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Abstract

The Manin-Drinfeld theorem is an important result of the theory of modular forms
on the existing of an isomorphism between the space of Eisenstein series Ey(I'o(V))
and a first homology group H; (Xo(N),Z) of a modular curve Xo(N). Explicitly such
an isomorphism was first constructed in [1] in the case when N = p is prime. In the
thesis we review the structure of an isomorphism in the case when N = p? and p > 3

is prime.
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Chapter 1

Introduction

The description of the structure of spaces My(I") is the main objective of the theory
of modular forms. The theory had already found many applications, e.g. in number
theory where a version of Modularity Theorem was used to prove the Fermat’s The-
orem. There are still a number of open problems and conjectures around modular
forms such as the conjecture by Birch and Swinnerton-Dyer. The structure of the
space My(Iy(N)) was described by Manin and Drinfeld [2, 3]. They proved that the
Eisenstein element corresponding to the Eisenstein series E € Fy(I'o(N)) is a com-
bination of certain modular symbols. Explicitly such representation was first found
in [1] for the case when N = p is prime. Below we review [4] where the analogous

representation is obtained for numbers N = p?, p > 3 is prime.

1.1 Modular group

By SL2(Z) we denote the set of all 2 x 2 matrices with integer entries and determinant

1, that is

€ SLy(Z)



a b
if and only if a, b, c,d € Z and ad — bc = 1. The inverse of a matrix € SLy(Z)

d —b
is the matrix
—c a

a
Every element v = € SLy(Z) acts on the compactified complex plane

c d
C U {oo} by the following rule.

e If c =0, then

(action is well-defined since ad — bc = 1 = ad and d = +1.

o If ¢ # 0, then

wztb 2 e C, 2z # —d/c

cz+d’

Y(2) = 00, z = —d/c

la/c, z=00

7 : CU{oo} — CU{oo} is a group action, as the composition 7; o v, of actions
coincides with the action of the product ~;7s.
The upper half-plane is H = {z € C: Im(z) > 0}. For every z € H

az+b  (az+b)(cz+d)  ac|z|* +bd+ (ad + be)Re(z) + i(ad — be)Im(z)
cz+d lcz + d|? B lcz + d|?

v(z) =

Hence Im(y(2)) = ‘Zﬁﬁg > 0 and SLy(Z) acts on the upper half-plane H. By defini-
tion, SLy(Z) also acts on Q U {oo} which can be viewed as a projective space P'(Q)
(see section 1.6 about projective lines). With the usual topology H is a noncompact

Riemann surface. The union H U P!(Q) can be given a topology which defined a

compact Riemann surface that compactifies H.



1.2 Congruence subgroups

a b
For a fixed integer N > 1, I'(IV) denotes the set of all matrices € SLy(Z)

c d
such that a =d =1 (mod N) and ¢ = b= 0 (mod N). I'(N) is a subgroup of SLy(Z),

since sums and products commute with taking resides modulo N. Moreover, I'(N) is

a normal subgroup of SLy(Z) :

if & € SLy(Z), then for every v € I'(N)

ie. o 'I'(N)a =T(N).
The index of I'(V) in SLy(Z) is finite:

[SLy(Z) : T(N)] = N* ]| (1 — 1%)

p|N

where the product is taken over all prime divisors of V.

['(N) is a principle congruence subgroup. A subgroup I' C SLy(Z) is a congruence
subgroup, if it contains I'( V) for some level N. Two important examples of congruence

subgroups are
a b
Tl(N):{ € SLy(Z):a=d=1 (mod N),¢c =0 (mod N)}
c d

and

FO(N):{ ZZ ESLQ(Z):CEO(modN)}



1.3 Modular curves
The quotient of the upper half-plane by the action of I'g(/N) is genoted by Yy(V) :
Yo(N) =To(N)\ H

The quotient of the compactified upper half-plane by the action of I'((NV) is genoted
by X()(N) .
Xo(N) =To(N) \HUP'(Q)

These modular curves are sets of orbits of I'o(N) : Yo(N) = {I'((V)z,z € H},
Xo(N) = {To(N)z,z € HUPYQ)}. With the quotient topology they are Riemann
surfaces, Xo(N) is a compact Riemann surface. The image I'o(N) \ P}(Q) will be
denoted as cusps (it is called the set of cusps of Xy(N)). More generally, Y (I') and
X (I") denoted non-compactified and compactified modular curves with respect to a
congruence subgroup I'.

The topology on a modular curve is a quotient topology, so we need to introduce
a proper topology on H U P'(Q). For every point 7 € H U P!(Q) we define the

fundamental system of neighborhoods i, as follows.

1. If 7€ H (i.e. 7=2x+1y,y > 0), then

- ={B(r,¢) : e € (0,9)}.

Here B(1,e) = {# € C : |z — 7| < €} — a usual disk of center 7 and radius
e. Condition € < y is needed to assure that the disk is in H. In other words,
fundamental system of neighborhoods of a (non-cuspidal) point 7 € H is the

same as on the complex plane.

2. If 7 = o0, then

oo = {{oo} UNy : M > 0},

4



where Ny = {z € H: Im(z) > M}. It means that a neighborhood of co contains

all points of the upper half plane with large enough imaginary part.

3. f 7 =peQ, then

U, = {{p} UB(p+ie.€) : e > 0},

i.e. a neighborhood of p € Q contains a disk in H that is tangent to real axis at

a point p.

After we defined fundamental systems of neighborhoods, we can define the topology
on HUPHQ) : aset G C HUPY(Q) is open if and only if for every 7 € G there is a
neighborhood B € i, such that B C G.

In such a way a true topology is defined.

1. Assume that {G,}aca is a family of open sets. We will show that the union
G = UaeaG, is open. Indeed, if 7 € G, then 7 € G, for some a € A. By

definition of open sets there is B € 4. such that B C G, C G. So, G is open.

2. Assume that GG, G5 are open sets. We will show that the intersection G = G1NGy
is open. Indeed, if 7 € G, then 7 € G; and 7 € G,. By definition of open sets,
there are By, By € 4. such that B; C Gy, By C G5. As B; N By C G, it remains
to observe that By N By € 4. For 7 € H and 7 = oo it is obvious, for 7 = p we

have

B1 = {p} U B(p+i€1,€1),B2 = {p} U B(p—i— ’i€27€2).
Assume that ¢ < €. If z =2 + iy € By, then |z — p — iey| < ey,
(z—p’+Wy—a) <6,

and

|z —p—ie’=(r—p)*+ (y — )’ <

<6g—-(y—a)P+y—e)=



=2 —2y(ea —€1) < e

It means that By C By and BN By = B; € ..

Now, H U P}(Q) is a topological space. Moreover, every set B € i, is open in
H U PY(Q). Indeed, consider z € B. If z € H, then either BN H is a disk, or B NH is
a strip NVyr. In any case one finds a disk around z that belongs to B. If z & H then
either z = oo or z = p € Q. But if z = oo, then co € B and necessarily B € .

Similarly, if 2z = p, then p € B and necessarily B € ,,.

As a conclusion, the space H U P'(Q) is equipped with a topology by specifying
fundamental system of neighborhoods of every its point. For this topology to be
properly transferred to the modular curve, we check that every element v € SLy(Z)

is a homeomorphism of H UP'(Q).

a b
Consider v = with ¢ # 0. We recall that

c d
4
at+b _d
CT—&-d’T?éOO’ c
V(1) = 4, T=00
0o, T=—12
c

\

Then 7 is a bijection of HUP!(Q). Continuity at every 7 € H follow from the relation
v(H) C H and the fact that H is equipped with the usual topology of a upper half

plane.

We check continuity at co. Now
a
00)=p=-—.
y(e0) =p =~

Consider a neighborhood of p = ¢. It is of the form {p} U B(p+ i€, ¢). We must find a
negihborhood {00} U N of oo, such that v(Ny) C B(p + i€, €). Take M = 525 Let

c?”

6



z € Ny, i.e. Im(z) > M. Then

v(2) —p —ie| =

az—l—b_g_z, _ claz+b) —a(cz + d) —iec(cz + d)
cz+d ¢ B |c||ez + d|

from condition ad — bc =1

|1+ dec(cz +d)|

ez +d|

So, the condition to be verified is
|1+ iec(cz + d)| < €lc||cz + d]

Equivalently,
(1 +iec(cz 4+ d))(1 —iec(cz + d)) < €*|ez + d|?

1+iec(cz+d—cz—d) <0
1 —2ec* Im(z) <0

which is true by Im(z) > M. Continuity at 7 = oo is verified.

We check continuity at p = —g. Now

v(p) = <.

Consider a neighborhood of oo. It is of the form {oo} U N}, We must find a negih-
borhood {p} U B(p + i€, €) of p, such that (B(p + ic,€)) C M. Take € = 57. Let

2z € B(p + i€, €). Then

|z —p—ie| <e

Equivalently,

<€

zZ+ — —ie
c
lcz +d —ice| < €|c]

7



Taking squares we get
(cz +d —ice)(cz + d +ice) < 2c?
lcz +d|* +ice(cz+d —cz—d) <0

lcz + d|* — 2c*eIm(z) < 0.

So,
=M.

Im{y(2)) = \cjznﬁzd)\z 20126

Continuity at 7 = —g is verified.

We check continuity at 7 = p # —g. Now we have

ap +b

v(p)=0p+d€<@-

Consider a neighborhood of v(p). It is of the form {v(p)} U B(v(p) + i€, €). We must
find a negihborhood {p}U B(p+1d,d) of p, such that v(B(p+1id,d)) C B(v(p)+ i€, €).

We observe from previous calculations that the relation
|z —p—1id] <o

is equivalent to
Im(z) 1

—_— > .
|z —pl* = 20

Hence, the relation |y(z) — v(p) — i€e|] < € is equivalent to

Im(y(z) 1
) - 26

Further
I (2) ) az+b ap+0
z) — = - =
i TP cz+d cp+d
_lacpz + adz + bep + bd — acpz — bez — adp — bd| |z — p|
B ez +d||cp + d ez +dffep+d|



So,
Im(y(z)) _ Im(z)
v(z) =v@)* [z —pf?

lep + dJ?
2

lep + d|* >

and it is enough to take § = Continuity of ~ : H* — H* is verified.

e
lep+d]|?

It remains to consider the case ¢ = 0. From the relation ad — bc = 1 it follows that

la| = |d| = 1. Now

okt 4 o0
(7)) =
00, T =00

Again, continuity at 7 € H is immediate. Let us check continuity at oo. The

relation for imaginary part takes the form

hmw=#M@ﬂwx

so Im(z) > M implies Im(vy(z)) > M. Continuity at oo is verified. Let us check

continuity at p € Q. But again we have |y(z) — v(p)| = |z — p|, so if |z — p — i€| <€,

then
Im(z) = 1
|2 —p| = 2€
Im(v(2)) 1

h() —7@) ~ 2€

and finally |v(z) —v(p) — €| < €. In the case ¢ = 0 function ~ simply shifts neighbor-

hood of p onto a neighborhood of v(p).

With the quotient topology X (I') is a Riemann surface with the local coordinates
about a cusp s € P1(Q) U {oco} given by a composition of a straightening map § €
SLy(Z), where §(s)oc and the wrapping map p(z) = e2™*/" with width h equal to the

index of a subgroup I'y that fixes a point s [5, §2.4.].

9



1.4 Modular forms

Let k € Z. We will consider holomorphic functions f : H — C. For every v € SLy(Z)

define the factor of automorphy

Jj(y,7) =cT +d.

The wight-k operator is defined by

Fle() = 507, )78 (7).

Let I' be a congruence subgroup of SLy(Z). A function f is weakly modular of weight

k with respect to I', if the relation

k= f

holds for every v € I'. Every weight-k weakly modular form admits a Laurent expan-

sion in the following sense.

1 N
Since I'(N) C T, it follows that € I'. Let h be minimal positive integer
0 1
1 h 1 mh
such that € I'. Then for every integer m € Z we have v,,, = el.
01 0 1

and

f(r+mh) = flmnle(r) = f(7).

The mapping q,(7) = e“i" sends H onto the punctured unit disk D’ = {geC:0<

lg| < 1}. Define the function g : D" — C by

27iT

glan) = f(1), an=1¢"n".

2mir!

n—, then 7 — 7/ = mh for some integer m and

The definition is correct: if e rn =e

f(r) = f(r'"+mh) = f(7'). Further, g is holomorphic in D’ and hence can be written

10



as a Laurent series:

F() =glan) = angy.

neEL

f is called holomorphic at oo, if a,, = 0 for all n < 0, i.e.

F) =glan) = angy.

In this case the series expansion in powers of ¢, is called the Fourier expansion of
flod.

If f is weight-k weakly modular with respect to I', then for any o € SLy(Z) function
fla]y is weight-k weakly modular with respect to a 'T'a. Since, I'(N) is normal, the
subgroup o '« is a congruence subgroup and the property to be holomorphic at oo
makes sense for f[a]; as well.

Definition. A weight-k modular form with respect to a congruence subgroup I'

is a function f : H — C such that
e f is holomorphic
e f is weight-k weakly modular with respect to I'
e for every av € SLo(Z) fax is holomorphic at oco.

The space of all such forms is denoted M (). It is a complex vector space. If,
additionally, for every o € SLo(Z) the zero term in the Fourier expansion of f[a]y is
zero, then f is called a cusp form. The space of cusp forms is denoted by Si(I'), it
is a subspace of My (I"). The qoutient My(I")/Sk(I") is called the space of Eisenstein
series and is denoted by FEr(I'). In the chapter 3 we will specify representatives for
elements of Ei(I") that are true series. By definition, every Eisenstein series F is
represented up to a cusp form by some f € My (T"). For every a € SLy(Z) the zero
Fourier coefficient of f[a]y is called the Fourier coefficient at oo and it is independent
on the choice of f. It is assumed that all Fourier coefficients at oo of an Eisenstein

series F belong to some number filed K, i.e. a finite dimensional field extension of

11



the field of rational numbers Q.

1.5 Homology and cohomology groups

1.5.1 General definitions
Denote by A" the standard n—simplex in R**!, that is
A" ={(to.t1,. . tn) ER™tg, ... £, >0, t; =1},
i=0

A singular n—simplex in a topological space X is a continuous mapping o : A" —

X(T).

Let vo = (1,0,0,...,0), v; = (0,1,0,...,0),..., v, = (0,0,0,...,1) be vertices of

the simplex A™. By [vg,...,0;,...,v,] we will understand the set
{(to, t1,...,t,) € A"|t; =0}
and we will identify it with A"~! by the correspondence
(to,t1, - tn) = (to, b1, it tigry .oy tn) € AT

This correspondence is a natural identification of i—th (n — 1)—dimensional facet of

A" with A"~!. Respectively, the restriction

0‘ [00,++,Di ey Un]

is a singular (n — 1)—dimensional simplex. Precisely,

U|[vo,...,ﬁi,.‘.,vn]((t07 tl, Ce ,tn,1>> = O'((to, e ,tl',l, O, t'h e ,tn))

12



Example 1.5.1. Let X = R? and

o((to,t1,t2)) = (t2 + ty,sin(7ty) + to)

be a singular 2—simplex in R2. Its vertices are vo = (1,0), v1 = (1,0), vy = (0, 1).
Vertices are 0—dimensional facets. Observe that two of them coincide. Form of the

simplex can be seen from the picture below. Vertices are represented by red points.

15

1.0

05
|

0.0
|

0.0 0.2 0.4 0.6 0.8 1.0

This simplex has three 1—dimensional facets (actually, curves on the plane) that
can be written in a parametrization t =t =1 —ty, 0 <t < 1, in the following way
(the choice of parametrization is dictated by the fact that the order of vertices in the

sub-simplex must be the same)

Ol we] = (L —t,sin(m(1 —1))+1¢): 0 <t < 1};

13
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1.0

05

0.0

15

1.0

/

Oliwown0) = L((1 —)* + t,sin(mt)) : 0 <t < 1}
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15

1.0

05

00
1

0.0 0.2 04 0.6 0.8 1.0

Let C,(X) be a free abelian group with basis the set of all singular n—simplices

in X. Precisely,
m

Cn(X) = {Z nioilm > 0,nq,...,ny € Z, 01, ...,0, are singular n-simplices in X }.
i=1

It is called the set of n—chains in X.

Consider the (boundary) mapping 0, : Cn(X) — C,_1(X), defined as a group

homomorphism such that

The homomorphism property implies that 0, is defined on all C,,(X) by the rule
an(z nio;) = Z 1ni0n(0;)
i=1 i=1

Example 1.5.2. We use 2—dimensional simplex in R? defined in the example 1.5.1.

We find that

82(0) = 0‘[@0,1)1,02] - 0‘[00,171,1)2] + U‘[vo,vl,@Q]
These three curves are given on the plot below.

15



15

1.0

0.0

Observe that the arrow in 0|y s, v, 5 Teversed, which corresponds to minus sign.

Os2(0) is the cycle around the boundary of a singular simplet.

Above constructions generalize to any field K. Let C,,(X(I'), K) be a set of all

formal sums

Zm: kioi,

i=1
where m > 0, ky,...,k,, € K and oq,...,0,, are singular n—simplices. The space
C,(X(I), K) is an abelian group. The boundary map 0, : C,,(X ('), K) — C,,_1(X(I"), K)
is defined as a group homomorphism such that

On(ko) = Z(—l)ik‘ffhvo ..... Bireersm]
i=0
(here (—1)k means the additive inverse of an element k € K).
We check that 0, 0 0,41 = 0.
Indeed, given any (n + 1)—chain ko we have
nt1
Oui(ho) = S (1) k0l

=0

16



and

n+1
On(0011(0)) = 0u((—1) 'k g, rrvnn]) =
=0
n+l ,i—1 n+1
:Z< ( 1)Z+Jk0-’[vo ..... D yeeesDiyeeesUng] Z<_1)z+jko-‘[vo ..... Vjyeres0j ey vn+1])—
1=0 7=0 Jj=i+1

- Z <_1)i+jko-’[vo ----- VjyeeesDiyeeyUng1] Z (_1)i+jko-|[v0 ----- DiyeersVjyeeny vn+1]:0

0<j<i<n+1 0<i<j<n+1

The property 0, o 9,,1 = 0 implies that one can define homology with coefficients

H,(X(I'),K) = Ker 0,/Im 0,41

If A is a subspace of X (I'), then we define relative n—chains with coefficients as a

quotient group

Co(X(T), A K)=C(X(T),K)/Ch(A, K).

If 7, is the quotient map:
Jn: Cu(X(T), K) = Co(X(T), A, K),

then the map j,—100, : C,(X(I"), K) — C,—1(X(I'), A, K) factors through C, (A, K).

It defines a factored boundary map
On 1 Cp(X(T), A K) — C,1(X(T), A, K)
by the property
an o jn = jn—l o 8n

For factored boundary maps relation 0, o 0,41 = 0 is preserved and the relative
homology groups
H,(X(I'), A K) =Ker 0,/Im 0,41

are defined. In particular, H;(Yy(NV), K) is a group of cycles modulo boundaries of

17



2—chains in Yy(V) and H;(Xo(N), cusps, K) is a group of continuous curves in Xo(N)

with endpoints in cusps.

Homology groups were defined starting from the chain
03 s o
o= Cy(X) = CL(X) = Co(X).

To define cohomology groups at first we consider dual chain. Let C™(X) be the
group Hom(C,,(X);Z) of all homomorphisms from C,(X) to Z, i.e. C™(X) consists
of mappings

¢:Co(X) > Z

such that ¢(>"1" n;o;) = > ni¢(o;). Elements of spaces C"(X) are called cochains.

Coboundary map 6" : C"1(X) — C™(X) is defined dually to boundary maps 9, :
if p"~! € C"1(X), then
(8"(¢""))(0) = ¢" " (0u(0)), o € Cu(X).
The definition is correct,as 0, (o) € C,,—1(X). We obtain a chain
L& orx) £ o x) & eox.
Coboundary maps stasify the relation
"o ™ =0.

Indeed, for every ¢ € C"7'(X) and any o € C,,;1(X) we have

(6" 0 0™(9))(0) = (0"(8))(On+1(0)) =

= ¢(0n, 0 Opt1(0)) = ¢(0) = 0.

18



Cohomology groups are defined as factor groups

H™"(X) = Ker " /Tm ™.

One of the advantages of a cohomology is that it is clear how to define the product
of cohomologies. Given cochains ¢ € C*(X), ¢ € C'(X) we define a cochain ¢ U €
C*(X) by the following rule:

for any o : AF 5 X

(0 UY)(9) = ¢(0wo,...0a) V(O |twrvn)
The coboundary map satisfies the following relation
SF U Y) = 8 pU P+ (=1 o Uy,
Indeed, for any simplex o : AF+1 — X we have

S Uip(o) + (—1)Fo U (o) =

= Z(—l)ng(ahvo ----- Diyenns Uk+1])¢(a|[vk+1 ----- Uz+1])+
=0
I+1
+ Z(_l)k+J¢(a’[Uo ..... vk])w(ahvk ..... f)k+]’ ..... ’L)k+1+1}) = (¢ U w)(ak+l+10)
=0

As a consequence of this formula, the cup product factorizes through coboundary

maps, and gives the cup product of cohomologies.

U: H*(X) x H/(X) — H"(X).
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Relative cup products
U: H*(X,A) x H(X) — H*(X, A),

U: H*(X) x H'(X,A) — H*(X, A),
U: H¥(X,A) x H(X,A) — H*" (X, A)

are also defined by the product formula.

The cap product is defined similarly to the cup product:

n: Ck(X) X CZ(X) — Ckfl(X)

for any o : A¥ — X and ¢ € C'(X) we define

From the formula

IoNg)=(—1)(dcN¢—0onip)

it follows that the cap product is defined for homologies

N: Hy(X) x H(X) = Hp_(X).

For the n-dimensional manifold M, there is a natural homomorphism
D : H*(M) — H, (M)
which is called duality. It allows to define cap product for homologies,

M: Hk(M) X Hn_l(M) — Hk_l(X)
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For example, on a two-dimensional manifold M a cap product
n: Hl(M) X H1<M) — H(](M)

is defined. If a manifold is path-connected, then Hy(M) ~ Z and we have a mapping
(intersection pairing)

o: Hi(M)x H{(M) —Z

1.5.2 Group H;(Xy(N),cusps,Z) and Eisenstein elements

As it was defined in the general case, H;(X(V),cusps,Z) is a relative homology
group. To examine its structure we consider following objects. C,(Xy(NV)) is a

(n) (n)

group of formal linear combinations > " n;o;", where each o, is a continuous

mapping of n—simplex into Xo(N); C,,(cusps) is a group of formal linear combinations

(™) is a continuous mapping of a simplex into the set of cusps.

> nio\™, where each o'
As the set of cusps is finite (hence discrete), a continuous mapping 0 : A" — cusps
reduces to a constant mapping. So we identify each ai”) with a cusp. With this

identification all groups C,,(cusps) become isomorphic to Cy(cusps) —a group of formal

linear combinations of cusps.

Cr(Xo(N), cusps) = C,,(Xo(N)/Co(cusps) is a quotient group, where two n—chains
are identified if they differ by an element of Cy(cusps) its elements are formal linear

combinations Y ;" | n;o ™ 4 Cp(cusps) where each a( ™. A" = Xo(N) .

Following general theory we introduce two boundary operators

01(2 nio + Co(cusps)) Z ni(c(1) — 6t (0)) + Cy(cusps)

(92(2 nio® + Cy(cusps)) Z ni (o JZ@)(O, 2)+ 01(2)(0, 1)) + Cop(cusps)
i=1
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It was checked that 0, o 0 = 0, so we can define the quotient group
Hi(Xo(N),cusps, Z) = Ker 0;/Im 0.

Below are two examples

Example 1.5.3. A continuous path o : A' — Xo(N) such that o(0) and o(1) are
cusps, is an element of Hi(Xo(N), cusps, Z). Indeed, applying boundary operator we
get

O1(0) = o(1) — a(0) € Cy(cusps)

So, relative homology group contains not only cycles in Xo(N) but also paths between

Cusps.

Example 1.5.4. Consider two paths oy : A' — Xo(N) and oy : Ay — Xo(N) that
connect two cusps, i.e. 01(0,1) = 09(0,1) = «, 01(1,0) = 09(1,0) = 5. Assume that

these paths are homotopic in Xo(N), i.e. there exists continuous mapping
¢ Al x [0,1] = Xo(N)

SUCh that ¢(07173) = Q, ¢(1707S) = 57 ¢(t07t170) = 01(t07t1) (md ¢(t07t171) =
os(to, t1). Then relative homological calsses of o1 and o9 coincide. Indeed, consider
2—simplex

O(to, t1 +ta; 72), to < 1

/87 t():l

0-(2) (t07 tl) t2) -

Its continuity follows from continuity of ¢. We compute its boundary:
0y0 P (to, t1) = (0, to, t1) — 0P (t0,0,11) + 0@ (to, 11,0) =

= ¢(0, 1; tl) — ¢(t0,t1; 1) + ¢<t0,t1; O) = X — 09 + 01
It follows that o1 — o9 € Cy(cusps) and o1 = oy in H;.
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Let f € My(I"). For any 2o € H and v € I let ¢(7y) be the class in H, (Y (I'),Z) of

the image in Y (I') of the geodesic in H joining zo and 7(2). The integral

m) = [ fedzec.

c(v)

is called the period homomorphism of the form f. The integral is independent on the

choice of zj since for z; = a(zy), a € I, one has

/v(a)(ZO) F()dz = /’Y(ZO) Fa()- dz _ /7(2’0) F(2)de.

a(z0) 20 j(Oé, 2)2 20

If all coefficients at oo of the corresponding Eisenstein series E belong to K, we obtain

the homomorphsim

g Hi(Y(I),K) = K.

Assume for two cycles oy € Hi(Xo(N),cusps, K) and 09 € H{(Yo(N), K) and a
point p € o1 N oy the intersection of cycles at p is transversal — tangent spaces T,(o1)
and T,(o2) generate the two-dimensional tangent space T,(Xo(N)). Then there is
a basis for T,,(X¢(/V)) which consists of basises of T},(0y) and T,(o3). If this basis
preserves orientation, define the intersection index to be i,(01,02) = 1, otherwise

ip(01,02) = —1. Finally, the intersetion number for two cycles is defined as
01009 = Z ip(Ul,Ug)
pEoi1No2

(here we assume that cycles intersect transversally at every point). The definition
depends only on the homological classes and thus gives the pairing of homological

groups H; [6, Ch. 0, §4].

The Poincare duality theorem [6, Ch.0, §4] states that the pairing is perfect, that

is every linear functional on H;(Yy(V), K) is given by pairing with some element of
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Hi(Xo(N),cusps, K). Then there is an element £ € Hy(Xo(I"), cusps, K) such that

mg(o)=Eo0

1.5.3 Modular symbols

The mapping ¢ : SLo(Z) — Hi(Xo(NV),cusps,Z) is defined as follows. Given any
v € SLy(Z) consider cusps 7(0), (o) € P1(Q). Let (() be the homological class of
a path in Xo(N) joining these two cusps.

Given elements «, 5 € H* we denote by {a, f} the homology class of the geodesics
in Xo(V) connecting a.zp to f.zp. As homologies are defined up to boundaries of

2—simplices it follows that

{a, By +{6,7} +{r,a} = 0. (1.1)

As {a,a} =0, it follows that

{Oé,ﬁ} = _{670‘}'

Also, as X((N) is the quotient under the action of I'y(N) it follows that

{a, B} = {7(a),7(B)}

for all v € I'y(N).

Proposition 1.5.1. Consider any o € H* and a mapping

Y= {a77(a)}7 S FO(N)

This mapping is a surjective homomorphism, independent of c.

Proof. 1. The mapping is a homomorphism. Indeed, consider 71,7, € T'o(N). Then
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by (1.1)
{a,mye(a)} = {a,m(a)} + {nla), np(@)} =

from group invariance

= {a,m(@)} +{a,72(a)}

2. The mapping is independent of a.

For any 3 we have

{a, 6} = {7(),7(8)}

{a,v(a)} + {r(@), B} = {7(@), B} + {B,7(8)}

So,
{a,v(a)} ={8,7(8)}

3. Surjectivity of the mapping follows from surjectivity of the canonical mapping
SR (XO(N)7 Qb(a)) — Hl(XO(N>7Z)

(where 7 is the fundamental group and « is a parabolic point for I'4(N)) [2,

Prop. 1.4]

The mapping ¢ sends v € SLy(Z) into {7(0),v(c0)} € Hi(Xo(N),cusps,Z). A
generic element of Hy(Xo(N), cusps,Z) is of the form {0,~(0)} for some vy € T'o(V).
Surjectivity of ¢ will follow once proved that any element {0,~(0)} is a linear combi-
nation of elements {r(0),r(co0)}, where r € SLy(Z).

If 7(0) = oo then we are representing the element {0,000} and r can be taken as
identity matrix. So, we assume that v(0) = g # 00. Also we assume that the rational

number g is given in the lowest terms and b,d > 0.
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Fix right coset representatives for I'g(N), i.e. fix matrices ro, ..., 7, such that
SLQ(Z) = Fo(N)TO U...U Fo(N)T’m

and the union is disjoint. Write the number g as a continued fraction

b 1
gt ———
a
1 az+ T
.
Then successive approximations ag = Z—g, ag + a—ll =0 .., g = Z—: satisfy

Pidi-1 — qipj—1 = (-1, -1 <j<n

(additionally we put &= = Lop=2 = 0y

It follows that

Now

As a consequence, the group Hy(Xo(V), cusps, Z) is generated by a finite set of ho-
mologies {r;(0),r;(c0)}, where ro, ..., 7, are right coset representatives of the group

[Co(N). ¢ is a surjective mapping,.
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1.6 Projective line over the ring

1.6.1 General construction and a projective line over Z/NZ

Let R be a commutative unital ring. Denote by U the set of unities in R, i.e. U is

the set of invertible elements of R. Let

P(R) = {(a,b) € R* : aR+ bR = R}.

On P(R) we introduce equivalence relation

(a,b) ~ (¢c,d) & 3INe€U: c=AIa,d=\b.

The projective line over R is the quotient set

Let us consider an example that was already met above.

Example 1.6.1. If R is a field, then U = R — {0} and P(R) = R? — {(0,0)}. Each
pair (a,b) € P(R) with b # 0 is equivalent to (§,1) and such points can be identified
with ¢ € R. If b= 0, then a # 0 and a point (a,0) is equivalent to a point (1,0) which
1s identified with oo. So, a projective line over a field is a one-point extension of a

field. In particular, P*(Q) = QU {co}.

Next we discuss projective lines over rings Z/NZ. Below a denotes the residue

modulo N of an integer a € Z.

Proposition 1.6.1.

P(Z/NZ) = {(a,b) € (Z/NZ)* : ged(a,b, N) = 1}.

Proof. The equality ged(a, b, N) = 1 means that the only common divisors of a, b and
N are 1. Since an integer d divides a and N if and only if it divides a + kN and N,
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the property ged(a, b, N) = 1 depends only on the residue classes of a and b modulo
N and is well-defined for a,b € Z/NZ. If (a,b) € P(Z/NZ), then

1€ Z/NZ = aZ/NZ + bZ/NZ

So, there is (u,v) € (Z/NZ)? such that

au+bv =1
It means that N divides au + bv — 1, i.e.
l=au+bv+kN=(a+INu+ (b+mNw+kN =au+bv+ (lu+mv+k)N

for some integers k, 1, m. Then every common multiple of @, b and N divides 1. This
proves that ged(a, b, N) = 1.

Conversely, let ged(a, b, N) = 1. Then
au+bv+ kN =1

for some integers u, v, k. Then for every integer ¢

¢=c-1=clau+bv) = a(uc) + b(vc) € aZ/NZ + bZ/NZ
So,
aZ/NZ+VZ/NZ = Z/NZ

and (a,b) € P(Z/NZ).

Following general approach, we define the projective line P!(Z/NZ) as the quotient
set

PY(Z/NZ) = P(Z/NZ)/ ~,

28



where the equivalence relation ~ is defined on P(Z/NZ) by
(@1,b1) ~ (a2, 02)
if and only if there exists a unit A\ € (Z/NZ)* such that
Gy = Aay, by = \by,

(Z/NZ)* = {\ € Z/NZ : gcd(\, N) = 1} is the group of units in Z/NZ.
The mapping of SLy(Z) into PY(Z/NZ)

— (¢, d)
c d

factors through T'y(N) and defines a bijection To(N) \ SLy(Z) — PY(Z/NZ)

1.6.2 Structure of PY(Z/p*Z)

p is a prime > 3. In this subsection @ denotes the residue modulo p? of an integer a.

The full set of coset representatives for P1(Z/p*Z) is given by p(p + 1) pairs

Proposition 1.6.2. Every x € PY(Z/p*Z) not of the form (1,kp£1), 0 < k < p?
can be represented in the form x = (r — 1,7 + 1) for an integer v such that p does not

divide r and 4 divides r — 1.

Proof. e Let z = (0,1). Since p > 3, then ged(2,p?) = 1 and 2 is a unit in Z/p?Z.

(0,1) is equivalent to (2-0,2- 1), i.e.



for r =1.

Let # = (1,f) and t # kp+ 1. If p divides ¢t — 1, then ¢ = kp + 1 which is not

the case, so t — 1 is a unit in Z/p*Z. Let v € Z be such that v(t —1) = 1.

Since (v+p?)(t —1) = v(t — 1) = 1, we can take v even (if v is odd change it to
even v + p* with same property). Let r = 1 + 2v. v is even, so 4 divides r — 1.

2u =17 —11is a unit in Z/p*Z, so

(L ~@F—Ltr—1) =@ —1,208) = (- 120 +1)) =

=(r—-1,2v+2)=(r—1,r+1)

It remains to check that p does not divide r. If it is not the case, then r = kp
and

kp=r=14+2v, 20=kp—1

S=20(t—1)=(kp— 1)t —1)

So, p? divides (kp —1)(t —1) —2 = kp(t — 1) — (t + 1). Then p divides ¢ + 1 and

t = kp — 1, which is impossible. p does not divide r.

Let 2 = (kp, 1), where 1 < k < p — 1. Since kp — 1 is not divisible by p, kp — 1
is a unit in Z/p*Z. Let v € Z be such that v(kp — 1) = 1. We can assume that
v is odd (as we can change v to v + p?). Let r = —2v — 1. From representation

r=—2(v+1)+1 and the fact that v+ 1 is even, it follows that 4 divides r — 1.

r+ 1= —2v is a unit, so

(kp, 1) ~ (kp(r +1),r + 1) = (=2vkp,7 + 1) = (=2(v + 1),7 + 1) =

=(—2v=2,r+1)=(r—-1,r+1).
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It remains to check that p does not divide r. If it is not the case, then r = [p and

lp=r=—-1-2v, 2v=—-Ilp—1

2=2v(kp—1) = (=lp—1)(kp — 1)

So, p? divides (—Ip — 1)(kp — 1) — 2 = —1 + p(l — k — lkp). Then p divides —1

which is impossible. p does not divide r.

Several special matrices are introduced
1 —r 1 —r

0 2p? 0 p?

1 1 1+sp  sgp+3
Vk: y Rk =

SEp  SEp + 2 2skp 2(skp+2)

1, k odd k, k odd
where §, = cSk=k+ (0, —1p=

0, k even k—p, k even

1.7 Special values of L-functions and the function Iy

Let f € My(I'). In [5, Proposition 5.9.1] the growth of coefficients is estimated:

there is a constant C' > 0 such that for all n > 1
|an| < Cn (1.2)
From this the following estimate
Ve >03C >0:|f(iy)| <Cy *“for0<y<1 (1.3)

is derived in [7, Proposition 1].
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Also, if we write f(z) = f(2) — ao(f), then [8, Lemma 2.1.1]
3C >0 |f(iy)| < Ce ¥V for y > 1 (1.4)
Using these estimates we can define the L-function as a series
L(f,s) :Nsian(f)ns. (1.5)
n=1

Proposition 1.7.1. s — L(f, s) is a holomorphic function in the region {s : Re(s) >

2},

Proof. We must check that for Re(s) > 2 the series in the definition of L(f,s)
converges absolutely and that the convergence is uniform on compact subsets of

{s: Re(s) > 2}. From (1.2) we estimate

S lan(fn| € O3 mpn = 3wt

n=1 n=1 n=1
If s € K where K is a compact in {s : Re(s) > 2}, then we can estimate Re(s) > ¢
for some ¢ > 2 and all s € K. So,

isup (nl—Re(s)> < inl—c < 00
n=1

n—=1 seK

The latter convergence follows from 1 — ¢ < —1.

]

By the expression (1.5) function L is defined only in the half-plane Re(s) > 2. We
will show that it can be extended to a meromorphic function in C with possible poles
only at s =0 or s = 2. To do this we use the Mellin transform of the function f.

Consider the infinite vertical line ((y) = iy, y > 0. The Mellin trasform is the

integral along ¢

DM$=LﬂMMWW*M
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Equivalently,
D(.s) =i [ Fiwy
0

Proposition 1.7.2. s — D(f, s) is a holomorphic function in the region {s : Re(s) >

2.

Proof. We must check that for Re(s) > 2 the integral in the definition of D(f,s)
converges absolutely and that the convergence is uniform on compact subsets of {s :

Re(s) > 2}. At first we observe that the integral
/ fliy)y*~'dy
1

converges absolutely for all values of s. Indeed, using (1.4) we estimate the integrand

as

|fiy)y*™"| < Oyl temv/N

If s € K where K is a compact, then we can estimate Re(s) < ¢ for some ¢ > 0 and

all s € K. So, the integrand is estimated uniformly as
Cyaflefy/N

which is integrable on (1, 00).

To prove convergence of the integral
1 ~
/ fliy)y*~'dy
0

we use (1.3):

‘]F(Z'y>ys—1’ < C«y—Q—e-i-Re(s)—l

If Re(s) > 2 + ¢, then the estimate has the form Cy”, 8 > —1 and the result follows
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from convergence of the integral

The next proposition establishes a relation between L-function attached to f and

a Mellin transform of f.

Proposition 1.7.3. For all s with Re(s) > 2

Proof. We use the Fourier transform of f :

D(f,s) = i/ooo (Zan(f)e‘wy)ys‘ldy =

- e, o
:Zz@n(f)/o e N Yy Tldy =
n=1

= zz an(f) (2;\,:)5 /OOO t e tdt = i (s)(2m) °L(f, s)

Rewrite obtained relation as

L(f,s) = —i(2m)® D(f,s).

1
['(s)
The function ﬁ is holomorphic on C [9, Chapter VII, §7]. So, if we extend D(f, s)

to a meromorphic function with possible poles at s = 0 and s = 2 then we will get

the needed extension of L(f,s).
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0 1
Consider the matrix o = ( ) € SLy(Z).
-1 0

Proposition 1.7.4. For all s with Re(s) > 2

Z.ao(f) +iao(f[0]2)

S 2—5

D(f.s) = — i / " Flig)yds — i / " Flolaliy)y—dy

Remark 1.7.1. Proposition 1.4 establishes the needed extensions of D(f,s) as both

integrals in the right side are holomorphic on C (proved in proposition 1.2).

Proof. By definition of the Mellin transform
SSINS oo 1 5
D(f,s) = %/ fliy)y®'dy = 2/ flay)y®'dy + 2/ fliy)y*dy.
0 1 0
We have to transform the second summand.

1
0

i / Fliy)y*dy = i / (Fiy) — ao( f))y*dy =

1 1
i / [y dy — iaof) / gy =
ao(f)

S

1
= @/ fliy)yy "y —i
0
change variables u = 1/y

= i/loo f(i/u)yu= D dy — i@ =

observe that f[o]s(2) = 272f(—1/2) so that f(i/u) = f(—+) = —u?f[o]a(iu)

ao(f)

S

_ /1 " Flola(iuyut—du — i

S

_ _Z-/OO Flo]a(iu) +Z.ao(f[0]2) _Z.ao(f)'

2—35 S

—i [ " Floha(iu) — iag(flo]:) / ey — %) _
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]

Extend the defintion of a weight-2 operator to any matrix a € GL2(Q) with

positive determinant as follows:

flal(2) = det(a)j(a, 2) 7 f(a(2)).

The function f[a] is a weight-2 modular form with respect to a congruence subgroup
a'Ta. For an Eisenstein series E € Ey(To(p?)) the function Ff is defined in terms

special values of associated L-functions:

Fp :PYZ/p*Z) — K

(ﬁ(ZL(E[ar], 1) — L(E[B,1]), z=(r—1,r+1)

I 2(2E[Vy] — Elke])dz, @ = (1+kp,1)

—Fp((14kp, 1)), == (kp—1,1)

0, z=(+1,1)

In the main result of the paper [4], the Eisenstein element £ is found as a linear

combination of modular symbols ((g), g € P*(Z/p*Z) with explicit coefficients:

E= Y Fplg)ly).

gEPH(Z/p*L)

if £ is an element of a basis for Ey(To(p?)) given in Lemma 3.1. Though ((v) was de-
fined for v € SLy(Z), it factors through T'y(p?) (orbits in Xo(p?) are T'y(p?)-invariant),
so ( is defined on T'o(p?) \ SLa(Z) ~ PHZ/p*Z).
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Chapter 2

Intersection with I'(2)

2.1 Cusps of ['y(p?)

To describe cusps of the group 'g(p?) we find the index of ['y(p?) in SLy(Z) and relate
this subgroup to SLy(Z/p*Z).
Let N > 1 be an integer. The group SLo(Z/NZ) is defined similarly to the modular

group SLo(Z) but with all operations taken modulo N.

a b
Definition 2.1.1. SLy(Z/NZ) is the set of all matrices v = , such that

c d
a,b,c,d € Z/NZ and ad — bc = 1(mod N).

SLy(Z/NZ) is a group as the relation ad — bc = 1(mod N) implies that ad — be

and N are coprime and there is a multiplicative inverse (ad — bc)™! € Z/NZ. Then
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Proposition 2.1.1. The mapping

a b a(mod N) b(mod N)
%

c d c¢(mod N) d(mod N)
is a surjective homomorphism of a group SLa(Z) onto a group SLo(Z/NZ).

Proof. The mapping is a homomorphism since addition, subtraction and multipli-
cation commute with taking residue modulo N. Only surjectivity must be proved.

Assume that
/ /

€ SLy(Z/NZ).
d d

a b
We will find the matrix € SLy(Z) such that
c d

a(mod N) =da',b(mod N) =¥, c¢(mod N) = ¢, d(mod N) =d'.
Counsider several cases.

e Let ¢ # 0, d # 0. Denote by g the greatest common divisor of ¢ and d'.
From the relation a’d’ — /¢ = 1( mod N) it follows that ¢ has a multiplicative
inverse modulo N and thus (g, N) = 1. Let P(c¢’) be the set of all distinct
prime multiples of ¢’. Every two elements of P(¢’) are coprime and the Chinese

Remainder Theorem applies: there is an integer ¢ such that for every p € P(¢),

plg
t = 1( mod p)

and for every p € P(¢), p [y
t = 0( mod p).

Integers ¢ and d'+tN are coprime. Indeed, assume that there is a prime number
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p > 1 such that p|¢ and p|(d'+tN). Then p € P(¢'). There are two possibilities.
If plg, then p|d'. So, p|(tN). But (¢, N) = 1 hence p /|N and p|t which is
impossible as t = 1( mod p).

The second possibility is p fg. Then p|t and p|d’. From p|¢’ and p|d’ it follows

that p|g which is not the case.

o Let ¢ # 0, d = 0. We repeat considerations of previous case substituting g with
. From the relation —b'¢’ = 1( mod N) it follows that (¢/, N) = 1. Let P(c’) be
the set of all distinct prime multiples of ¢’. By the Chinese Remainder Theorem

there is an integer ¢ such that for every p € P(¢),

t = 1( mod p).

Integers ¢ and tN(= d' 4+ tN) are coprime. Indeed, assume that there is a prime
number p > 1 such that p|¢ and p|tN. Then p € P(¢') and p /t. But from
(¢, N) =1 it follows that p fN which is impossible.

o If ¢ =0, d # 0, then we interchange roles of ¢ and d and obtain coprime

integers sN(= ¢ + sN) and d'.

In any case, there are coprime integers ¢ + sN and d' +tN. There are integers k, [
such that

k(¢ +sN)+1(d +tN)=1

On the other hand the condition a'd’ — b'¢ = 1( mod N) implies '(d' +tN) — b'(d +

sN) = 1( mod N) and the existence of an integer m such that

a(d +tN)—=b(d +sN)+mN = 1.

Then
(@' +ImN)(d +tN) — (b — kmN)(d + sN) =

39



=a'(d +tN)—=b( +sN)+mN({(d +tN)+k(d+sN))=1—mN +mN =1

and

a +ImN b —kmN
€ SLy(Z)

cd +sN d +tN

is the needed matrix.

Corollary 2.1.1. If N; divides Ny then the mapping

a b a(mod Ny) b(mod Ny)
%

c d ¢(mod Ny) d(mod Ny)

is a surjective homomorphism of a group SLay(Z/NyZ) onto a group SLo(Z/N1\Z).

When N = p is prime, then Z/pZ is a field. Consider the group G Ly(Z/pZ) of all
2 x 2 invertible matrices over Z/pZ. As Z/pZ is a field, invertibility of a matrix ~ is

equivalent to the condition dety # 0.
Proposition 2.1.2. The order of GLy(Z/pZ) is p(p — 1)(p* — 1).

Proof. We will construct all matrices G Ly(Z/pZ). There are p* possible 2-rows from
elements of Z/pZ. The first row can be any nonzero row, i.e. there are p*> — 1 possi-
bilities for the first row. The second row can be any row but the multiple of the first

row, i.e. given the first row there are p? — p possibilities for the second row and

|GLy(Z/pZ)| = (p* = 1)(p* — p) = plp — 1)(p* — p)

Proposition 2.1.3. The order of SLy(Z/pZ) is p*(1 — ).
Proof. The mapping

— ad — be
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is a homomorphism of the group G Ls(Z/pZ) onto the multiplicative group (Z/pZ) \
{0} = {1,2,...,p — 1}. Its kernel consists of matrices with determinant 1, i.e.
SLy(Z/pZ). 1t follows that the quotient GLo(Z/pZ)/SLs(Z/pZ) is isomorphic to
(Z/pZ) \ {0} and

|GL2(Z/pZ)| = |SL2(Z/pZ)| - (p — 1)

We find that the order of SLy(Z/pZ) is pe-DG*-1) P21 — ). O

p—1

Consider the mapping

a b a(mod p) b(mod p)
%

c d ¢(mod p) d(mod p)
of the group SLy(Z/p?Z) onto the group SLo(Z/pZ) (it is defined in corollary 1.1).
The kernel of this mapping consists of matrices that are equivalent to the identity

matrix modulo p, i.e. it consists of matrices of the form

1+pa pb

pc 14 pd

where a,b,c,d € Z/pZ and a + d = 0 modulo p. Moreover, such representation is
unique. Now, for (a, b, ¢) there are p* choices and d is determined from a + d = 0. So,
the kernel consists of p? elements, and the order of SLy(Z/p*Z) is

pp(l—p?) = p6(1 - l)

p2

Remark 2.1.1. Obtained result is generalized to all N as follows. The order of
SLy(Z/NZ) is

v ()

pIN.p prime
By [o(p?) \ SLy(Z) we denote the family of right cosests {To(p®)y : v € SLa(Z)}.
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Two cosets are either disjoint or equal and
Lo(p?)a =To(p*)B < af € To(p?).

We compute the order of T'y(p?) \ SLy(Z) in three steps.

a b
1. Denote by I'(p?) the subgroup of SLy(Z) consisting of matrices that are
c d

equivalent to identity modulo p? (principal congruence subgroup). Then
2 6 1
D)\ SLa(@)] = (1~ 5

Indeed, two matrices «, 8 have the same cosets if and only if a( mod p?) =
S( mod p?) (where taking residue is understood element-wise). So, the quotient

['(p?) \ SLa(Z) is naturally isomorphic to SLy(Z/p*Z).

a b
2. Denote by I';(p?) the subgroup of SLy(Z) consisting of matrices that
c d

*
are equivalent to the matrix modulo p?. Then

01

p

T1(p%) \ SLo(Z)] = p° (1 - i?)

Indeed, the mapping

a
—b

c d

is a homomorphic surjection of I';(p?) to the additive group Z/p*Z :

a b a v aa’ +bcd ab + bd
= —
c d d d ca +dcd b+ dd

—ab' +bd = b+ ( mod p?)
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Its kernel is T'(p?) as a = d = 1 and ¢ = 0 by definition of I';(p?). So, the index
of T'(p?) in T'y(p?) is p* and

T (p*) \ SLa(Z)] =

P(*)\ SLa(Z)] _ p4(1 _ i)

p? p?

3. The mapping

a b
—d

c d

is a homomorphic surjection of I'g(p?) to the multiplicative group (Z/p*Z)\ {0} :

a b a v aa’ +bcd  ab + bd
= —
c d d d ca +dcd b+ dd

— cb +dd = dd'( mod p?)

Its kernel is T';(p?), so the index of T'y(p?) in To(p?) is p* — p.

'y (p?) \ SLo(Z 21
_IDONSL@] _ el

Tow’) \ SLs(Z)| = =222 T

[To(N) : SLy(Z)] = N ] (1 + %)

p|N

In the case N = p?, the index is
9 1
p|1+—)=pp+1).
p
Now we can find a complete set of representatives for T'g(p?) in SLy(Z).

Lemma 2.1.1. [/, Lemma 2.1] Matrices



0
ﬁkp: ,1§k§p—1
kp 1

form a complete set of representatives for PY(Z/p*Z).
Proof. There are
1+p*+p—1=pp+1)

matrices listed, so one only must check that neither two of them are equivalent modulo

Lo(p?). But if 0 <t < s < p* — 1, then

as 1 <s—t<p?
[fo<t<p?—1land1<k<p-—1,then
0 —1 1

—1 1 2
Oétﬁk;p = = ¢ Fo(p )
1t —kp

— o
—_

I o
-~
ol

=
~ |

as p f1
If1<k<l<p-—1,then

i o\ (1 o 10 ,
BBy = = Z To(p”)
Ip 1 —kp 1 (l—Fk)p 1
asp f(l — k).
O
Lemma 2.1.2. [4, Lemma 2.2] Cusps of Ts(p*) are {0, oo, :(—1), o m}~

Proof. Let P be the parabolic subgroup of SLy(Z),

1 n
P:{ nEZ}.
0 1
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By [5, Prop. 3.8.5] there is a bijection between the double coset space {T(p?)yP|y €
SLy(Z)} and the set of cusps of I'g(p?), given by

Lo(p®)yP — To(p*)y(c0).

We compute this mapping for a complete set of representatives found in Lemma 2.1.

For identity matrix:

() == =o0
01 L PR
For ay, 0 <t <p?—1:
0 -1 -1
1t G PR
For Bip, 1 <k <p-—1:
o0 (c0) z 1
X)) = = —
kp 1 kpz+1|,_. kp

2.2 Subgroup I

A subgroup I is defined as the intersection of two congruence subgroups

I =To(p®) NI(2)

It is a congruence subgroup as it contains, e.g. T'(2p?). Xr is the corresponding

modular curve and 7 (z) = 'z is the canonical surjection HU P'(Q) — Xr.
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Lemma 2.2.1. [/, Lemma 2.3] Matrices

10 spp)® —1+ s2p?
1= , Ve = (k) § 71§k§p_17
0 1 1+ sip? DSk
1 0 )
Brrspr = ,0<t<p”—1

(t+6:p%)p 1

orm a complete set of representatives for PY(Z/p*7Z).
p P p

Proof. There are 1 +p — 1+ p*> = p(p + 1) matrices listed, neither two of them are

congruent modulo T'y(p?). Indeed,

. (skp)®  —1+sip® psi 1 —sip?
fYkIYI - 2 2 2,.2
1+ s%kp PSk —1—sip*  (sip)?

and the lower left element is

ps; + p3sisl — pSp — p3sl23k = p(s; — sx) (mod p2).

The latter expression is not divisible by p? as s, # s; modulo p.

Further,
1 0 S 1 — s2p?
Bt—‘,—étpy}/l_l _ 2 DSi y P
(t+op®)p 1) \=1=sip> (sip)?®

and the lower left element is
psi(t + 0,p%) — 1 — s7p* = —1 (mod p?).

The latter expression is not divisible by p?.
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Finally,
1 0 1 0

(t+op®)p 1) \(=l—=&p*)p 1

ﬁt-ﬁ-(sthfy;i_];;po —
and the lower left element is
p(t =1+ p*(0 — &) = p(t — 1) (mod p?).

The latter expression is not divisible by p? as t # [ modulo p.

Lemma 2.2.1 differs from the lemma 2.1.1, as it gives representatives from the

subgroup I'(2). As a corollary, there is an isomorphism between a subgroup
P\T(2) =To(p*) NT(2) \ T(2)

and PY(Z/p*Z) ~ To(p?) \ SL2(Z).

Lemma 2.2.2. [/, Lemma 2.4/ The mapping

jflwd)

is an isomorphism betwenn T'\ T'(2) and PY(Z/p*Z).

Proof. The map is injective by definition of equality in P*(Z/p*Z) since I'—equivalent
matrices have rows that differ by a unity in Z/p?Z. By the lemma 2.3 cardinalities of

sets I'\ ['(2) and PY(Z/p*Z) coincide, so the mapping is an isomorphism.
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2.3 Relative homologies for Xt

Since I is a subgroup of I'(2), the mapping
T : T\HUPY(Q) — I'(2) \ HUP(Q)

given by mo(I'z) = I'(2)z is well-defined. The group I'(2) has three cusps [5, §3.8].
As a representatives one can take I'(2)0, I'(2)1 and I'(2)oc. Indeed, assume that

a b
€ I'(2). Then a and d are odd, b and ¢ are even. The relation

c d

a-O—i—b_l
c-04+d

is impossible since b # d. The relation

a-oo+b_
c-oo+d

is impossible since a # c. The relation

a-oo+b_
c-oo+d

is impossible since a # 0.

Preimages of cusps for I'(2) in Xr are given by
P = (P@)1), Py = 5 ({T(2)0, D(2)oc}).

Following two properties of relative homology groups Hy (Xr—P_, Py, K) and Hy (Xr—

P,, P_, K) were proved in [1]. They are stated in terms of two operators:

for every g € T'\ T'(2) the homological class in X1 of a geodesics joining g0 and
goo is denoted by [¢g]° and the homological class in Xt of a geodesics joining g1 and

g(—1) is denoted by [g]o-
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Theorem 2.3.1. [1, Th. 5] Mapping g — [g]o extends to an isomorphism
Co: K"™'® — H\(Xp — Py, P K).

Mapping g — [g]° extends to an isomorphism
¢°: K™N'® & my(Xy — P_, Py, K).

Remark. The theorem states that the relative homology group Hy(Xr—Py, P_, K)
consists of K —linear combinations of paths joining cusps from P_ and the relative ho-
mology group Hy (Xt — P_, P,, K) consists of K —linear combinations of paths joining

cusps from P,.

Theorem 2.3.2. [1, Th. 6] For any g,h € I'(2) the intersection pairing of [glo and
[h]° is given by

o 1, 'g=Th
g0 o [R]" =
0, T¢gNTh=10

The structure of a set P_ can be specified via Lemma 2.2.1.

Lemma 2.3.1. [/, Lemma 2.7] Every element in P_ is equal to Tk for some

1 1 1
ke L= =,
P Sp S(p-1)p

Proof. The set P_ consists of cusps in I' that equivalent to 1 modulo I'(2), i.e. cusps

of the form I'#1. For the complete set of representatives we take matrices from Lemma

2.3. Then all of them except [3; with j 4 1 divisible by p give the same cusp.

Let 7: T\ HUPY(Q) — Xo(p?) be the mapping

m(z) = To(p?)z
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and let 7' : T\ HUP'(Q) — X,(p?) be the mapping

7(T2) = To(p?) > ; L

These mappings will allow to transfer the Eisenstein element from the modular curve

Xt to the modular curve X (Ty(p?)).

Proposition 2.3.1. 7’ is well-defined.

a b
Proof. Assume that I'z; = I'z,. Then there exists v = € I' such that
c d
az1 +b
= 2.
cz1 +d 2

Condition v € T' = T'y(p?) NT'(2) means that a = d =1 (mod 2), b = ¢ = 0 (mod 2)

11
and p?|c. Consider matrix o = . Then

01
2+ 1=0(z)=0y(z) =0y (z +1).
We compute the product

11 a b 1 -1 at+c b+d—a—c
01 c dl [0 1 c d—c

Observe that b+d—a—c=0+1—-1—0=0 (mod 2), so that the matrix

) a-+c b+d—a—c
v = ? e o(p?)

2¢ d—c
For this matrix

’?zl—i-l _ (a + c) 25t + bda=c _la+c)(n+1)+(b+d—a—c)

2 208 4 d—c 2 cnr+1)+d—c
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ZQ—|—]_
2

1
= 5070’1(21 +1) =

Hence, T'g(p?)2z1 = To(p?)ze.

From the explicit form of local coordinates in a neighborhood of any cusp in P_

[5, §2.2] one can deduce the next result.

Lemma 2.3.2. [{, Lemma 2.8] For any rational function f : Xo(p?) — C the function

(for)?
for!

has no zeroes or poles in P_.
Proof. Local coordinates around cusps 'o(p?)0, T'g(p?)oo, Ty (pz)% are given by map-

.1 ) .
pings qo(z) = €7 0% quo(z) = €22, Qs /tp(2) = s (local coordinates were

introduced in section 1.3).

Local coordinates around cusps I'1, Fz%’ F$ € P_ on the curve Xt are given by

. 27— Imi—A—— DI S
mappings qi(z) = 7 2, goo(2) = € H gy (2) = €7 R,

It follows from shift invariance that

2

qo (7_(_2) — 6271'1 >

and

: 2
Gol'z) = ¢TI = g ().

For any analytic function f the order of for’ at 'l coincides with the order of ( fom)?

(fom)

. 2
and the ratio For” has no zeroes or poles.

Further, at a point I'% relations
p

q1/p? (7T’2> - q%/p2 (Z)7 q1/p2 (77-/2) = q;l/pz (Z)

imply that for any analytic function f the order of f o n at F# coincides with the

order of (f om)? and the ratio (J;ZQQ has no zeroes or poles.
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Finally,

. Y g2
‘<1+fkp)(7r ?) qw(ﬂz)

and for any analytic function f the order of foz’ at F$ coincides with the order of

(f om)? and the ratio (]]:722 has no zeroes or poles.
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Chapter 3
Eisenstein series for FO(pQ)

3.1 Basic Eisenstein series

A Dirichlet character modulo N is a mapping ¢ : (Z/NZ)* — C* which is a mul-
tiplicative homomorphism of a group of units modulo N into the group of non-zero
complex numbers, i.e. ¢(a-b) = ¢(a)p(b) for all a,b €: (Z/NZ)*. A Dirichlet charac-
ter ¢ is non-trivial if ¢(a) # 1 for all a. If M divides N then any Dirichlet character

¢ modulo M induces a Dirichlet character ¢» modulo N by the rule
(a) = ¢(a mod M).

A Dirichlet character is primitive if it is not induced by a Dirichlet character of a
smaller modulus.
Every Dirichlet character ¢ defines an eigenspace of the space of modular forms.

The ¢—eigenspace is defined by

Mi(N,¢) = {f € Mp(I1(N))| f[]e = ¢(dy)f for all v € T'o(N)},

a, b
where v = .
Cy dy

In particular, M (T'o(N)) is an eigenspace corresponding to the trivial character,
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Mi(To(N)) = Mo(N, 1).

Counsider the Eisenstein series

where o1(n) = >_,,, m-.

Let A,25 be the set of all triples (¢,1,t), where ¢ and v are primitive Dirichlet
characters modulo u and v such that ¢ = 1, and 1 < tuv|p?. Possible cases are the

following:

e u=v =p and t = 1. The corresponding Eisenstein series is

() = 3 ot )", g = e

n>1

0?0 (n) = 3y O(2)S(m)m.

e u=v =1 and t = p. The corresponding Eisenstein series is

Ey(7) = Ey(1) — pEy(pr).

e u=1v=1and t = p?. The corresponding Eisenstein series is

By(1) = Ey(7) = P Ey(p°7).

A specification of [5, Th. 4.6.2.] to the case N = p? implies that the se-
ries El,Eg,Ef % for all non-trivial Dirichlet characters modulo p form a basis for
E5(To(p?)). Using this result period homomorphism is computed for basic Eisenstein

series and the answer is given in terms of function Fg.
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3.2 Divisors

For any compact Riemann surface X a divisor is a formal sum of integer multiples of

points of X,
D = Z Ny,

where only finitely many coefficients n, # 0. Divisors form an Abelian group Div(X).

Every nonzero meromorphic function f on X defines a divisor

div(f) = va(f)e,

T

where v,(f) is the order of x (as a zero or a pole of f). By Div?(X) we denote the

subgroup of all divisors of meromorphic functions.
By [8, §1.8] the space F5(T'o(N)) is isomorphic to the abelian group Div®(cusps)

(viewed as a K-module). The isomorphism is given by

SE)= Y e (@)ao(El]){a},

z€CUSPS(To(p?))

where er,(2)(2) is a ramification degree of a canonical mapping HUP!'(Q) — X, (p?)

at a point z.

3.3 Properties of 7

The Dedekind sum of integers u, v is given by



a b
Then for the Eisenstein series Fy and v = € To(p?)
c d

1] (1) - [ 1) = —sgn(ex(stale) ~ (el /%)

™ c

This value of an L—function is connected to the wg(vy) by [§]

(

Te(Y) = 0 ¢
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Chapter 4

Eisenstein element

4.1 Eisenstein element for X

For an Eisenstein series £ € Ey(I'g(p?)) the function ¢¥p(c) = [ k*(wg) is the integral

(Agom

2
/\Eoﬂz where

along ¢ € Hi(Xr — Py, P_, K) of a logarithmic derivative of a function
the logarithmic derivative of A : Xo(p?) — C is equal to 2miwg = 2miFE(z)dz. There

exist an Eisenstein element & € Hy (Xt — P_, P;, K) such that
Eo o c=1p(c).

By Theorem 2.3.1 this element is a sum of basis elements

o= Y. TFog)C).

g€PY(Z/p?Z)

In fact, coefficients Fy(g) are given by the function Fp.

Lemma 4.1.1. [{, Lemma 4.1] For every g € P*(Z/p*Z)

Ve(Co(9)) = FE(g)

Proof. For each z € PY(Z/p*Z) we compute the value of ¥g((o(z)). Points of the

projective line are classified along the lines of the proposition 1.6.2.
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e Case x = (r— 1,7+ 1) for some r € Z such that p does not divide r and 4
divides r — 1 (in particular, r is odd). r is coprime with 4p® and there exists an

integer s € Z such that 4p? divides rs — 1. Consider matrix

r=3 vl | 1 9f =3 s
V(r,s) = 2 2 2 2
l—-r —=1-—r l-s —1-s
= 10T =
4 divides r — 1, hence % is even, % = r;zl — 1, ’12’7" =—-1- % are odd.
Matrix
r—3 r—1
g=12% ? |er®
D e e
2 2
Further,
3—r+r—1
—1) = =—1
9(=1) r—1—1—r
and
r=3 r=1 1 2 r=3 r—1
Virs)(-1)=|* ° -n=17* * |1=9(1)
1—r Zl—r 0 1 1—r Zl—r
2 2 2 2

By definition of ¢,

el = [ :)_1) (260 - (251 )a(55) ) -
_ /V:s)(l) <2E(z)dz - E(Z ‘g 1)d<z ‘g 1)) _

11

Introduce matrix h =
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-1 h(~1)
_9 / E(2)dz— / E(2)dz = —2mp(V(r, $))4+mp(hV (1, )b
)(=1) hV (r,s)h=1(h(-1))

To express values of g in terms of L—functions, we will use the Atkin-Lehner

involution law

By proposition 3.2 the mapping 7g : I'o(p?) — C is a homeomorphism. The

11
matrix V (r, s) € o(p?) (its left lower element is ). Consider matrices
01
1 -1
and . Both are in ['y(p?) and they are inverses one to another, so
0 1
11 1 -1
TE TR =1
01 0 1
and
11 1 -1
me(V(r,s)) =7g TE me(V(r,s)) =
01 0 1
11 1 -1
=TE V(7“> S) =
01 0 1

Similarly,

59



So,

Let x = (1, (—=k)p + 1) = (kp + 1,1) (the last equality follow from the fact that

kp + 1 is an inverse to (—k)p + 1). In this case = corresponds to the matrix

1 0
Brysep =
14+spp 1

where s, = k if k is odd, and s, = k — p when k is even. Now

1 1

7B1+Skp(_1> =

sppl = ———
Prser 2+ spp SEp

and
/31+skp(*1)

- (2E(z)dz _ E(Z ;L 1)d(z ;L 1)> _

ve(Gle)) = [

introduce a function f(z) = 2E(z) — 3 E(57)

1
limits of integration are V0 and Voo for V, =

Sgp 2+ skp

-/ T b =2 / AR

V10
where 2 comes from the determinant of V. In this case

1

Fp(z) = 2/000 fIVil(2)dz, f(z) = 2E(2) — QE(Z ; 1)
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e Let z = (1,1), y = (—1,1). Corresponding matrices are

1 0 1 0
51+p2 - ,5—1—;32 =
1+p* 1 —-1-p% 1

B1+p21 = ﬁ,ﬁ1+p2<—1) = # and

ve(G(o) = |

2+p2

where f(z) = 2E(z) — $E(%'). Assume that E has real Fourier coefficients.

Since f is I'(2)-invariant, it is written as

f(z) = Z ane™".
n=0

—minz

Consequently, the complex conjugate of f(z) is Y~ ane , where Z is the

complex conjugate of z :

f(z) = f(=2)
Then
1
»? N\ s
VE(G(z)) = f(=2)dz =
2+1p2
1
2+p?
= [ 77 1z = vllo))
T p?
The last transition follows from 8_; 21 = —#, By p(—1) = —pz,;ﬁ.
0 -1
Further, we observe that for the matrix o = we have
1 0
0 -1
51+p20’ =
1 —1—p?
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And this product sends 1 to ]% and —1 to Flpy So,

Biip2o(1)
b(Gola)) = / J(2)dz = /ﬁ F(2)dz =

1+p20(=1)

1—p* —p°
introduce a matrix o2 =
p2 1 +p2
‘7;2151+p20(1)
- flop(2))doy(z) =

since f(z)dz is invariant

We compute the product

6 _ 4 2 4 2
4 4 [P =2pt =1 pt=2p7 1
02 Bl+p205_1_p2 =
6 2 4 2 4 + 2 1
p’t+2pt —p p-rp
and it belongs to To(p?) N T'(2). So, the matrix ap_zlﬁlﬂ,w is ['—equivalent to
B,I,p2 and

0 Bryp2(=1)
/ F(2)dz = ¥(Go(y))

-1
P2 51+p20'(1)

It follows that ¥ ((o(z)) = —¥r({(y)) and finally

Ve(Co(z)) = ¢E(C(y)) = 0.
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4.1.1 Subgroups ['((N) for N =p* or N = pq

Next two cases show that there are no such simple description of the projective line

over Z/NZ when N is not a square of a prime.
Consider an element (p, 1) € PY(Z/p3Z). Take A = 2(p*+p+1). Since X is coprime

with p, it represents a unit \ in Z/p*Z. For this choice of A

(p, 1) ~ (Ap, A) = 2(0° +p* +p), 200" +p+1)) =
modulo p?
= (200" +p).2+ 20" +p) = (r = Lr+1),
where r = 1+ 2(p? + p). Further, r = 1+ 2p(p + 1) = 1 modulo 4, since p+ 1 is even

and 2p(p + 1) is divisible by 4. Inverse of r modulo 4p?® is s = 1 + 2(p* — p). Indeed,

rs = (1+2p* +2p)(1 +2p* — 2p) = (1 + 2p*)? — 4p*> = 1 4+ 4p* =1 (mod 4p?)

Now let p and ¢ be distinct odd primes. We check that if p = 1 (mod g¢), then
(p,1) € PY(Z/pqZ) cannot be written as (r — 1,7+ 1). Indeed, assume there is a unit

A in Z/pqZ such that modulo pq
p=r—1L,A=r+1
Then
(r+p=ip=r—1

and

rp—1+({+1)=0

It means that pq divides r(p — 1) + (p + 1). But by assumption ¢ divides p — 1, so ¢

divides p + 1 and ¢ divides 2 = (p+ 1) — (p — 1) which is impossible.
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4.2 Eisenstein element for X

Proposition 4.2.1. [4, Prop. 4.2] If the element & € H(Xr— P_, Py, K) is defined

by
Eo= Y. Fel9)g),

gePY(Z/p?Z)
then

gOOC:¢E(C), CcEc Hl(XF—P_,P+,K>

Proof. It is enough to check equality for ¢ = [h]o. Then

Eooc= D Fulg)lg® o [ho=

gEPH(Z/p*L)

the bilinear pairing is 1 when g = h and 0 otherwise
= Fip(h) = ¢p(c)

where the last equality follwos from Lemma 4.1.1.

4.3 Fourier coefficients of Eisenstein series at cusps and the

main theorem

Result of the proposition 4.2.1 gives the KEisenstein element corresponding to E €
E5(To(p*)) in the relative homology H,(Xt — P_, Py, K). By specifying values of
basic Eisenstein series at cusps the representation will be extended to the modular

curve Xo(p?).

Lemma 4.3.1. [4, Lemma 4.3] Fourier coefficient at kip ofE’f"E 15 a constant multiple

of (k)ts, where

b= 0@ Y

d,e=0 I=(d+ep)(modp?),l#£0
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Proof. The proof relies on properties of the series [5, §4.2]
BH= Y
2 (cz+d)?’

(e,d)=v(mod p2)

where v € (Z/p?Z)?. By [5, Prop. 4.2.1],
E3[y]e = E3”.

It follows that the same property holds for

1

Gy(z) = > ot d? > GE; ()
(c,d)=p(mO0dp?) n€(Z/p?L)*

The latter equality follows from [5, §4.2]. The series E;’ ? i given in terms of Fourier
series which coincides up to a constant multiple with the Fourier series of
p—1

G32(2) = Y 6()p(d)GE P (2)

c,d,e=0

[5, Th. 4.5.1]. So, it is enough to find the constant Fourier coefficient of Gg’(zg at the

cusp %. By the calculation in Lemma 2.1.2,

1
k‘_p = ﬁkp(oo)‘

Hence, the needed Fourier coefficient is found from

_ p—1 _
G4 e = D HAHA)GET T =
c,d,e=0

~1
_ pz ¢(C)¢(d)chp+kp(d+ep),d+ep)

By [5, Th. 4.2.3] the constant term of G3 is non-zero if and only if ¢, = 0 (mod p?)
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(the first component of ©). In our case this reduces to p|c + kd, or
¢ = —kd (mod p).

As ¢ is a Dirichlet character modulo p,

Further, by [5, Th.4.2.3] the coefficient is exactly > 1\ o) modp?) 120 = and the con-

stant Fourier coefficient at kip is a multiple of

p—1

DL D DR T

d,e=0 I=(d+ep)(modp?),l£0

Lemma 4.3.2. [/, Lemma 4.4] Fourier coefficient at kip of Ey s ”2;41. Fourier coeffi-

cient at kip of E5 s 0.

Proof. Since Bj,00 = kip what must be shown is that the constant terms of the Fourier

expansion at 0o of Es|[f,ls is zero.

The Ramanujan cusp form is

A(z) = 216000G3(z) — 529200G2(2),

where G(2) = >~ . ajez2— (0.0} m. The form A is the basis of the one-dimensional

space S12(SLa(Z)). Its logarithmis derivative satisfies

d d d
- log A(Bip(2)) = 12£ log(kpz + 1) + 7 log A(2)
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and

Doen( [P ") e m)) = 2% togthpz + 1)+ L log Al — 1/p)

It remains to substitute Ey = 271m e log A( ) and get that ag(Es[Bry)) =

Since F;, = Qim - log AA({; z)) and all cusps kip represent oo for I'y(p) it follows that

values at cusps are equal and equal to ”2;41.

The mapping 7 : Xt — Xo(p?) is defined by 7(T'z) = Ty(p?)z. It defines naturally
a mapping

T, Hi(Xp \ P_, Py, K) — H(Xo(p?), cusps, K).

7. sends a path v(¢) in Xt into a path 7(y(¢)). The boundary operator
0« Hi(Xo(p*), cusps, K) — Ho(Xo(p?), cusps, K)

sends a path (y(t))ico) into a formal difference of endpoints, d(y) = v(1) — ~(0).
So, a boundary operator acts from the homological group of cycles into formal linear

combination of cusps.

Two propositions below compute boundaries of elements 7. (&), € € H;(Xo(p?), cusps, K)
by relating them with divisors (i.e. a formal linear combination of cusps). With an

Eisenstein series E there is associated a divisor
5(E) = p*ag(E {0}+Zao [1/kp)){1/kp} + ao(E[oo]){oo}

The notation means that the divisor §(E) assigns value p*ao(F[0]) to the cusp 0, the

value ag(F[1/p]) to the cusp 1/p, and so on. Here for any cusp = E[z] denotes E|a]
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for a matrix « such that oo = z. Let

(&)= Y. Fulg)(g)
9eP (Z/p°Z)
be the image in Xo(p?) of the modular symbol &.

Proposition 4.3.1. [4, Prop. 4.5] The boundary of m.(&) is a constant multiple of
I(E).

Proof. Using complete set of coset representatives of P1(Z/p?Z) from lemma 2.1.1,

we write the boundary of an element 7,(&) as follows

O(m.(&0)) = Fu((0,1))0(C(1)) + Y Ful((1,6))0(¢(ar))+

t=0

For each summand we find the boundary
9(¢(I)) = {Ioo} = {10} = {oo} — {0}

0(¢(0)) = {00} — o} = {0} — {3}
O(C(Brp)) = {Brpo0} — {Bip0} = {%} {0}

If ¢ is coprime with p, then we can write nt + mp? = 1 for some integers n, m. The

matrix

n -1 )
€ L'o(p?)
mp*
takes 0 to —7 and {0} = {—1}. Summands coresponding to a; when ¢ is coprime

with p do not contribute to the boundary. We regroup remained summands as

(. (&)) = Fu((0,1))({oc} = {0}) + Fie((1,0))({0} — {o0})+
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1

S

+

(el D))~ 00+ P00}~ ()

Let g = (kp, 1) € PY(Z/p?7Z). Since A = 2 + 2kp = 2(1 + kp) is a unit in Z/p*Z,

g = (Mkp, A) = (2kp + 2k?p?, 2 + 2kp) = (2kp, 2+ 2kp) = (r — 1,7 + 1)

for r = 1+ 2kp. In this case we take s = 1 — 2kp so that rs = 1 — 4k*p? = 1 (modulo
4p?).

Let g = (1,—kp) € PY(Z/p*Z). Since X = —2 + 2kp = 2(—1 + kp) is a unit in
Z/p’Z,

g= (X, =Xkp) = (=2 + 2kp, 2kp — 2k2p?) = (=2 + 2kp,2kp) = (r — 1,7 + 1)

for r = —1 + 2kp. In this case we take s = —1 — 2kp so that rs = 1 — 4k%*p? = 1
(modulo 4p?).

By the lemma 4.1.1
Fe((kp,1)) = —27(V(2kp + 1, —2kp + 1)) + 7g(hV (2kp + 1, —2kp + 1)h ™)

Fe((1,—kp)) = —2n5(V (2kp — 1, —2kp — 1)) + 7(hV (2kp — 1, —2kp — 1)h ™)
Explicitly,

2k%p? —2kp+ 1 2Kk*p* — 4kp + 2
V(2kp+1,—2kp+1) = ,
—2k*p? —2k*p? +2kp+ 1

2k*p* — 2kp — 1 2k*p? — 4kp + 2
V(2kp—1,-2kp—1) = P P P b
—2k2p? —2k*p? +2kp — 1

and from formulas of chapter 3, we deduce

Fg((kp,1)) = —=Fgp((1, —kp))
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Let

Then
ol Elf) = e (0) = [ Eldul2)dz

20

Bzo
2a0(ElBry]) = T (8) = / BBy (2)d

20

_ iz 2
Since BipB8,, =
—2k?p* 1+ 2kp

] , from explicit formulas we have

(BrpBBiy )Brpz0

Bzo
2a0(Elu)) = [ Elf)()az = [ B(2)dz =

20 kaZO

= WE(kaﬂﬁk_pl) = WE(V(l — 2/€p, 1 + 2k’p))

Similarly, ao(E[Baup)) = m(hV (1 4 2kp,1 — 2kp)h~') and

Fp(kp,1) = —4ao(E[Brp)) + ao(E[Bakp))

The boundary of m.(&) is

—

O(m.(&0)) = — 2(4ao(E[1/kp]) - ao(E[l/%P])) {kip} — Gag(E){oo}+
gy

Consider the basic series E = E®®. The constant Fourier coefficient of E at the

bS]

B
Il

1

3

) (4ao<E[1/kp]> - ao<E[1/2kp1>) T 6aU<E>) {0y

b
Il

1

cusp kip is a constant multiple of ¢(k). Then the boundary O(m.(&)) assigns to the

cusp é the value that is proportional to

—2(4¢(k) — ¢(2k)) = (20(2) — 8)o(k)
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But the value of a divisor 6(E) at [1/kp| is ao(E[1/kp]) which is a constant multiple
of ¢(k). So, d(m.(&p)) is a constant multiple of 6(F).

Consider the basic series E;. By the lemma 4.3.2; the value of E; at all cusps is

constant and equal to ag(E7) = ”2;41. The boundary becomes
p—1 1
I(m(&)) = — Zﬁao(Eﬂ{k—p} — 6ag(Er){oc} + 6pag(£1){0} = —65(E1).

k=1

Consider the basic series Es. By the lemma 4.3.2, the value of Ey at all cusps

except oo is zero. The boundary becomes

I(m.(&)) = —6ag(E2){oo} = —65(E)

Proposition 4.3.2. [/, Prop. 4.7] Let £ € Hy(Xo(p?), cusps, K) be the FEisenstein

element corresponding to E € Ey(To(p?)). Its boundary is equal to —6(F).

Proof. Eisenstein element has a representation

E= > Grlg)ly

g€PY(Z/p?Z)

for some coefficients Gg(g). Taking the boundary operator, we get similarly to propo-

sition 4.5

9(€) = Gp((0,1))({oo} = {0}) + Gu((1,0)({0} — {oo})+

=

p—

1 1
; (GE«kp, D)({} — (0D + Gal(L o) ({0} — {1 >)

1

B
Il

S

Let p = B3 pr = # For any g € SLy(Z) denote by g{p, p*} the image in

Xo(p?) of the geodesics in H joining g(p) and g(p*). By definition, ((k) is the image
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in Xo(p?) of the geodesics joining k(0) and k(oo). Let

By [10],
1, if Fo(p2)g = Fo(p2)h

C(g)oh{p,p"}t =< -1, if Lo(p?)g = To(p?)hs

\ 0, otherwise

By definition of the Eisenstein element,

h(p™)
5<>h{p,p*}:=/nE<h{p,p*}>=:J/ E(2)dz

h(p)

On the other hand, matrices g € P'(Z/p*Z) form a complete set of representatives

for To(p?) \ SL2(Z). So, if To(p*)h # To(p?)hs, in the sum

Eohippt= Y Gulg9)(g)ohip p}

g€PY(Z/p?Z)

there is a summand corresponding to g such that T'g(p?)g = [o(p?)h (that contributes
with +Gg(h)) and a summand corresponding to g such that Ty(p*)g = To(p®)hs (that

contributes with —Gg(hs)).Then

h(p*)
&mmmﬂ:AU E(2)dz = G(h) — G(hs)
P

Take h = By, Bip(00) = 1, We observe that Io(p?) By, # To(p?)Brps since

. 1 0] [0 -1 1 0 kp -1 )
BPrpsBry = = ZTo(p”)
kp 1| (1 O —kp 1 1+ kK —kp



Then

ﬁkpp*
Gr(Brp) — Ge(Brps) = E(2)dz =
kap
. 11
since p = 1+;\/§ =p*+1=ap" fora=
0 1
Bk‘pp*
= / E(2)dz
Brpop*

and

Brpap® ap*
Golf) = Gl = [ 7 Bz = [ Blag)(e)d =

kpp*

by proposition 2.3.3, (d) in [§]
= ao(E[Brp]) = ao(E[1/kp])
(since By, sends oo to the cusp 1/kp). Since
0 -1
kas ==
1 —kp
we find that the coefficient near {1/kp} in the boundary 0(€) is

Gr(1,kp) — Ge(1, —kp) = GE(Brp) — GE(Brps) = —ao(E£[1/kp])

Since s & Tg(p?), we have Ty(p*)I # To(p*)s and
p ap*
Guls) — Gu(I) = / B(2)dz = / B(2)dz = ao(E)
P* P*
The coefficient near {oo} in the boundary 9(€) is

Gp(0,1) — Gp(1,0) = Gu(I) — Gp(s) = —ag(E)
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Coefficients of 9(€) and —d(€) coincide. Since coefficients sum to zero (6(€) is an
element of Div® ) we obtain the equality () = —d(&).
[

Let £ € Hy(Xo(p?), cusps, K) and & € H,(Xr— P_, P, K) be Eisenstein elements
corresponding to the Eisenstein series £ € Fy(T'g(p?)). The mapping 7 : Xt — Xo(p?)
is given by 7'z = [y(p?)z. It induces the element 7,.(&) € Hi(Xo(p?),cusps, K).
Explicitly, for ¢ € T'\ T'(2) we consider (°(g) — the image in Xp of the geodesic in
H U P}(Q) joining g0 and goo; and ((g) — the image in X(p?) of the geodesic in
H U PY(Q) joining g0 and goo. Then 7,(¢%(g)) = ((g).

Lemma 4.3.3. [4, Lemma 4.9] The integrals of every holomorphic differential over

E and 7. (&) are zeroes.

Proof. Let A\g be the rational function on Xy(p?) whose logarithmic derivative is
2miE(z)dz. Let y € Hy(Xr — Py, P_, K). Denote by (Ag).(y) the corresponding path
in H;(HUPYQ) — {0,00}, 1, K). By proposition 4.2.1,

1 d\g

Eooy=1vYp(y) = i E =710 (Ap)«(y),
Y

where 7; is the path in H;(HUPY(Q) — {1}, {0, 00}, K) that connects 0 to oo (the

latter relation is the definition of the period homomorphism). So,

& = (Ae)"(m)

Now, for any holomorphic differential w on Xy(p?) we have

/m(go)w - /YI(AE)*(OJ om) =0.

The latter equality follows from the fact that the differential (Ag).(w o) is holomor-

phic on HU P!(Q) (no zeroes or poles occur at 1 by lemma 2.3.2).

74



Theorem 4.3.1. [4, Th. 1.1] Let E € Ey(Ty(p?)) be an FEisenstein series with
coefficients at infinity from a fixed number field K. If E is a basic series from section

3.1, then the corresponding Eisenstein element is given by

E= ) Fulg)y.

gEPH(Z/p*Z)

In all other cases there is similar representation with Fg(g) changes to an explicitly

computable function Gg(g).

Proof. Let £ € Hi(Xo(p?), cusps, K) be the Eisenstein element corresponding to the

basic Eisenstein series £ (i.e. E is one of the series E, Ey or EY "5). Also, let

m(&) = Y Fulg9)(g) € Hi(Xo(p®), cusps, K).

geP1Z/p%7

From propositions 4.3.1 and 4.3.2 it follows that the boundary of £ is a constant
multiple of 7. (&) :
0(€ — kmi(&)) = 0.

We will check that €& — em. (&) € Hi(Xo(p?), K). After that the theorem will be
proved. Indeed, by the lemma 4.3.3 every holomorphic differential is integrated to
zero over € — (&) which implies that €& = em. (&) (the last conclusion follows from

the fact the intersection pairing is perfect).

Let {B1,...,Bn} be cusps in Xo(p?). Write
E—km(&)= Y. cy{BiBi} (1)
1<i<j<m

Here the modular symbol {3;, 5} is the geodesics from §; to f3;. The representation
(1) is the general form of an element of H;(X(p?), cusps, K ), because the first relative

homology is the group of curves with endpoints in the set cusps.
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We use the condition of zero boundary:

0="» BBt = Y, ({8} —1{6})=

1<i<j<m 1<i<j<m
:Z (ch){ﬁj} Z <ZCU){BZ
7j=1 1:9<J = J:j>1

Gathering coefficients near {3;} we get that for every i € {1,...,m}:

E Cji = E Cij-

Jij<i Jig>i

Solving with respect to c;,, we get

Cim = E Cji — E Cij-

7:g<t 7ii<j<m—1
Finally,
> alBi B} =
1<i<j<m
m—1
= > BB+ ) cim{Bi Bt =
1<i<j<m—1 i=1
= Z CZ]{/BH 5]} + Z ( Z Cji — Z Cij) {517 ﬁm} =
1<i<j<m—1 = 7:3<t juu<j<m—1
m—1 m—1
= > eplBuB+Y. (Z Cij) {8, Bn} = ( > C¢j> {8i, B} =
1<i<j<m—1 j=1 Niti<j i=1 N ji<j<m—1

= Y Cij({ﬁiaﬂj}‘i‘{ﬁjaﬂm}_{&’Bm}):

1<i<j<m—1

- Y . ({ﬁi, B} 4 {5, B} + (B @})
1<i<j<m—1
In the latter expression the sum {f;, 8;} + {B;, B} + {Bm, Bi} is a cycle, i.e. an
element of H,(Xo(p?),7Z).

So, € — e, (&) € H (Xo(p?), K) hence, by perfect intersection pairing it is zero.
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Denote by {0,000} the image in H;(X(p?), cusps) of the geodesics joining 0 and
oo. The winding element e,2 is a modular symbol such that defines an integration of
a holomorphic form along {0, co}.

The exact expression for e,z is obtained by integrating a holomorphic form w over
the Eisenstein element &, where & corresponds to the basic form F,. We recall that

by the main theorem,

&= Y Frlg)il.

g€PY(Z2/p%Z)

Corollary 4.10.

K| —

Fep== S F(L-a)0.

x€(Z/p2Z)*

Proof. The structure of a projective line P*(Z/p?Z) is the following:
]P)l(Z/pQZ) = {(Oa 1>a (]-7 0)7 (17 1)a SR (17p2 - 1)7 (pa ]-)7 R ((p - ]-)pv 1)}

(each pair is an element of (Z/p?Z)?).
For each g we find the modular symbol ¢(g). It is the image in H;(X,(p?)) of the
geodesics that connects ¢(0) to g(o0).

(0,1) is the second row of the identity matrix I. ((0,1)) = {0, o0}

0 —1
(1,0) is the second row of the matrix . €((1,0)) = {o0,0} = —{0, 00}.
1 0
For t € {1,2,...,p* — 1}
0 —1
(1,%) is the second row of the matrix LC((1,0) ={-1,0}
1 ¢
For k € {1,2,...,p—1}
. 10 1
(kp, 1) is the second row of the matrix _— C((kp, 1)) = {0, 1, }-
D
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For any holomorphic differential w, [ ew =0, 1le

FE2 W =
Z ) /C(g) ’

g€PY(Z/p?Z)

In this sum the coefficient near f (0,00} ¥ 18

Fr,((0,1)) = Fi,((1,0)).

We compute this coefficient using the definition of the function Ff,. Since 2 is a unit
modulo p?, (0,1) = (0,2) = (1—1,1+1). We apply the definition of Fg,((r —1,7+1))
withr =1:

1 1 —1 1 -1
FE2<<0,1>>=%(2L(E2 2 ,1)—L(E2 2 ,1))=
0 2p 0 p

= —5(1,2p*) + 5(1,2) + %S(l,pz) — %S(l, 1).

Here S(u,v) is the Dirichlet sum,

S(u,v) = i 31(%“)31(5%

Bi(z)=z—3,0<xz <1, Bi(0) =0 and B, is 1-periodic. We compute

78



It follows that

Fr,((0,1)) = w2 2_4;?92 —1)(2p* —2) —P28+ 1

Similarly, we find Fg,((1,0)). Since 2p? — 2 is a unit modulo p?, (1,0) = (2p* — 2, 2p?)

and we apply the definition of Fg,((r — 1,7 + 1)) with r = 2p* — 1.

1 1 —2p*+1 1 —2p*+1

0 p?

1 1
=—S(2p* — 1,2p*) + S(2p* — 1,2) + 5S(2p? —1,p%) — 5S(2p2 —1,1).

We compute Dirichlet sums: S(2p? —1,1) =0,

s —1.2) = B Bi(5) = 0

_ t(2p? — 1) t
S(2p* —1,2p%) = B — )=
( p ) 4P ) - 1( 2p2 ) 1(2p2)
by periodicity
2p2—1 2p2—1 9
_ t -t t 1
; 1l 2p2) 1(2292) ; ( 4p4+4)
2p?—1
e S S NN e SO e 007 5 C e V B il D10 )
4 4pt — 4 24p* 12p?
2 2 (e t2p® —1), 5t
S(2p _17]7):231( 2 )Bl(_Q):
t=1 p p
by periodicity
p?—1 p?-1 9
_ t. -t t 1
> BB = 2 (-5+3)
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21
P_—l__pzta -1 @@= -1)_ @ -Dr"' -2
6p* 12p2?

It follows that

P -1 -1) @E-HEF*-2) p -1
12p? 24p? 8

Fg,((1,0)) =

The coefficient near |, (0,00} W in [, g, W is —’%. It follows that

Similar calculations for ¢ = (kp,1) and g = (1, kp) show that corresponding terms

will cancel.
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