective and Scope of the Work

[1] To perform a state of the art review on XFEM/GFEM technique

[2] To study and incorporate various types of enrichment functions that will be helpful in
developing enriched bilinear quadrilateral elements.

[3] To develop software for two scale modeling of strong discontinuities using GFEM
that will be mesh independent and require no remeshing. The software will
incorporate suitable quadrature scheme for numerical evaluation of integrals for each
element.

[4] To demonstrate the working of the software through numerical experiments.

[5] To demonstrate the sensitivity analysis of the edge crack problem

The scope of the work is limited to
[1] Limited to linear elastic and Hyperelastic analysis for 2 dimensional problems.
[2] Limited to enrichment of bilinear element.

[3] Limited to static analysis of the fracture problems.
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Chapter 3

Fracture Mechanics: A Bacground

3.1 Basics of fracture Mechanics

The study of the discontinuities or crack in material is important from various prospective viz. aerospace,
machine design and concrete structures. In presence of crack the conventional theory of strength of
material fails. In order to explain the difference in fracture mechanics and conventional strength of

material, consider an example as shown in Fig. 3.1.

M M

ﬁ Flaw
O\ -

Figure 3.1 A finite tensile plate without and with flaw

In the first case, the center of flawless plate; the stress field remains equal to the applied stress field oy.
Therefore the maximum allowable traction can be determined from the condition that the internal stress

field should be limited to the material yield stress as a measure of material failure strength.

0o = Oyield (3.1)
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In contrast, the elasticity solution for an infinite plate with circular hole or defect predicts the biaxial non-
uniform stress field with a stress concentration factor of 3 at the center of the plate, regardless of the size
of the hole. In the limiting case of line crack, the solution from a degenerated elliptical hole shown in
infinite stress state at a crack tip. No material can withstand such an infinite stress state. Therefore,
instead of comparing the existing stress field with strength criterion, fracture mechanics adopts a local

stress intensity factor or global energy release rate and compare them with their critical values.
3.2. Modes of fracture failure

State of stress field ahead of the crack tip depends on the curvature of the discontinuity. Usually crack has
different curvature. Thus there is a large variation in the stress field near to the crack tip. The curvature of
the crack depends upon the modes of the failure and these modes of failure can be divided into three types
depending on the loading conditions. Various modes of failure have been shown in Fig. 3.2. Mode | is
opening mode and displacement is normal to crack the surface. Mode Il is the sliding mode and
displacement is in this mode is in plane of the crack. The relative displacement is normal to the crack
front. Mode Il is also same as Mode Il which is caused due to sliding. But in this case displacements are

parallel to the crack front, thereby causing tearing.

!

Mode |

Mode II

Mese I11

Figure 3.2 Modes of fracture failure
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An inclined crack can be simulated as the combination of the all the three modes of failure. It can be
modeled as superposition of two or three modes of failure depending on the loading criterion. Effect of
loading can be analyzed separately for each mode and it can be superimposed under the linear elastic

system.
3.3 Stress Intensity Factor

The strength of any material can be defined as the resistance of the body at the extreme loading
conditions. This resistance is calculated at the critical part of the domain. In case of fracture problem, the
region ahead of the crack tip is very critical. Stress field ahead of crack tip is a function of two variables
i.e. loading and the crack length. In the engineering field, solving a problem with two variables is much
more difficult. It also impacts on the computational cost. Keeping this point in the mind Irwin (1957)
introduced the concept of Stress Intensity Factor (SIF) K, as the measure of strength of the singularity.

He illustrated that the entire elastic stress field around the crack tip are distributed similarly and K o«

ovmr controls the local stress quantity. Stress field ahead of the crack tip can be expressed as

0;j = r%{K,fi‘} () + K f1(0) + Ky f'(6)} + higher order trems. (3.2a)

Where o;; s the stress field and K; K;; and Kj; are the stress intensity factors for the various modes of
failure. r and 6 are the radial coordinate of the material point. fi§. is the trigonometric function

defined r and 6 coordinate system.
flﬂ = \/%W (asing + bcos% + csin? + dcos ?) (3.2b)

a, b, c,d are the constants. In terms of the applied stress, Stress intensity factor can be expressed as

K; = limyr—o 0y VI (3.3)
6=0

K;; = limyso oy VT (3.4)
6=0

KIII = limr—)O O_yZVT[T' (35)
6=0

Combining the equation (3.2), (3.3), (3.4) and (3.5), we will get the expression for stress field. Stress field
and displacement field can be written in terms of stress intensity factor (SIFs). These expressions are as

follows:
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For pure opening Mode I, Stress field is given by

ka'—

Oyy =

Oky'_

K

K

vamr

Displacement field is given by,

KI r [Z]
= —COS ~
2uA| 27

\V2nr

Vanr

K

_KI r

T 2uA2m

sing (k + 1 — 2cos? g)

For the pure mode 11, Stress field is given by,

Oxy =

O' =
xx \V2mr

Oyy =

KII

27T

K11

KII

2mr

0
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Displacement field is given by,

K" T . g 2 g

U =0 ’—Znsm > (k + 1+ 2cos 2) (3.14)
Kip r g _ _ ) g

Uy == 226053 (k 1 —2sin 2) (3.15)

The tearing mode Il has only two non-zero stress components and one non-zero displacement

Component
. 6
Oy = K2171TIr sin? (3.16)
_ K 2 (3.17)
vz = o €053
Uy = Uy = (3.18)
K [T e (3.19)
2u 4|21 2
Where
3—4v Plane strain
k = 3—v
Plane Stress
1+v

v and u are the Poisson’s ratio and bulk modulus respectively.

3.4. Direct Method to determine the fracture parameters

Finite element analysis of the fracture problem can be done using either triangular element (3 or 6-
Noded), or quadrilateral element (4 or 8 Noded). FEM analysis will give the stress and displacement field
over the entire domain at the nodal points. Making use of direct available expression of stress and

displacement fields [eqns (2.6-2.19)], we can estimate the value of K; K;; and K;;.

Ideally K; and Kj; should be determined by the stress field at point ahead of the crack tip. It is very
difficult to get the stress values ahead of the crack tip. The stress singularities are present at the tip of
discontinuity. These stress singularities give a very high SIF value. It is challenging work to mimic the
exact stress state ahead of the crack tip. In order to find out the SIF value, we can plot the curve between

normalized radius and normalized SIF values for some assumed nodes. This curve will not start from zero
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radiuses, hence extrapolation and curve fitting is required for the estimating value at the zero radius. This

estimated value can be used as normalized SIF for the given problem.
35 Calculation of SIF from J-Integral

J-Integral is defined as
aui
)=, (wax, -1, a—xlds) (3.20)

Where W = f 08 o;jde;; is the strain energy density and T; is the traction. The contour T starts from one

crack surface and end at the other end of crack surface as shown in Fig. 3.3. This integral can be
evaluated on the path which is slightly away from the crack tip, so that the modeling errors can be
minimized. It allows the freedom to make any choice for the computation of the J-Integral. The Path for

computation of J-Integral is independent of path.

Figure 3.3 Path I" around the crack tip with outward normal

Knowing the J-Integral value, then the evaluation of the stress intensity factor (SIF) is straight forward.

We can use the following expression to calculate the SIFs.

2 2
J=gt+t (3.21)
. E Plane stress
Where  E” = —1_15192 Plane Strain (3:22)
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3.6 J-Integral: Definition

J — Integral is a characterization parameter of the fracture problem. It characterizes the state of affairs in
the region ahead of the crack tip. Energy release density (G) is a special case of the J-Integral. G is limited
to the linear elastic material, whereas J-integral is applicable to all kinds of material behavior i.e. linear,
non-linear, hyper-elastic and many more. J-integral is best suitable parameter to be determined as the

crack tip exhibits the elastic-plastic behavior.

For a plane problem, consider a path I" around the crack tip which starts from one surface of the crack and
ends at the other surface of the crack. This path is arbitrary in nature. It can be smooth or it may have
some sharp corner but the path should be continuous and should be within the material. J-integral was
first applied to fracture problems for plane problem. J-Integral is defined as

du;
=1 (de2 —Tia—zlds) (3.23)

Where W = fog o;jde;; is the strain energy density and T is the traction
For 2 —-D case W can be expressed in full form as

w = f0811 op1dey; + f0€1z o12d€1, + f0€z1 0210851 + fogzz 022082, (3.24)
For symmetric and elastic problem a;, = 0,4, hence

W= fog“ o11deqq + 2 foglz 01,d€1, + fogzz 022d€5, (3.25)

Traction T; at the point on the path T' is expressed through well-known Cauchy’s relation T; = o;;n;.

Thus by knowing the stress field and direction of the normal at the point on the path I' , we can determine

the T;. Finally we can come up with the value of the J-Integral.
3.6.1 Properties of the J-Integral
J-integral has the following properties:

1. J-Integral is path independent, i.e. The path can be any arbitrary path within the domain.

2. For linear elastic materials, the J-integral is same as the energy release rate

18



3. J-Integral can be related to the crack tip opening displacement & by the simple relation of the
form J= Mo, 5. Where M is dimensionless number, o, is far field, § is opening
displacement.

4. J-Integral can be easily determined by the experiments.

3.6.2 Determining the fracture parameter form FEM solution

In general the displacement and stress fields are known as the solution from FEM or any other simulation
technique. These displacement fields and stress field can be used to determine the SIF of the problem. SIF
can be calculated from the equation given below

\V2nr

K, = 0jj—1— 3.26a

V2m

K=uwmre

(3.26b)

Where fé(@) and g{j (6) are the functions defined in terms of r and 8 [eqn (3.2b)] . o; is stress field,

u; is displacement field.

For Mode-1 equation 3.26 can be written as

\Vamr
K, = 3.27a
I Txex cos(g)(l—singsin%) ( )
K =u 2(1+v)EV2m (3.27b)

[ .0 . 0
\/?COS(;)(I—ZV+SH’IESLTI;)

Theoretically the crack tip has stress singularity, so to minimize the errors an arbitrary path has been
taken for computation of the fracture parameters. SIF has been calculated at all the gauss point along the
selected path. This SIF evaluation can be made either from displacement field or from stress field. They
are plotted on a graph taking radial distance in x-axis. Both the axes are normalized. Actual SIF value has
to be calculated at the crack tip at the radius » = 0 but this plotted graph does not give the same. This
graph has to be fitted to get the value at zero radius. Curve fitting is done with higher order polynomial to
obtain the value at radius zero. This curve fitted value is considered as the SIF. J-Integral is calculated

from the equation 3.21.

19



Chapter 4

Generalized finite element Method

4.1 Introduction
In order to model the discontinuous displacement field, a special shape functions are required to capture
the approximate behavior. These special shape functions are enriched with the help of some additional
enrichment functions and associated shape functions are called enriched shape function. The method
operates on the additional independent virtual degree of freedom for the definition of crack boundary and
the approximation of the displacement field.

4.2 Realization of enrichment function in 1-D
To understand the behavior of the additional enrichment function, we have demonstrated the various
kinds of enrichment function. We have plotted the variation of shape functions with the effects of
enrichment functions. To illustrate and validate the above statement, we have taken a 1-D problem Fig.4.1
(a). The domain has been discretized into 4 elements as shown in Fig.4.1 (b). Variation of classical FEM
shape function has been illustrated in the Fig. 4.1 (c).

=A B P

Vv

Figure 4. 1 (a) Domain

1 2 3 4
® @ @ ®
A B
Figure 4.1 (b) Discretize Domain using 2 noded 1D element
.
09— N3
08
0.7 — N2
06—
05=
0.4 —
03—
02
0.1
1 2, 4 ]
A Figure.4.1 (c) Classical shape function B
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If the same domain has a discontinuity as shown in Fig.4. 2 (a) as well as the discretization is also same as
for the continuous domain, then Node 2, 3 are required to be enriched, whereas Node 1 & 4 are not

influenced by the discontinuity.

Vv

I Line of discontinuity P
|

ol
o X=a

Figure.4.2 (a) Discontinuous Domain

é 3

Figure.4.2 (b) Discretize Domain (Red Point ~Enriched Node)

>

S
e

There have been a number of possibilities of enrichment function, which can be used to simulate the

strong discontinuity in the domain. Few of them are illustrated here.

Enrichment function in 1-D
4.2.1 Partition of Unity Method: A simple Model
In the development stage of XFEM, many researchers had used the concept of partition of unity
approach to find out the enriched shape functions. Enriched shape function has been defined as
the following

h _ Qi — 1 X € ‘Qi
i _{ Vi x42; (41)

N3

N2

Figure 4.3 Jumps in the shape function using the Partition of Unity Concept

Fig. 4.3 shows the jump in the basis functions which are capable of capturing the discontinuity in
the domain. This kind of jump function provides the same strain field in the both sides of the

discontinuity. This is in contrast to independent physical response of segment anticipated in
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cracked domain. For this jump methodology, a lesser number of additional Dofs are required than

other methods. Thus it cannot be a better method to be used for simulating the cracked domain.
4.2.2 The Heaviside function

Heaviside function has been defined in various manners over a decade. Definition of Heaviside
function has been modified depending on the problem statement. Classical or first type of
Heaviside function has been defined on the basis of step function. Mathematically it can be
written as an equation (3.2). A variation of it has been shown in Fig. 4.4 (a).

HG) = | %) vax<>0° 4.2)

0 05 1 15 2 25

Figure.4.4 (a) Step Heaviside Function
The effect of the step Heaviside function has been shown in Fig. 4.4 (b). Now the strain fields are
independent for the both sides of the discontinuity. Here shifting is defined as the difference
between the classical and enriched shape function and it has been shown in Fig.4.4 (c). If we see
the variation of the shape function, it has value equal to the zero on the left side of discontinuity.
This observation shows that these types of enrichment functions are not capable of capturing the
exact behavior in the both sides of cracked domain.

08 —

06 —

N3

N2

0.4 -

02 —

Figure 4.4 (b) Effect of Step Heaviside Function on 1-D FEM Shape function
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08k

Figure 4.4 (c) Shifting of 1-D FEM shape function

4.2.3 Modified Heaviside function

To increase the capability of Heaviside function, it has been modified with the help of the sign

function. It is also called as signed Heaviside function. It can be expressed as follows

TEREN e

The variation of the modified Heaviside function is shown in Fig.4.5 (a). It has value equal to 1
and -1, which helps in capturing the behavior in the both sides of the crack. It also ensures the
independency of the strain field in the both sides of the discontinuity. Enriched shape function
variation has been plotted in the Fig.4.5 (b) and its shifting has been illustrated in Fig. 4.5 (c).

05

05+

T I ! ] 1 | 1 1
1] 05 1 1H-) 2 25 3 35 4

Figure 4.5 (a) Sign Heaviside Function
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06+

08

Figure 4.5 (b) Effect of Sign Heaviside Function on 1-D FEM shape function
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Figure 4.5 (c) Shifting of 1-D FEM shape function

4.3 Realization of enrichment function in 2-D
The main objective of enrichment function is to reproduce the singularity around the crack tip. It can be
achieved by using terms containing trigonometric functions. In order to model the discontinuous
displacement field, a special kind of shape functions is required to capture the approximate behavior. The
method operates on the additional independent virtual degree of freedom for the definition of crack

boundary and the approximation of the displacement field.
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Shape function for lagrange basis

4 ©)

€Y 2

@

Figure 4.6 (a) Patch of 4-element (b) Classical shape function or hat function

Various kinds of enrichment function for 2 —D are listed below

e Modified Heaviside function
e Crack tip enrichment function

o Level set enrichment function
The variation and its effect on the approximation function have been discussed in the following section.
4.3.1 Modified Heaviside function

Heaviside function is discontinuous along the crack path which insures the presence of discontinuity in
the approximation. These discontinuities can be easily modeled using these kinds of enrichment function.

A variation of the Heaviside function is shown in the Fig 4.7. Mathematically it can be written as follows:

1 VE>0
HE) =10 VE=0 (4.4)
-1 VE<O
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Line of discontinuity
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(b) Bilinear element

(@)

Figure 4.7 (a) Variation of Modified Heaviside Enrichment function in 2-D  (b) Cracked Domain

Ennched Shape function 1 Enriched Shape function 2

Enriched Shape function 3 Enriched Shape Functiond

Figure 4.8 Variation of enriched shape function (N;-N,) with implementation of Modified Heaviside
Enrichment
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If an element has a crack as shown in the Fig.4.7 (b), then the variation of Heaviside function is as shown
in Fig. 4.7 (a). When this enrichment function is multiplied with the classical shape function or hat
function, then enriched shape functions are obtained. These enriched shape functions are depicted in the
Fig. 4.8.

4.3.2 Crack tip Enrichment function
The near tip enrichment is defined in terms of local crack tip coordinate system (r,8). @; =
{\/?sin (g) Vr cos (g) Vrsin (g) sin(0),/r cos (g) sin(e)} . The main objective of enrichment
function is to reproduce the singularity around the crack tip. It can be achieved by using terms
containing trigonometric functions. The tip enrichment function contains the sine and cosine function,
which ensures the presence of crack inside the element. The square root of radial distance has ability
to reproduce the singularity at the crack tip. Remember that radial distance has been defined with
respect to the crack tip point. The angle for trigonometric functions should lie in between pi to (—pi).
The variation of these enrichment functions is shown in the Fig. 3.9 and its effect can be easily

visualized in the Fig. 4.10.
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Figure 4.9 Crack-tip Enrichment function
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Figure 4.10 Basis function with Crack-tip Enrichment function

4.3.3 Enrichment function by Level set

The level set function is defined as a function of location of crack propagation. And the minimum
distance has been plotted a surface plot in Fig 4.11. This has been used as enrichment function. These
enrichment functions are most suitable for dislocation and hole modeling problems. The effects of

these enrichment functions can be seen in Fig 4.14. Mathematically level set can be expressed as
follows.

d(x) Vxent
p(x)=4 0 VxeTrl (4.5)
—d(x) Vxe€ N~
d(x) = min ||x, — x| (4.6)
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Figure 4.11 Level set in Y-direction

50

T T T T
45
40
35
30
25
20
15
10
1 1 1 1
5 10 15 20 25 30 35 40 45 50

Figure 4.12 Variation of the level set function in X-direction
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Figure 4.13 Variation of Level set function in case of inclusion or circular discontinuity

Fig. 3.11 illustrates the variation of a minimum distance of the point from the cracked portion.
Mathematically it is the perpendicular distance between the point and the crack. Fig 3.12 shows the
variation in the Y-direction. It is the minimum distance between the crack tip and any arbitrary point in
the domain. In case of inclusion and circular discontinuities, level set is defined on the basis of radial
distance of the material point. It depends on the given radius of inclusion. The variation of such kind of
level set is presented in the Fig. 3.13. These level set functions are very good in capturing the dynamic
crack. Level set function for arbitrary crack has been plotted in the Fig. 3.14. Enriched shape function is

also plotted in the same figure.
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Figure 4.14 Top: hat function or classical shape function, Middle: Level set to arbitrary crack,
Bottom: Enriched shape function with the implementation of middle function. Enriched shape

function is obtained by the multiplication of the hat function and level set

4.4 Conclusion

Enrichment functions are the key function in GFEM context. These enrichment functions are
capable to mimic the exact behavior ahead of the crack tip. Level set based enrichment functions
are capable to entertain the material behavior in the simulation of composite materials. 3-D crack
can be captured with the help of the level set based enrichment functions. The various
enrichment functions have been studied in this chapter. Their application and their potential have

been described through examples. 1-D and 2-D examples have been illustrated here.
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Chapter 5

Blending Element

5.1 Introduction

Application of the enrichment near the crack tip analysis leads to solution incompatibility and interior
discontinuities, if it is not employed in the entire domain. Since neighboring domains are using the different basis
function and approximation, it can attribute the incompatibility of the solution. There is a transition from classical
FEM approximation to the enriched FEM approximation. As a result the different value may be obtained for the

same node. Occurrence of the different values shows the interior discontinuities.

Main Issue related transition of approximation in GFEM

1. Convergence of the solution is not guarantied.
2. Enrichment does not follow the partition of unity method properties. Hence the order of convergence and

error may get affected

Seeing these drawbacks in GFEM/X-FEM, It became an essential requirement to rewrite the approximation for

Blending elements. It is suggested to write down the approximation in the following form

W@ = ) M@+ R D N

i€l a jeI

Where R(x) is called Ramp function or Blending functions, N;(x) are classical shape function, ¢, enriched shape
functions, a;,are the additional Dofs . All other terms have usual meaning. This function should have some

essential properties.

5.2 Problem Statement

1. A blending function, which can be helpful in a smooth transition between enriched, and unenriched

domain (Classical domain) is required.
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2. Enrichment function, which should not produce parasite, terms in the approximation so that the ability to

reproduce the stress/strain condition can be retained.

5.3 Literature Survey

Blending element was first introduced by Sukumar [52] in XFEM with the level set method. In this work they had
used ramp function as blending function. Blending element is an element whose some of the nodes are enriched
and some of the nodes are classical node. A broad framework has been developed by Chessla et.al [28, 29, 32] to
sort out the problems associated with parasitic terms in the approximation. To this end enrichment of the strain
field is done instead of directly enriching the approximation.

Many researchers have used so many techniques to sort out the problems related to blending elements. Chessla
et.al [32] had used assumed strain method to eliminate the parasite terms in the approximation. The larger
approximation space of higher order spectral element has been also shown to improve the accuracy in the blending
element. Gracie [53] has used discontinuous Galerkin [54] method to overcome the spurious behavior of blending
element. In this method domain is divided in two parts as enriched and unenriched patches, which are
independently discretized. Continuity in the patches is enforced in the weak sense by internal penalty method.
Intrinsic XFEM and discontinuous enrichment methods are two methods to not have blending elements. Fries [55]

have proposed a method based on the weighting of enrichment that vanishes at the edge of enriched subdomain.

5.4 Classification of the elements
Due to different approximation function, finite elements used in GFEM can be classified into three categories

(a) Classical Element
(b) Enriched Element

(c) Blending Enrichment or Partial Enriched Element

First two categories are fully governed by the classical and enriched approximation respectively, whereas the
blending element is governed by the combination of both approximations. Classification of the element is shown
in the Fig. 5.1. In the Fig. 5.1 green color shows the element with discontinuity, which has enriched
approximation. The neighboring elements shown in red color are partially enriched element. They are governed by
the combination of approximation of classical as well as enriched approximation. Remaining blue color elements

are the classical elements, which are governed by the classical approximation.
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Enriched Element

Blending Element

Classical Element

Figure 5.1 Classification of Element a) Green- Enriched (b) Red- Blending (c) Blue- Classical Element

5.5 Characteristics of Blending or Ramp function
Linear and spline function are frequently used as ramp function. These functions should have the following

characteristics in them.

1. Define the appropriate ramp function to satisfy the C° and C* continuity between the enrichment and classical
finite element approximation.

Linear and spline functions are usually preferred.

The size of transition zone should be selected.

Compute the necessary term associated with the transition domain.

o~ DN

The number of enriched and classical nodes in the transitional finite element may suddenly change in nearby
elements. Special precautions are required to avoid potential mistakes in defining the correct numbers for

different summation.

5.6 Properties of Blending Function:

1. Co-ordinate independent: Blending functions should be co-ordinate independent. It emphasizes that
the function should not change in as there is any change in coordinate system. In order to show for co-
ordinate independency blending function should follow the Partition of Unity (POU). The property of

co-ordinate independence is also called as affine invariance. Mathematically id can be written as
=R =1

2. Convex hull properties: Convex hull is set of point in X in a real vector space which contains the
optimal and minimal points. This property exists in the functions which are co-ordinate independent.
In this case the blending function is non-zeros. Mathematically it can be expressed as follows:
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n
YRrR®=1, R®20, 05r<1
i=1

3. Symmetric functions: if the function value does not change with the change of sequence of data
points or domain, then these functions are called as symmetric function. For a function symmetricity

can be assured if and only if
=1 Ri(©OP; = XL Ri(1 — )Py 0<t<1
This hold true if R;(t) = R,,_;(1 —t)
4. Variation Diminishing Properties: B-Spline and Bezier always obey these properties. It says that if a

given straight line intersects the curve in ¢ number of points and the control polygon in p numbers of

point then it will hold true
c=p-—2j
Where j is any positive integer

5. Linear Independence: A set of blending functions is linearly independent. Mathematically it can be

written as follows
n f—
i=1 aiRL- =0

Where a; are random constants. If blending functions are not linear independent, then one
function can be written as a combination of other functions. This will affect the order of

approximation.

6. End Point interpolation: Blending functions are interpolatory in nature. But they interpolate the
value at the end points. Due to this interpolation properties blending function are much more useful in
X-FEM/G-FEM. It interpolates the value of classical node as well as at enriched node. This provides a

smooth transfer from classical to enriched approximation.

5.7 Examples of Blending Function:

a. 1% order Blending Function: It has value as zero or one. It's defined as the following
_(1 0<t<1
Ri®) = {

otherwise
b. 2" order Blending Function: it’s obtained from the 1* order blending function. After integrating the

1% order blending function, 2" order is obtained. It is defined as the following

R,(t) = le(t)dt
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Ry (6) = {5 —t

c. 3" order Blending Function: 3™ order is obtained from the integration of 2" order

function. It has been defined as the follows

R3(t) = f R, (t)dt

Ry()={, *

[ JERN

(@)

09}
08t
07t
06 L

1 R(x)

0st

04 b

03}

02t

01t

0<t<
1<t<?2

1

(b)

blending

Figure 5.2 (a) 1D blending element (b) bilinear blending element, Variation of Blending or Ramp function in (c) 1D (d )2D
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5.8 Blending Function used in Thesis

Our approach is based on local enrichment function, which results out as transition of approximation between
the two neighboring elements. Thus the blending element became an important issue. As we have seen earlier
that it can be solved using the blending function. There are various kinds of Blending functions. We have used

first order Blending function as shown in Fig.5.2.

Blending function has variation from 0 to 1. It has value equal to one of the enriched node and has a value
equal to zero at all other nodes. Fig. 5.2 (a) and (b) shows the 1-D and 2-D domain respectively. Lets assume
that node 1 is enriched incase of 1-D and node 4 in case of 2-D problem (Fig.5.2 (a) & (b). All other nodes are
classical nodes. For one dimensional and 2-dimensional problem, variations are shown in the Fig.5.2 (¢) and

(d) respectively.
The strategy follows the following steps:

(a) Begins with standard partition of unity approximation

(b) Multiply the origin enrichment function by monotonically decreasing weight function with compact
support.

(c) Constrained all the enriched degree of freedom to be equal. Weight function is used in such a manner

to avoid inter-element discontinuity.

5.9 Conclusion

In this chapter various blending functions has been studied. This chapter emphasis on the need of the
blending functions. Classification and properties of the blending functions are described in detail. Variation
of the blending function has been demonstrated though an example. Implementation strategy has been

discussed.
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Chapter 6

Galerkin Formulation and GFEM

Implementation

6.1 Introduction
This chapter is concerned with Galerkin formulation of equilibrium governing equation. Classical
formulation is limited to classical degree of freedom but in case of GFEM some additional degree
of freedoms are introduced. These additional degrees of freedoms are consolidated to the
discontinuous element. The formulation of these discontinuous elements allows the simulation of
the crack propagation without remeshing. A detail of the numerical implementation has been
given in this chapter.
6.1.1 Governing Equation

Consider a body in the state of equilibrium with the boundary conditions in the form of tractions and

displacement conditions as shown in the Fig.6.1

ft

Il &1
< 7777

Figure 6.1 Body in static equilibrium
The strong form of the equilibrium equation can be written as

V.o+ f’=0 in n (6.1)

With the Boundary conditions
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on= ft onl;
u=1u onTl, (6.2)

on=0 onl;

Where I}, I, and I are the traction, displacement, and cracked boundaries respectively. o is the

stress 1° order tensor. £? is the body force. f¢ is the applied traction force on the traction boundary.

From the principle of virtual work, the variational formulation of the boundary value problem can be
defined as

wint = pext (6.3)

Integral form of the equation can be written as

[o.8ed = [fPéudn+ [f'.6udr (6.4)

5.1.2 GFEM discretization

The discretization of the equation (6.4) using the GFEM approximation (equation (6.1)) results

into the system of linear equilibrium equations:

Where K is the stiffness matrix. u” is the vector of nodal freedom (enriched and classical
combined), f is the vector of the external forces. The global matrix and vectors are calculated by

the assembling the element stiffness matrix and element vectors. K and f for each element e are

defined as
Kl}}u Kga KiLng
Kl'ej = Kl'cjl'u KiC]l'a Ki(}:b (66)
Kil}u Kil}a Kilj)'b
fie — {flu fia fibl fin fib3 fib4} (67)

And u" is the vector of nodal parameters
uh = {u a bl bz b3 b4} (68)

With
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K™ = [(B")TDB%dN (r,s =u,a,b) (6.9)

it = frt Niftdr + [, NifPdo (6.10
fi* = J;, NiHfT + [, N;HfPd0 (6.11)
fP* = [, Ni@iftdl + [, N®if?d2  (k=1234) (6.12)

In the equation (6.9) , the B is the shape function derivative.

N, O
Br=|0 N (6.13)
le Ni,x
(NiH),x 0
Bf=| 0  (N;H), (6.14)
(NiH),y (NiH),x
BP = [BP* B?? BP® BP*] (6.15)
(Ni(bk),x 0
Bf = 0 (Ni®y) (6.16)

(Ni(bk),y (Ni(bk),x
Where k = 1,2,3,4.

The crack tip enrichment functions have been defined in the terms of the local crack tip co-

ordinate system (r, ) as shown in the Fig.6.2. Mathematically it can be rewritten as
.6 6 .6 . 6
@ (r,0) = {Wsm;, \/70055, ﬁsm@sm;,\/?smﬁcosz} (6.17)

Derivative of @, (r, 8) with respect to the crack tip polar coordinate becomes

Ory = %Sing (6.18)
Bro = gcosg (6.19)

By = zl—ﬁcosg (6.20)
D9 = gsing (6.21)
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1 . .0

B3, = _2\/;5”195”15 (6.22)

1 0 . , 0

B39 =T (E cos ESan +sins cos@) (6.23)
1. 0

Dyr = ﬁsmecosz (6.24)

1.6 . 6
Do = W(—Esmgsme + cos;cosG) (6.25)

Where r and 8 are defined in terms of the global coordinate systems

2 2
r = J(xi —xeip) + (Vi — Veip) (6.26)
_ —1 (Yi—Vtip
6; = tan (—xi_xtip) (6.27)

The derivative of the r and 6 with respect to the global coordinate system can be written as

1 2(xi—Xtip)

Tix == (6.29)
ZJ(xi—xtip)2+(Yi—Ytip)2
Ty = 1 2(¥i—Ytip) (630)
, 2 2 2
J(xi_xtip) +(J/i—Ytip)
By = ———— 22 (6.31)
1+<yl yt1p> (Xi_Xtip)
Xi~Xtip
1 1
- .32
Oy 1+<yi_ytip>2 (xi=xtip) (6.32)
Xi=Xtip

Finally the derivatives of the crack tip enrichment function with respect to the global coordinate

system can be written as
Qk,x = Qk,rri,x + ®k,9 Qk,x (6-33)

Dy = PrrTiy + DroOiy (6.34)
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Figure 6.2 Polar Coordinate near the crack tip

6.2 Numerical Integration

The Gauss quadrature rule is widely used in finite element analysis for the numerical integration of
stiffness matrix and other integral evaluation over a given domain. For the polygonal integrand the
gauss quadrature is proved to be more accurate. In case of non-polygonal integrand it may result with
some errors. Thus it may result some substantial accuracy reduction in output. For better results of
numerical integration of more and more Gauss points are required. Less number of Gauss point may
cause the various unavoidable errors.

Gauss Integration scheme is only applicable to the continuous function and over a continuous domain.
In the presence of discontinuity, this numerical scheme get fails. This is further complicated as the
crack path turns to be substantially curved. As a result, an efficient approach is required to define the
necessary points needed for the integration points within the enriched element. This scheme has to be
consistent with the geometry of the crack as well the order of the enrichment functions.

Because ordinary gauss rule do not calculate the integration of enrichment element. Dolbow [56] has
proposed two methods to overcome the numerical integration difficulty. He talked about the
portioning of the enriched element. He proposed that an enriched element can be sub-divided into the

sub-triangles or the in the sub-quds.

6.2.1 Partitioning of element
An enriched element can be sub- divided into sub triangles or into the sub-quads. These two
approaches are available for the improvement of the numerical integration. These two methodologies

are described as below.
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Sub-quads

In this method

The element domain is uniformly partitioned into a regular subgrid of quadrature
elements (sub-quads)

Each sub-quad is assigned a predefined set of gauss quadrature points and
corresponding weight function.

The integrand and weight functions are computed at each gauss point.

The final solution of the integral is obtained from the summation over all gauss points
within the elements.

A node is enriched only if there exists at least one Gauss point both side of the crack.

Sub-Triangles

This is an alternative to sub-quad approach by construction of local mesh of the triangular

quadrature elements between the crack and element boundaries.

Determine whether the crack crosses the element

If the area between the crack and the corner node is very small compare to the element
area, neglect the presence of crack and avoid the sub-triangulation

Use a simple triangulation technique by adding a limited predefined numbers of the
points inside an element and on its boundaries and connecting them t form consistent
well shaped triangles

A local Delaunay triangulation scheme may always be used as an automatic approach
for the creation of quadrature sub-triangles.

Each sub-triangle is assigned a predefined set of gauss points and corresponding weight
function.

The integrand and the weight function are computed at the every Gauss point.

The final solution of the integral is obtained from the summation over all the gauss

point within the element.

Figure 6.3 Partitioning of the element
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6.3 Selection of Enriched Node

In the proposed methodology of GFEM, the approximation is enriched at the local level and it
confined to the discontinuous domain. It means that selection of node to be enriched is an issue. There
are various different ways to select a node for the enrichment process. Fig.6.4 shows the simple
procedure to select the node for enrichment. At the each stage of propagation of the crack, nodes of
that element will get enriched. If a crack touches the boundary of one element but does not go inside

that element, then nodes of that element will not be enriched as shown in the Fig.6.4 (c).

@) (b)

© @)

Figure 6.4 Enriched node at different stage of crack propagation (Black dot shows the enriched node)

The technique adds some additional degree of freedoms per node. The numbers of additional degree
of freedoms depends on the choice of enrichment function (i.e. Heaviside function, crack-tip

enrichment function or level set). Selection of the enrichment function is discussed in the next section.
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6.3.1 Criterion for Node enrichment

1. First criterion is based on the area enclosed by the discontinuity. Fig. 6.5 (a) shows the area

At

—— is less than 0.01% then that
AT+A

distribution with discontinuity. If the value of area ratio

node may not be enriched. If area ratio is more than 10% then the enrichment of node is

compulsory.

A+

@ ()

Figure 6.5 (a) description of area (b) existence of gauss point

2. Second criterion is based on the location of gauss point within the elements. According to this
criterion if the gauss point is enclosed by the crack domain, then corresponding Node has to
be enriched. If it’s not enclosed, we have freedom for not enriching that node. As shown in
the Fig.6.5 (b) gauss point corresponding to node 1 is outside the cracked domain, hence it
gives freedom for enriching the node while Gauss point corresponding to node 2 is inside the

domain. It’s compulsory to enrich the node 2.

6.4 Assembly of the Global stiffness matrix

In classical FEM we assemble the nodal displacement vector based on the node numbers. In case of 2-
dimensional problem the rth node will contribute for the (2r-1) and (2r) degree of freedom in the
global matrix.

u= [u1 Uy ...... Upp—q1 Uy -en e un]
Same node will be responsible for (2r-1) & (2r) rows and column in the global stiffness matrix. It’s

always easy to implement it. In the case of GFEM, there are some additional degrees of freedoms.

Now the challenge is that how to assemble these degrees of freedoms in the global stiffness matrix.
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To assemble the additional Dofs, we have used the concept of the phantom nodes. These are virtual
nodes and have no physical understanding. These are some random nodes which have numbered just
after the number of real nodes. Number of phantom nodes depends on the type of enrichment function
as well as the number of enrichment functions.

e The 1-Phantom Node is required for Heaviside-Enriched Element

e 4-Phantom Node is required for crack tip Enriched Element

6.5.1 Example of Phantom node implementation

Suppose a set of node N=[1, 2, 3, 4, 5, 6, 7] is given, In which the node number [3, 5,7] are Heaviside
enriched and node [6] is enriched with the help of crack tip enrichment functions. A matrix of size
1*7 (ADN= [0, 0, 0, 0, 0, 0, 0]) is created. This ADN matrix is then updated according to the
enrichment function and number of phantom or additional nodes. In this case after assigning the
global number to the phantom doffs the ADN matrix will become ADN= [0, 0, 8, 0, 9, 10, 14]. Node
number 3 and 5 are Heaviside enriched hence a next number is assigned to these places. Node number
6 is enriched by crack tip enrichment function; hence it required four phantom numbers. Due to
presence of crack tip enrichment at node 6 next enriched nodes (i.e.7) got the global number as 14

(i.e. 9+4+1=14). Now the displacement vector will become as follows

u=[uuy.... Uy q Uy ..... Uy A3 A5 bg ay]
Where w; is the nodal displacement at node, a; is the additional dofs at the ith node due to Heaviside

enrichment, b; is the additional dofs at the ith node due to crack-tip enrichment

6.6 Conclusion

Detailed formulation of governing equation has been derived in this chapter. This
formulation is done for enriched approximation. Numerical implementation issues are
discussed in this chapter. Numerical integration and assembly of the global stiffness matrix
has been illustrated with the help of an example. The concept of phantom node has been

described with example.
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Chapter 7

Numerical Example: Stress Analysis and SIF
Study

7.1 Problem definition

In order to check and validate the robustness and efficiency of the proposed two scales GFEM, standard
problems of the fracture mechanics has been solved as numerical examples. We have considered a 2-D
plate with dimension L = 35 units, B = 15 unit. Young’s modulus has been taken as E = 1000000 units,
Poission’s ratio is v = 0.33. Edge crack and inclined crack fracture problems have been illustrated the
efficiency of the Multiscale GFEM. Plane stress condition has been considered with thickness of 1 unit.

A 4-noded bilinear element has been used for the discretization of the domain. The approximation of
bilinear element is enriched with the help of the Heaviside function and crack tip enrichment function. 4
crack tip enrichment function has been used. Due the presence of the crack tip enrichment function and
Heaviside function, the size of the element stiffness matrix increases from the classical 8*8 to 48*48.
There is an increment of the 40 rows and column in each enriched element. Similar effects are in In case
of blending element, all the nodes are not enriched. Classical nodes add numerical instability in global
stiffness matrix by addition of zero rows and column. This instability has been improved by the
elimination method. Rows and columns corresponding to the additional dofs of classical nodes within the
blending element are eliminated from the global stiffness matrix.

7.2 Modeling 2-D Edge Crack Problem

A 2-dimensional plate with the dimension L = 35 units, B = 15 units has been considered for an edge
crack problem. Crack length has been taken as a = 7.5 units. Domain dimensions and the Boundary
conditions are shown in the Fig.7.1 (a). Edge crack is located at the mid height of the plate. Top edge of
the plate has been given the displacement of § = 8 units. Bottom edge is constrained in the Y-direction.
The bottom node on the right side is also constrained in the X-direction to prevent the rigid body motion

in the X-direction.
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Figure 7.1 (a) Edge Crack Problem (b) Inclined Crack Problem
7.2.1 Elastic Analysis

For an elastic analysis of the material properties has been taken as Young’s modulus E = 1000000 units,
and Poission’s ratio v =0.33. The problem has been solved using 4-noded quad element

approximation. Fig.7.2 shows the contour plot of the stress in Y-direction and X-direction respectively.

5, 511 5,512

5 R [#vg: T5%) (8vg: 75%)
) +6.147=+D5 +5.496e+05

g b ressin e
+3. TR+ 5 +4.35Fe + 0 +2.748e+05
+8.514e+0% R +1.8328+05
+5.070e +08 +1.771e+ 8 taeles0t
#1225 405 Histerts Skt
+6.181a 405 IR 27488405
A AT 06 38
+4. 6322+ 05 +E.1D5a+D4 5.496e+05
+1.EqRa 4[5 +2.1B0e+D4
+1. 004 +05 -1 M5e+ M
+2.16De +05 267D+
+1.11% 405
+4.710a+0d
-1.71224 0

Oyy Plot Oy Plot

Oyxy Plot

Figure 7.2 Stress Plot for Elastic Analysis of an Edge Crack Problem
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Mormalized SIF Value
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No.of Dofs in one direction

(Note: Normalized SIF= UL\/;_a and Number of Dofs in one direction is =,/2  total Number of nodes )

Figure 7.3 Mesh Independency Study

In order to say that proposed method is mesh independent, we have done the Stress Intensity Factor
(SIFs) evaluation with different meshes. Fig. 7.3 shows that there is an increment in normalized SIF with
the increment of the number of degrees of freedoms in the domain. But this increment is not so large. It
becomes a flat curve after a certain number of degrees of freedoms. Observation indicates that proposed
method took a very small number of the elements as compare to the classical FEM analysis of the fracture
problems. It can be concluded that the developed method is mesh independent. It’s not a mesh free

method but it’s a mesh independent methodology.
7.2.2 Hyper-elastic Analysis

Mooney-Rivlin material model has been used for simulating the edge crack problem with the help of
GFEM. Mooney-Rivlin is a hyper elastic material model in which the strain energy is defined as the linear
combination of the two invariant of the left Cauchy’s Green deformation tensor. This method was
proposed by Melvin Mooney in 1940 and expressed as a linear combination of invariant in 1948 by Ronal

Rivlin.
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Constitutive relation to Hyperelastic Analysis:

A quadratic isotropic function of the Green strain tensor E = %(C — 1) can be used to define the constitutive
relation. From the St. Venant material principle the stored energy can be written as

A
W= E(trE)2 + utr(E)?

Where A and u are Lame’s parameters. We can simplify this expression to
W= C1(1_1 —-3)
The strain energy density function for Mooney Rivlin can be written as
W = Cyo(I; = 3) + Co1 (I, — 3)

Where I; and I, are first and second invariant of the unimodular component of the left Cauchy-Green
deformation tensor. These invariants are defined in term of stress invariant I; and I,.

L=

L= ]_4/312
Where the constant | = 1 for incompressible material
Most generalized forms of the strain energy density with the effect of compressible material can be
rewritten as

W = Cyo(I; = 3) + Co1(I; = 3) + D;(J — 1)°

The hydrostatic pressure can be correlated with energy density function as follows
p=2

T —-K(J-1)
The hyperelastic analysis is based on the incremental stress and very large deformation. Incremental
stress can be written as
AS;j = CijiiAEy + gijAP
Where C;ji; and g;; are material response tensor of 4™ order and 2™ order respectively, S;j is Piola-
Kirchoff stress. These tensors can be written as
a*w a(—]Gigl)P
0E;j0Ey 0E

12 .
9ij = — 3Gy

Cijki = Cijri + Cijr1 =

The explicit expression of (fl-jkl, C~ijkl are as below
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4 _% 16 _% -1,-1 4 _% 8 % -1 -1
= (3Gl *L + 5 Coily * Iz | Gy Gia = | 3 Crols * + 5 Coul (681Gt + Gij*61)

2 14 2 L L -2
+ <§ Crol, 3L + 5(:0113 312> (Gi' G + G Giy') + 4Co11, 3661

_2 8 _2 ~ _
— 2Co1ly > (8ucBju + 8u ) + 3 Coily 3Gy Gt + G5 G

_— o(—JG;")

i =5 P =PJ(Gi' G + 61 G — 65 Gid')

Where Gi}l is the ij th component of the G 1

The same problem of elasticity analysis has been usedinr the hyper-elastic analysis of the edge crack
problem. The coefficient of the strain energy function has been taken as C;, = 0.293,Cy; = 0.177
units, D; = 10 = 0.5k. Where k is the bulk modulus. The stress plots of hyper-elastic analysis are shown

in the Fig. 7.4
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Figure 7.4 Stress Plot for Hyper-elastic Analysis of Edge Crack Problem
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7.3 Modeling 2-D Inclined Crack Problem
A 2-dimensional plate with the dimension L = 35 units, B = 15 units has been considered for an edge
crack problem. Crack length has been taken as a = 7.5 units. Domain dimensions and the Boundary
conditions are shown in the Fig.7.1 (b). Crack is located at the mid of the plate. Top edge of the plate has
been given the displacement of § = 10 units. Bottom edge is constrained in the Y-direction. The bottom
node on the right side is also constrained in the X-direction to prevent the rigid body motion in the X-
direction.
7.3.1 Elastic Analysis

For an elastic analysis of the material properties has been taken as Young’s modulus E = 1000000 units,
and Poission’s ratio v =0.33. The problem has been solved using 4-noded quad element
approximation. Fig. 7.5 shows the contour plot of the stress in X-direction, XY-direction and Y-direction

respectively.
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Figure 7.5 Stress Plot for Elastic Analysis of an Inclined Crack Problem

52



7.4 Conclusion

In the present chapter, numerical examples were illustrated. Capability and the potential of the
GFEM have been illustrated with edge crack and inclined crack problem. Observation of the
results indicates to optimal and efficient simulation tool. It can be concluded that the developed
tool requires a very coarse mesh to capture the complex geometries. Adaptive remeshing is also
not mandatory. It also infers that discrete cracks are not required for modeling static crack. Mesh
independency has been studied through the SIF study with respect to the various mesh sizes.
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Chapter 8

Sensitivity Analysis

8.1 Introduction
Sensitivity analysis of a solution is the measurement of the uncertainty in the output. It is based on
variational formulation of the continuum mechanics. Structural optimization and sensitivity analysis has
become most popular research field over a decade. Main objective of these kinds of studies is to get most
economical optimized and efficient design. It has wide and enormous application in automobile industry,
aerospace industry, civil structures and many more. It became reliable also due to presence of better
simulation tools. Most of these simulation tools are in-built with the finite element analysis and with

different post processing tools.

8.2 Literature Survey

Bugeda et al. [42] had introduced the methodology for shape sensitivity analysis and they talked about
the shape optimization. Their methodology was based on adaptive mesh refinement. They had validated
their methodology with the help of B-spline functions defined at the boundaries. They have studied the
optimal shape design by controlling the errors and minimizing the same. An error has been controlled by
the means of finite element or boundary element motion and converting the shape derivatives into
differentiations of algebraic equations [43].

Another approach for sensitivity analysis is based on a variational formulation of the continuum
mechanics [44, 45]. In this approach shape sensitivity is simulated with the help of the velocity field. This
velocity field is responsible for the shape change of the body which applies to initial domain. Taroco [46]
had given mathematical formulation of the shape sensitivity analysis in linear elastic fracture problems.
He had established the relation between the domain and boundary expressions for the first and higher
order derivatives of the potential energy stored in elastic body with respect to the shape change.

Chen et. al [47] has illustrated the shape sensitivity analysis of the elastic body with mode-1 fracture
problem. B. N. Rao [48] has considered the functionally graded material to demonstrate the capability of

the variational formulation of the sensitivity analysis. He had done the sensitivity analysis for all the
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modes of fracture failure. Very recently, Edke et. al [49] has implemented the same formulation for the

extended FEM with the level set function as the enrichment function.

8.3 Velocity field
Consider a 3 —dimensional body with domain Q and boundary I" and body material point have position

vector x € (2. Assume that at time T=t body will have domain 2, and boundary I'; as shown in Fig.8.1.

Figure 8.1 Variation of the domain
Movement from one place to another place can be expressed as
T:x > x;,x €] (8.1)
Where x, xare position vectors at different time.

If T is the transformation mapping, and t is the scalar time with the parameters of shape change

x; =T(x,1) (8.2)
0N, =T(,1) (8.3)
[, =T(x,1) (8.4)

A velocity field can be defined as
V(x,17) = (dx;)/dt = (dT(x,1))/dt = (0T (x,1))/0T (8.5)

Using Taylor’s expansion and ignoring the higher order terms the transformation mapping can be

approximated by

T(x,7) =T(x,0) + 7752 4 0(1% ) = x + 1V (%, 0) (8.6)
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There are lots of different methods to define the velocity field [50]. For an edge crack problem we have

considered the velocity variation as shown in the Fig.8.2.

Consider a plate with a horizontal crack with the dimension of L*B. Though we had symmetry but we
had modeled full plate as shown in Fig. 8.4. A PQRS domain has been considered as the domain for the
calculation of J-integral and its sensitivity. The size of this domain is ((2*1,)*(2*b,)), which enclosed the

crack tip inside it as shown in the Fig. 8.2.

The velocity field used in this study has been defined as

_ (Vaitx) _ Ap(x1)A2(x2)
v =)o = Ve 1O 6.)
Where
1, lf |X1| < OSbl
x1—B+a .
A () = { b1-Bta if X1 2 by (8.8)
x1ta .
bita if x; <—b;
1, if x| < 0.5,
-B+ ,
Ay (x,) = ’;i_—mz if L>x,>05; (89
0 if x, > 1L
xe
_Vi=0
V=0
B AL
: R
o 2.*|1 ............................ > X1
P< 2*b;1 Q
V1=0

Figure 8.2 Schematic diagram of velocity field in the domain
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7.4 Sensitivity Analysis
The variational form of the governing equation can be written as [51]
by(u, ) = ly(w) Yueu (8.10)
Where @ and U are actual displacement and virtual displacement of the structures and

bA(u, 'L_l,) = faij(u) eu(ﬂ)dﬂ (811)

LW(@) = [ fPwdQ + [ Tzdr (8.12)

7.4.1 Material derivative

For a given point x € 2, material derivative a is expressed as [51]

i = lim, [M] (8.13)
T

If the u; continuous, then it can be extended in the neighborhood of .

u(x) = u'(x) + VuTV(x) (8.14)
Where u’ = lim,_, [—uf(x)_u(x)]

T
. I . L ou\’ a .,

Material derivative has commutative properties i.e (E> = (u")

7.4.2. Variational formulation

Lets assume a domain functional @, defined over the domain £2. In the integral form it can be expressed

as

0, = fg fe(x)did, (8.15)
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Where £, is regular function over the domain 2 and domain £ is C¥ regular. For assumed functional

material derivative [51] can be written as

0 = [, [f'(x) + dw(f (x)V(x))] d (8.16)
For the functional form of @, = fﬂrg(ur, Vu,)d,
The material derivative of @, in domain 2 can be written as in
B2 = [, |9t = 92, (w%)) + Gty = G, (uiV)) | + div(gV)] d0 (8.17)
If no body force is equal to zero then the variational equation (8.10) can be re-written as
Taking the material derivative of the equation (8.18) and using equations (8.13, 8.14)

by(u, i) = 1, (i) — by, (u, &) ViieU (8.19)

Where V denotes the velocity dependency.
L'@) = |, {(-Ti(uw;V}) + [(Tiw) jmy + kr(Tiiw)|(Viny)} T (8.20)

b{,(u, 7.7.) = f_() [O'ij(U)(l_li,ka,j) + O'ij(ﬁ)(uilka,j) - O'U(u)su(ﬁ)de]d.Q (821)

Where n; is the jth component of unit normal to domain, kr is the curvature of the boundary.

8.4.3 Sensitivity of J-Integral

In the absence of the body force, equation (3.23) can be rewritten as
_ ouj _ 194
1=, |oy - ws, i Lo (8.22)

Where &, ; is Kronecker delta, g is an arbitrary weight function, which varies linearly from zero to one.

0 is the enclosed area by the contour I'. Equation (8.22) can be expanded further as
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= dus 6&)6_q ( dus auz)a_q_ a_q]
] = fﬂ [(0'11 % + 015 9%, ) 9% + | 0215 Y + 072 ox, Wax1 dn (8.23)

Bxl

For 2-dimensional problem (i.e. plane stress, plane strain) the equation (8.23) can be written as
J=[, gdn (8.24)

Where g =g,+9,+ 93+ 9gs—9gs — ges. The explicit expressions of m; can be found in
Appendix-1.

A material derivative of the J-integral can be written as
j= [, g’ +div(gV)]dn (8.25)

Where g' = g1 + g2+ 93 + g2 — g5 — gs

V is the velocity field. It has been described in the section 8.3 and schematic diagram of the velocity
variation is shown in the Fig. 8.2. Assuming the crack length a as variable increasing in the direction x;.

The expression of equation (8.25) can be rewritten as
j=[, (G1+ G, + G3 + G4 — G5 — Gg)d12 (8.26)
Where G; = g; + div(g;V) i=123,..6

The formula for g, and G, is given below

E 1 2 dq
=1_022 (Z Nixu; + z Nix Z Dby + Z N; Z Qk,xbik) o

6u1

Gl 1_v26x1[Zqul'l'zNLxZ@kblk'l'z Z®kx ik
2 aV1
- Z Nixu; + Z Ni x Z Dibiy + Z N; Z D xbix 6_x1]

The explicit expressions of other G; are given in Appendix-II.

g1
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8.4.4 Flow chart

Solve the bilinear form using GFEM and
get the displacement u

ba(u, ) = l4(u)

Solve the bilinear form using GFEM and in
order to get the material derivative u

ba(,u) = Iy (W) — by (u, W)

Compute the function G1, G2, G3..... Gs

Compute the sensitivity of |

j: 21’6=1fGidA

Figure 8.3 Flow chart of the sensitivity analysis
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8.4.5 Numerical example

We have considered an edge crack problem as shown in Fig. 8.4. A plate with dimension 35*15 units has

been considered as the problem. The given plate has a crack of length a units. One loading condition has

been considered as constant strains. Fig. 8.4 shows the schematic diagram of the problem with the loading

conditions. Young’s modulus of plate is uniform throughout the whole width as well as in whole length.

The specifications and the numerical values of the problem are as follows:

a=7.5 unit

B=15 unit

A A

Figure 8.4 (a). Numerical example-I

a. Young’s Modulus, E = 35 unit
b. Shear Modulus, G = 26 units
c. Poisson’sratio v = 0.33

d.

Domain dimension, L * B = 35 * 15 unit

Crack length a = 7.5 unit, (its different for different cases.)

f. Dirichlet Boundary condition; u,, =1 unit on top edge, u,, = 0 for bottom

edge, u,, = 0 for bottom corner node

6=1 unit

L=35 unit

a=7.5 unit

B=15 unit
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6=1 unit

L=35 unit

6=1 unit

Figure 8.4 (b). Numerical example-Il

6=1 unit
L=35 unit
a=7.5 unit
EZI 1%
B=15 unit
\

ANETA

Figure8.4 (c). Numerical example-lll



Full plate has been modelled for % = 0.1,0.2,0.3,0.5 asshown in Fig 8.5 (a-b) respectively. 4- Node
bilinear element has been used in the analysis. The domain has been discretized into the 78 elements and
112 elements for% = 0.1 and % = 0.2,0.3, 0.5 respectively. Number of enriched elements depends on
the a/B ratio, which directly impact on the total degree of freedom. As the size of element stiffness
matrix is bigger than the classical stiffness matrix, hence the global stiffness matrix gets increased by
some numbers. But the overall size of the global stiffness matrix is lesser than the required matrix size in

classical FEM. By this we are benefiting in the storage space in the computer. Sensitivity of the crack

length and stress intensity has been calculated all the given case.

(@) (b)

Figure 7.5 Finite element mesh for (a) a/B=0.1 (b) for a/B=0. 2, 0.3, 0.5

SIF and sensitivity of J-integral has been calculated near the crack tip. A domain of 21; *2b; has been

considered for calculating the J-integral and its sensitivity for % =0.1,0.2,0.3,0.5.
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8.4.6 Results and Discussion

All the tables contain the numerical results of the normalized SIF, sensitivity analysis of J-Integral by 2
various methods. The first method is based on the variational formulation method with GFEM and
another method is the first principle of derivative. In the first method the crack length a is considered as
the variable. The first order derivative is calculated with respect to the crack length. There is no analytical
solution so for validation purpose we have adopted the differentiation technique. In differentiation we
have considered the change in crack length. The first principle of differentiation is defined as the change
in the value of the function with respect to the small change (tending to zero) in the independent variable.

We have considered the change in the crack length as 4-6 % in each case.

Table-8.1 & 8.2 contains the numerical results of the example-l. Both plane stress and plane strain
conditions are considered and analyzed for each state. There is no mesh change is required in both the
methodology for the calculation of the J-Integral. In methodology same mesh had been used for finding

the derivative of displacement and the material derivative of the displacement.

Table 8.1: Sensitivity Analysis for Edge crack problem: Plane Strain Condition (Numerical Example-I)

Sensitivity of J-Integral
Difference
S.No. a/B ratio Normalized SIF GFEM Direct Method
1 0.1 0.408390231 0.3273 0.36666667 -0.03937
2 0.2 1.46395224 0.2842 0.283333333 0.000867
3 0.3 1.517102374 0.3689 0.343333333 0.025567
4 0.5 1.266009715 0.5852 0.563333333 0.021867

Table 8.2: Sensitivity Analysis for Edge crack problem: Plane Stress Condition (Numerical Example-I)

Sensitivity of J-Integral
Difference
S.No. a/B ratio Normalized SIF GFEM Direct Method
1 0.1 0.405829765 0.258 0.243333333 0.014666667
2 0.2 1.46395224 1.346 1.336666667 0.009333333
3 0.3 1.516873325 1.503 1.473333333 0.029666667
4 0.5 1.265845031 1.954 2.153333333 -0.199333333

Numerical results of example-Il are tabulated in the Table 8.3 & 8.4. These tables contain the numerical

results of the SIF study and the sensitivity analysis of the J-Integral. In this case also plane stress and
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plane strain conditions are applied for numerical simulations and results are tabulated in the different

tables. Table 8.5 shows the results for a bimaterial plate which has young’s modulus ratio E; /E, = 0.1

The difference between the results of GFEM and the direct method is less than 3%. There is a big
difference in the result for a/B =0.5 is due to formation of large plastic domain ahead of the crack tip.

Direct method, which has been used here, required a very fine mesh for calculation of the J-Integral but

here in this case we have taken a very coarser mesh.

Table 8.3: Sensitivity Analysis of Edge crack problem: Plane Strain Condition (Numerical Example-II)

Sensitivity of J-Integral
Difference
S.No. a/B ratio Normalized SIF GFEM Direct Method
1 0.1 0.472154568 0.511068 0.49736 0.013708
2 0.2 0.636387763 0.156616 0.136666 0.01995
3 0.3 1.076678071 0.109261 0.110132 -0.00087
4 0.5 1.006032758 0.317538 0.333333 -0.0158

Table 8.4: Sensitivity Analysis for Edge crack problem: Plane Stress Condition (Numerical Example-I1)

Sensitivity of J-Integral
Difference

S.No. a/B ratio Normalized SIF GFEM Direct

Method
1 0.1 0.472154568 0.09399 0.1005 -0.00651
2 0.2 0.635657541 0.4212 0.4333 -0.0121
3 0.3 1.076678071 0.4693 0.4700 -0.0007
4 0.5 1.006217402 1.6345 1.6066 0.0279

Table 8.5: Sensitivity Analysis for Edge crack problem: Plane Stress Condition (Numerical Example-111)
E,/E,=0.1
Sensitivity of J-Integral
Difference

S.No. a/W ratio Normalized SIF GFEM Direct Method (%)
1 0.1 1.29606214 3.98 4.11 5.10
2 0.3 1.50902861 93.11 87.75 -5.73
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Observation of the results

J-Integral is quantified parameters in the prediction of the fatigue life of the material. It depends on the
various independent variables such as length of the crack, loading conditions, boundary conditions and
the approximation schemes. The ratio of the crack length and width has a great role in terms of the
optimization of the structures. Results show that J-Integral is very sensitive to the applied load, the
geometry of the model and the analysis type.

Conclusion

A new method has been developed for sensitivity analysis of the discontinuity in elastic, isotropic, and
homogeneous material using the GEFM as the tool for fracture analysis. The proposed method involves
the material derivatives, displacement derivatives, J-Integral calculation. As all these steps are based on
variation form, which required the discretization of the domain. Discretization is dominating step in the
FEM analysis whereas this proposed method is based on the GFEM. GFEM has been shown a very
advanced tool for fracture analysis. GFEM is meshfree tool. Hence the errors due to the discretization are
minimized. The numerical results show that the difference between two methodologies is less than 4%.
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Chapter 9

Conclusion

9.1 Summary and conclusion

GFEM is enrichment based method which is capable of the exactly capturing the stress state ahead of
the crack tip. This methodology based on the enhancement of the classical approximation with help of
enrichment function. Selection of the enrichment function is depends on the priori knowledge of the
solution. These functions may be polynomial or non-polynomial function, discontinuous functions,
singular function, and trigonometric functions. GFEM relies on the enrichment function from the

POD modes of elastic solution.

In this work the GFEM was studied with enrichment from POD modes. Various enrichment functions
have been studied in this work. Heaviside function, modified Heaviside function and partition of unity
based function have been illustrated for 1-D domain as well as for the 2-D domain. Crack tip
enrichment functions and level set based enrichment functions has been studied to capture the

discontinuity.

Furthermore the mathematics of the GFEM has been rewritten in the context of the enriched
approximation. Galerkin formulation and numerical integration schemes has been discussed in the
documentation. Edge crack and inclined crack problem has been considered to illustrate the capability

of the present work.

The developed matlab code has been used to perform the sensitivity analysis of the J-Integral. The
mathematical model of the Sensitivity analysis has been derived. This mathematical model is based on
the principle of the material derivate of continuum mechanics. Sensitivity analysis has been done for
edge crack problem. A domain with two materials has been also entertained as another numerical

example.

J-Integral has been considered as the dependent variable. Geometry of the domain, loading conditions,
solution approximations have been considered as independent variables.  The effects of these
independent variables on the dependent variable have been tabulated in the sensitivity analysis.
Furthermore the relation between two independent variable has been observed from the tabulated

results.
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9.2 Future work

GFEM has lots of potentials in terms of capturing the exact behavior and modeling the complex
geometries. It has capability to predict the failure load behavior and also the post peak behavior. In
spite of being such a capable tool, it has some limitations. Numerical integration is one of the main

issues in the present work, which has to be studied in future.

GFEM can be used as a simulation tool for the coupled problems. It can be coupled with any damage
criterion to predict the damage flow. It can be elaborated with the traction separation law for
homogenization of the heterogeneous materials.
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Appendix-11

Plane stress
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Appendix-111

Input Subroutine

\
Calculation of stiffness matrix

(Calculation of stiffness matrix depend upon the type of
element)

Blending stiffness matrix
Bler

Enriched stiffness matrix

4

Assembly of Global stiffness Assembly of

Classical Element

Global stiffness

Classical stiffness matrix

y
Assembly of Global stiffness

N
L

y
Modification for Boundary Conditions

(Using Penality Approach)

y
Solving the system of discrete linear equations

(Using least square approach)
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Reaction Calculation

N

Stress Calculation

A4

Stress smoothing and Nodal averaging

Plotting Stress Results

SIF Calculation

Calculation of J-Integral and Energy density

End

Structure of GFEM code for fracture problem
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Brief description of code and its subroutine:

The main GFEM code contains different subroutines such as inputData, Stiffness matrix,

solver, and various post processing subroutines (i.e. Stress calculation SIF calculation, J-Integral

calculation and many more). Main program execute the subroutine as per the algorithm of Classical finite

element method. It makes the difference from classical FEM in the calculation of stiffness matrix.

Calculation of stiffness matrix depends upon the shape function derivative matrix. In case of GFEM,

shape function derivative matrix becomes 3*48 in size while it was 3*8 in Classical FEM. Following sub

section will give brief introduction about each subroutine.

1. InputData: This subroutine reads the input file and stores the data with a specific variable name.

this subroutine reads the following data

a.

o o T

=-h

Mesh data- (Node numbers, Element numbers, Number of Material, Number of
dimensions, Node per element and others relevant information)

Connectivity matrix of mesh

Nodal coordinate

Material properties

Boundary conditions

Applied Force

Crack information

2. Stiffness Matrix Subroutine: In GEFM, there are three types of element (i.e. 1.Classical

Element 2. Enriched Element, 3. Blending element). Depending on the type of element this

subroutine calls the other subroutines.

a.

Classical Element Stiffness matrix: This subroutine is very similar to Classical FEM
stiffness calculation and assembly. It gives the element stiffness matrix of size 8*8 and
after assembly it gives in the same size that of global stiffness matrix.

Enriched Element Stiffness matrix: This subroutine become little tough to handle. Size
of stiffness matrix increases from 8*8 to 48*48 depending upon the type and numbers of
enrichment function. This subroutine matrix calls the B matrix (Derivative of shape
function) subroutine. Shape function derivative matrix becomes of size 3*48. This

comprises of B matrix from Heaviside enrichment and crack tip enrichment function.

75



Each enrichment function gives a 3*8 size matrix. If there are 5 enrichment functions
then the size of B matrix becomes 3*48.

c. Blending Element Stiffness matrix: this subroutine works in the same lines as the
enrichment subroutine works. This subroutine is having addition Ramp function which
varies from 0 to 1. This ramp function ensures the continuity of the displacement

approximation.

Assembly of Global Stiffness matrix: Assembly is similar to classical finite element method
procedure. In case of blending and enrichment function we have some additional dofs, which are
tricky to assemble. In this code, | have assigned a phantom number to each additional dof. This
phantom numbers starts after the actual node number finished. These numbers helps in placing
the additional dofs in a known position.

Modification of Boundary conditions: This subroutine is based on the penality approach.

Global stiffness matrix is modified for the given prescribed boundary conditions.

Solve: In this subroutine the linear system of equation are solved. This subroutine uses the least
square method to find out the solution of linear system of equations. This subroutine first check
about the consistency of linear system of equation. If the system is not consistent, then it gives the

massage about same as warning.

Reaction calculation: When the system of linear equation vas been solved. Using the
displacement field, we have cacluated the reaction for each degree of freedom which was given as

prescribed boundary condition.

Stress Calclulation: Now the displacement and all the reactions are known to us. Using the
displacement field this subroutine calculates the stress field. This subroutine recall the B matrix
subroutine and needs the displcement vector as the input. As the output it gives the stress at all

the Gauss points.
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7. Stress Smoothing and Nodal Averaging: Stress calculation subroutine gives the stress value at
all the gauss point, where required output is stresses value at all the Nodal points. For the same
objective, gauss point stress values are mapped to the nodal point using the mass matrix concept.
When we got the Nodal value, we did the nodal averaging for getting the exact nodal stress value.
This subroutine is limited to the arithmetic averaging but advisable method is weighted

averaging. Weighted averaging gives a better picture of stress distribution.

8. Plot Results: MATLAB is good plotting tool but we have to be little care full while defining the
axix variables as well as the format of data. In this subroutine we are converting vector data into
the matrix form so that contour plotting can be done very easily. This subroutine needs the sorting

also, when our mesh is randomly generated. It gives a message for that.

9. Fracture Parameter calculation: This is collection of different subroutine, which contains the
calculation of the SIF, J-Integral separately. On the requirement this subroutine can be changed.
It's the flexibility given to the user.
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