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Abstract. We study polynomials computed by depth five X AN XA X
arithmetic circuits where ‘2’ and ‘A’ represent gates that compute sum
and power of their inputs respectively. Such circuits compute polynomials
of the form 22:1 Q;, where Q; = ;;1 Z(:;j where ¢;; are linear forms
and 7;, ai, t > 0. These circuits are a natural generalization of the well
known class of X A X circuits and received significant attention recently.
We prove an exponential lower bound for the monomial z; - - - x,, against
depth five X A DI AZ21 57 ang 5 A SIE2Y10C) A2VAL 57 arithmetic
circuits where the bottom X' gate is homogeneous.

Our results show that the fan-in of the middle X' gates, the degree of the
bottom powering gates and the homogeneity at the bottom X gates play
a crucial role in the computational power of X’ A X' A X circuits.

1 Introduction

Arithmetic circuits were introduced by Valiant [19] as a natural model for algebraic
computation and conjectured that the permanent polynomial, perm,, does not
have polynomial size arithmetic circuits. Following Valiant’s work, there have
been intensive research efforts towards the resolution of Valiant’s hypothesis.
Further, obtaining super polynomial size lower bounds for arithmetic circuits
computing explicit polynomials is a pivotal problem in Algebraic Complexity
Theory. However, for general classes of arithmetic circuits, the best known lower
bound is barely superlinear [2].

Lack of progress on lower bounds against general arithmetic circuits lead
researchers to explore restricted classes of circuits. Grigoriev and Karpinski [5]
proved an exponential size lower bound for depth three circuits computing the
permanent over finite fields of fixed size. However, extending these results to
infinite fields or depth four arithmetic circuits remains elusive. Agrawal and
Vinay [1] (see also [18,11]) explained this lack of progress by establishing that
proving exponential lower bounds against depth four arithmetic circuits is enough
to resolve Valiant’s conjecture. This was strengthened further to depth three
circuits over infinite fields by Gupta et al. [6].

* This work was done while the author was working at Max Planck Institute for
Informatics, Saarbriicken supported by IMPECS post doctoral fellowship.



Gupta et al. [7] obtained a 2?(V™ size lower bound for depth four homogeneous
circuits computing perm,, where the fan-in of the bottom product gate is bounded
by O(y/n). Following this, Fournier et al. [4] obtained a super polynomial lower
bound against depth four homogeneous circuits computing a polynomial in VP.
Further, the techniques in [7,8] have been generalized and applied to prove
lower bounds against various classes of constant depth arithmetic circuits for
polynomials in VP as well as in VNP (see e.g., [16] and references therein).

Most of the lower bound proofs against arithmetic circuits follow a common
framework: 1) define a measure for polynomials that is sub-additive and/or
sub-multiplicative, 2) show that the circuit class of interest has small measure
and 3) show that the target polynomial has high measure. See [16] for a detailed
survey of these measures.

Apart from the complexity measure based framework mentioned above, there
have been two other prominent approaches towards a resolution of Valiant’s
hypothesis: A geometric approach by Mulmuley and Sohoni [15] and an approach
based on the real 7 conjecture proposed by Shub and Smale [17].

The geometric approach to complexity theory [15] involves the study of class
of varieties associated with each of the complexity classes and studying their
representations.

The real 7 conjecture of Koiran [9] states that the number of real roots of a
univariate polynomial computed by an arithmetic circuit of size s is bounded by a
polynomial in s. Koiran [10] showed that any resolution of the real T-conjecture or
an integer variant of it, would imply a positive resolution of Valiant’s hypothesis.
There has been several approaches towards the resolution of the real 7-conjecture
and its variants by Koiran et al. [13,12].

Clircuit Model We consider the class of depth five powering circuits, i.e., AN A Y
circuits. It was shown in [6] that any homogeneous polynomial f of degree d over
a sufficiently large field computed by a circuit of size s can also be computed by

a homogeneous X Al* 3 Al4/a] 37 circuit of size sV 4108 198(sd) for suitably chosen
a. Here the superscript [a] for a gate denotes the fan-in (degree in the case of A
gates) at that level. This was an intermediary step in [6] which went on to obtain

a depth three L ITX circuit of size 20V dlognlog(sd)) o f

Thus, combined with the results in [18], to prove Valiant’s hypotheses over
infinite fields, it is enough to prove a 2¢(V71087) gjze lower bound against any one
of the following classes of circuits: (1) homogeneous depth four X7V 3 [710(/7)]
circuits, (2) homogeneous depth five X AlV? 5 AlOW] 57 circuits or (3) depth
three Y IIY circuits .

Models (1) and (3) have received extensive attention in the literature compared
to model (2). It follows that obtaining a 2°(V?1°87) Jower bound for any one
of the models above would give a similar lower bound to the other. However,
known lower bounds for model (1) so far do not even imply a super polynomial
lower bound for model (2) which leaves obtaining super polynomial lower bounds
against this model wide open.



In this article, we prove lower bounds against two restrictions of model (2)

mentioned above: X A ZIE7 A>21 ¥ circuits and 5 A S(£271 A2V 5
circuits with bottom gates computing homogeneous linear forms. Since the
transformation from depth four X IIVA S ITIOG™] t6 depth five X Alel £ Ald/al 3
in [6], in contrast to their result from general circuits, works against any chosen
parameter a < d, the restrictions on the degree of the bottom A gates in the
models we consider are general enough.

Throughout, it helps to interpret the polynomials computed by 2 A XN A X' as
sums of powers of projections of power symmetric polynomials where the n variate
power symmetric polynomial of degree d is given by pg(z1, ..., z,) = 2§+ - +2d.

Our Results We prove lower bounds against the restrictions of depth five JAXAX.
We show:

Theorem 1. Let g = ;_, [ where f; = pa,(liy, - -, i, )+ Bi for some scalars
Bi and for every i, either d; =1 or d; > 21 and ¢;,,...,¢;, are homogeneous
linear forms. If g = x1 - o - - -y, then s = 29200,

in

The proof of Theorem 1 involves the dimension of the space of projected multi-
linear derivatives as a complexity measure for a polynomial f. It is computed by
first projecting the partial derivative space of f to its multilinear subspace and
then setting a subset of variables to 0. The dimension of the resulting space of
polynomials is our measure of complexity for polynomials. Further, the method
of projected multilinear derivatives also gives our second important result of the
paper: An exponential lower bound against depth five powering circuits where
the middle X layers have fan-in at most 2V™/1090 with the degree of the bottom
A gates at least v/n:

Theorem 2. Let g = Y7, f where fi = pa,(li,, ..., biy,) + Bi, for some
scalars B; and /n < d; <n, N; < 2Vn/1000 - o q liys..., iy, are homogeneous
linear forms. If g = @1 - o - - - Ty, then s = 292"

It is not difficult to see that the polynomial x; - - -, has a homogeneous X AV
SO AVAL 3 circuit of size 20(v7) (see Lemma 16). Theorem 2 shows that
reducing the middle X' gate fan-in by a constant factor in the exponent leads to
an exponential lower bound.

The homogeneity condition on the lower X' and A gates seems to be necessary
to our proofs of Theorem 1 and Theorem 2. In fact, Saptharishi [16], in a result
attributed to Forbes, showed that x; - - - x, can be computed by X' A XA circuits
of size 20vV™) where the lower X gates are not necessarily homogeneous.

Thus, it is important to study depth five powering circuits where the bottom
X gates are not necessarily homogeneous. Towards this, in Section 4, we consider
the widely used measure of the dimension of the shifted partial derivatives of a
polynomial. We show:

Theorem 3. Let g =Y 7_, f{" where fi = pa, (xi,,. .. i, iy b, ), My <
%n, r <nf, d <200 o < 20 for all i where 0 < e < 1. If g =x125... 2,
then s = 22("),



It should be noted that Theorem 3 is much weaker than Theorems 1 and 2,
however, it allows non-homogeneous X' gates at the bottom. It seems that the
restrictions on r; in the above theorem are necessary if the lower bound argument
uses the method of shifted partial derivatives. In particular, we show:

Lemma 4. Let k < min{l,d} and o > 0 be large enough. Then

n\ (n-+l
dim (F-Span {mﬁla:’“ (pa(z1,...,2,)")}) =2 (W) .
In the cases where [/(d — 1) = O(1) and I = n®®) the above bound is tight up to
a polynomial factor since dim (]F -Span {w318="' (pa(z1,..., mn)a)}) < (Z) (”;rl)
and hence indicating that the restrictions on the 7;s in Theorem 3 would be
necessary if the dimension of shifted partial derivatives is used as the measure of
complexity.

2 Preliminaries

An arithmetic circuit is a labelled directed acyclic graph. Vertices of zero in-degree
are called input gates and are labelled by elements in F U {x1,...,2,}. Vertices
of in-degree two or more are called internal gates and have their labels from
{x,4+}. An arithmetic circuit has at least one vertex of zero out-degree called
an output gate. We assume that an arithmetic circuit has exactly one output
gate. A polynomial py in Flxq,...,z,] can be associated with every gate g of an
arithmetic circuit defined in an inductive fashion. Input gates compute their label.
Let g be an internal gate with children fi,..., f,, then p; = ps, op ---op py,,
where op € {+, x} is the label of g. The polynomial computed by the circuit is
the polynomial at one of the output gates and denoted by pco. The size of an
arithmetic circuit is the number of gates in it and is denoted by size(C'). We will
denote a fan-in/degree bound on a layer as a superscript to the corresponding
gate e.g., XA XIS AZ21 37 denotes the class of families of polynomials computed
by depth five circuits with powering and sum gates, where the middle layer of
sum gates have fan-in bounded from above by n and the bottom most powering
gates have degree at least 21.

The following bound on the binomial coefficient is useful throughout the

paper:

Proposition 5 ([14]). Let r < n. Then log, () ~ nH(r/n), where H is the
binary entropy function, H(p) = —plog,(p) — (1 —p)log,(1—p), and = is equality
up to an additive o(n) error.

We denote by [n] the set {1,...,n}. For a set of polynomials S, let M<4(S)
(M=4(95)) denote the set of all products of at most (exactly) d not necessarily
distinct elements from S. Note that when S is a set of variables, [M<4(S)| =

‘SH'd). When the set S is clear from the context, we use M<, (M=q4) instead

of M<4(S) (M=qa(9)).



For a subset S of variables, let X?(S) denote the set of all multilinear mono-
mials of degree a < d < b in variables from the set .5, i.e.,

XS ={]] 20 1a<> 6 <b6 €{0,1}}.
;€S i=1

For two sets A and B, define A® B 2 {a-b]ae€ A be B}. Additionally, we
define A - f for some polynomial f to be the set {a- f |a € A}.

The notion of shifted partial derivatives is given as follows: For k£ > 0 and
f € Flzy,...,z,] let 07%f denote the set of all partial derivatives of f of
order k. For [ > 0, the (k,[) shifted partial derivative space of f, denoted by
F-Span {méla:kf}, is defined as:

F-Span {z='0="f} £ F-Span {m - 9="f | m € M<,(z1,...,z,)}

where F-Span {S} £ {a1f1 + -+ + amfm | fi € Sand a; € F for all i € [m]}.
We restate the well known lower bound for the dimension of the space of shifted
partial derivatives xq - - - y:

Proposition 6 ([8]).

dim (F—Span {wélﬁ,\zﬂfxl e xn}) = dim (]F-Span {xfla=’“x1 e xn})

=(0)- (1)

In the above, OyF f denotes the set of kth order multilinear derivative space of f,
. — o . .
1.e., 8Mffé{ﬁ ‘Zl<<@k€{1,,n}}

3 Projected Multilinear Derivatives and Proof of
Theorems 1 and 2

This section is devoted to the proof of Theorems 1 and 2. Our proof follows the
standard two step approach for proving arithmetic circuit lower bounds: First,
define a sub-additive measure that is low for every polynomial computed in
the model. Second, show that the measure is exponentially larger for a specific
polynomial p. Hence allowing us to conclude that any circuit in the model that
computes p requires exponential size.

We consider a variant of the space of partial derivatives, viz., the projected
multilinear derivatives as the complexity measure for polynomials.

The Complexity Measure Let f € Flzy,...,2z,]. For S C {1,...,n}, let
7s : Flzq,...,xn] = Flzq, ..., z,] be the projection map that sets all variables
in S to zero, ie., for every f € F[zy,...,2,], 7s(f) = f(xz; = 0| € 9).
Let mm(f) denote the projection of f onto its multilinear monomials, i.e., if
f=aewn ca Ilizy i then mo(f) = Zae{o,l}n ca [Timy 25"



For S C {1,...,n} and 0 < k < n, the dimension of Projected Multilinear
Derivatives (PMD) of a polynomial f is defined as:

PMD(f) £ dim(F-Span {ms (mm (9t 1)) }).

We omit the subscript S when either S is clear from the context or when it refers
to an unspecified set S. It is not hard to see that PMD® is sub-additive.

Lemma 7. For any S C{1...,n}, k> 1, and polynomials f and g:

PMDY(f +g) < PMD§(f) + PMDY(g).

Lower Bound for the Measure

We establish a lower bound on the dimension of projected multilinear derivatives
of the polynomial z; - - - x,. This follows from a simple argument and is shown
below:

Lemma 8. For any S C {1,...,n} with |S|=n/2+1 and k = 3n/4 we have:

PMDE (21 - 2,) > (”/2 o 1> > 92 n?,

—\ n/4
Proof. Let T C {1,...,n} with |T| = k. Then %(wl @) = [l;gr ;. Note
that if SNT = () then we have Ws(wm(g—;(xl +rap))) = [L;¢r z: since setting
variables in S to zero does not affect the variables in T. Otherwise, if S NT # ()
then ﬂs(wm(g—;(xl ---xp))) = 0. Thus, we have:

F-Span {ms(mm (gt (z1 - 2,)))} 2 F-Span Hxl | TCS

=
IN
3

\
e~

Hence, PMD (2, - - 2,,) > ("{321) > 27/2 /n? using Stirling’s approximation of

binomial coefficients. a

X A YA Circuits: The Curse of Homogeneity

Firstly, we observe that homogeneous X’ A XA circuits of polynomial size cannot
compute the monomial zq - -- - - z, by eliminating bottom A gates of degree at
least 2:

Observation 9. Let f = f{'" +- -+ f& where f; = Y7, Bi;a" + Bio, Bij € F.
If f=x1---x, then s = 29,
The homogeneity condition for the bottom power gates is necessary due to

the following result in [16]. Let Sym,, y = > gc (), s1=a [ Lics i, the elementary
symmetric polynomial of degree d. B



Proposition 10. [16, Corollary 17.16] For any d > 0, Sym,, ; can be computed
by a X N\ XA circuit of size 20(\/3)p0|y(n).4

Is it all about homogeneity at the bottom X' gates? The answer is no. In fact,
Observation 9 canaalso be generalized to the case of powers of polynomials in the
span of the set {a:ij” | 1<ij <n, o, >2}:

Lemma 11. For any By, 51,...,0- € F, a,d € N and for any S C {1,...,n}
with |S|+k > n, we have PMD’;((Z;zl Bjx?jj +B0)*) <1 where 1 <i; <n and
either Vj d; > 2 orVj d; = 1. ‘

We get the following generalization of Observation 9:

Corollary 12. Let f = f{* 4+ -+ + f& where for every i, either f; is a linear
ds.

form or f; = 2?21 Bia;x,” + Bio for diy =2 and By, € F. If f = a1 -+ xy then

s =22 Moreover, |{i | f; is linear}| = 22",

Proof. Let S C {1,...,n} with |S| =n/2 + 1 and k = 3n/4. From Lemmas 11
and 7 we have PMD%(f) < 327 PMDE(f) < s. Hence by Lemma 8 we have
s > 2"/2/n? as required. Further, PMD%(f) is non-zero only if f; is a linear
form, and hence |{i | f; is linear}| = 2°(™). O

X AN X A X Circuits: Middle ¥ Fan-in versus the Bottom Degree

The argument above fails even when the degree of the power symmetric polynomial
is two (i.e., d = 2). Let f = ¢3 + -+ (2 + 3 where {1, ..., £, are homogeneous
linear functions such that each of the ¢; have all n variables with non-zero
coefficients and 3 # 0. It is not hard to see that the space 9, f* of the kth
order derivatives of f is contained in the span of {f*~*[['_, €7* | >, v < k}.
Even after applying the projections m, and mg for any S C {1,...,n}, with
|S| = (n/2) + 1, obtaining a bound on PMD¥ better than the lower bound in
Lemma 8 seems to be difficult. The reason is that every multilinear monomial of
degree |n/2—1—k| appears in at least one of the projected multilinear derivatives
of f<.

A natural approach to overcome the above difficulty could be to obtain a
basis for the projected multilinear derivatives of f¢ consisting of a small set of
monomials and a small set of products of powers of the linear forms multiplied
by suitable powers of f. Surprisingly, as shown below in Lemma 13, the approach
works when the degree d > 21, although it requires an involved combinatorial
argument.

Lemma 13. Suppose that f = (¢ + ... + ¢ + B) for some scalar (3, and {;
homogeneous linear forms, 1 < j < n. Let Y = {E?_j [1<i<n,1<j<d} and

* In [16], Corollary 17.16, it is mentioned that the resulting X A XA circuit is homo-
geneous. However, a closer look at the construction shows that the application of
Fischer’s identity produces sum gates that are not homogeneous.



A=1/4+c¢ for some 0 <e < 1/4. Then, for k =3n/4 and any S C {1,...,n}
with |S| =n/2+ 1, we have:

75 (T (O /) € F-Span {75 (mn(F © (230> () U M<(1100a(0)))) |
where F = U¥_ f*~tand S ={1,...,n}\ S.

Proof. Let T C {ay,...,x,} with |T| = k, let f%) denote kth order partial
derivative of f with respect to T. Note that f}k) € F-Span {ﬁgfk 1< < n}
Let L; denote {(?ﬂ' |1 <j<n} so that fj(«k) € F-Span{L}. Then

6kfa a—1i T -
where DT (f) = {Hi:l g") | iW...wT; =T, wheret, =|T|>0,1<r< z}

Intuitively, the set DI contains one polynomial for each possible partition of
T into ¢ many parts. The polynomial corresponding to a particular partition is
the product of the derivatives of f with respect to each of the parts. Now, the
following claim bounds the span of DI

Claim. For any 1 <i <k, DI C F-Span {@7‘:1 LPar | S0 rejr = k} .
Proof. Let Ty W---wWT; =T be a partition and let j, denote the number of parts
with cardinality r, i.e., j, = [{j | |T;| =7}|. Then

H fg) € F-Span @ L, » =F-Span {L?jr} .

|Tj|=r |Tj|=r

Thus, Hizl }t:) € F-Span {@le L& Ir } Since, Zle r-j, = k for any partition
Ti¥---WT; of T, the claim follows. a

Continuing from (1), we have:

ak fa
oT

€ F-Span {f* DI (f) | 1<i<k}

C F-Span {F O{D{ (f) | 1 <i<d}}
d

CIF—Span{}"@{@LTQj” | 1-j1+---+d-jd=k}}. (2)
r=1

It remains to show that the right side of (2) is spanned by a set of polynomials
that satisfy the properties stated in the lemma. The next claim completes the
proof of Lemma 13.



Claim.

d

d
s (7m ({QL?” | Zi'jz'Zk}) QF—Span{Xﬁfl(S’)UMSW(Y)}.

i=1

Proof. Note that the polynomials in L; are homogeneous non-constant polyno-
mials of degree d — j, and hence the set @ﬁ:l L®Jr consists of homogeneous
polynomials of degree Zle Jr(d —1).

Let deg(()?_, L277) denote the degree of polynomials in the set @le LOIr,

=1
The remaininé argument is split into three cases depending on the value of
deg(Q7_, LY 7).
Case 1: deg(O’_, L?7") > n/2 then ms(mm(Q’_, LE77)) = {0}. Note that
here we have crucially used the fact that the ¢; are homogeneous.
Case 2: An < deg(?_, L?77)) < n/2. In this case mg(mm(O’_; LO77))
is spanned by the set of all multilinear monomials in the set of variables

{z; | j ¢ S} of degree at least An and at most n/2 — 1. Therefore we have,
75 (mm(Ofy L)) € F-Span { A7127(9) }.

Case 3: deg(O?_, LY77)) < An. Recall that deg(Q?_, L?7")) = 7, j.(d—
r) < An. Then,

d d d
er'dSer~r+)\n:k+)\n (sincle-jr:k:.)
r=1

r=1 r=1

=A+3/4n=1+e)n.

Hence, ws(wm(szl LOI)) is spanned by the set of all products of at most
(14 €)n/d polynomials of the form Ef_], ie.,

d
s (Wm(G L? jr)) C F-Span {M§(1+e)n/d(y)} :
r=1
O
This completes the proof. a

Using Lemma 13 above and choosing suitable parameters k£ and S we obtain
the following upper bound on the dimension of projected multilinear derivatives:

Theorem 14. Let f = ((¢+...+02 + B) where £; are homogeneous linear forms.
Ford>21 and any S C {1,...,n} where |S|=n/2+ 1. Then

PMD]g(fa) < 2(0.498+0(1))n.

Proof. By Lemma 13,

s (mm (Gt 1)) € F-Span {ms (mn({1° =Yy © {20027 () U Mcqusoma¥) )}
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Recall that A = } + . We choose ¢ = 1/50 and hence A = 0.27. We have:

PMDY (%) < k- (|21 (8)] + |IM<aiam/a(Y))).

Now, since 1/4 < A < 1/2, we have

B2 21— (M) <o (1)

< (cn/2) - 28 1@ < (en/2) - 20-498n,
Where c is an absolute constant. We bound |[M<(14.¢),/4(Y)| as follows:

_ (Y] + (L +e)n/d\ _ (dn+(1+e)n/d
|M§(1+e)n/d(y)|_< (1+e)n/d >_< (1+¢e)n/d >

< 2(dn+(1+s)n/d)7-t(7dnﬁjﬁ’;{jm)

_ 2n(d+(1+£)/d)H((1+a)/(d2+(1+e))) < 904955 g1 g > 91

For the last inequality, note that for fixed n and e, (d + (1 +¢)/d)H((1 +
€)/(d? + (1 + ¢€)) is a monotonically decreasing function of d, with limg . (d +
(1+¢e)/d)H((1+¢)/(d?> + (1 +€)) = 0. Therefore, the bound holds for d > 21.
This completes the proof. a

Corollary 15. Let f = ({¢ + ... + (4 + B) where ¢; are homogeneous linear
forms. If d is such that N < 2(4/1000) "q < n_and n/d = o(n) then for any a > 0,

PMDg(fa) < 2(0.498+0(1))n.

Proof of Theorem 1: Let S ={1,...,n/2+1} and k = 3n/4. Then by Theorem 14
we have PMD%(fi) < 20:498n+o(n) By the sub-additivity of PMD% (Lemma 7),
we have PMDE(3°7_, f9) < 5 - 20:498n+0(n) Since PMD% (21 - - @) > 2/ /n?,
we conclude s > 290017 45 yequired. 0

Proof of Theorem 2: Let S = {1,...,n/2+ 1} and k = 3n/4. Since d; > /n,
it holds that N; < 24/1900 Then, by Corollary 15, we have PMDg(fia") <
20-498n+0(n) By the sub-additivity of PMD¥ (Lemma 7), we have PMDE(327_ | )
5 - 20-498n+0(n) - Qince PMDE (- --x,) > 2/2/n?, we conclude s > 200017 for
large enough n, as required. O

A separation within X A X N X Clircuits: An alert reader might have wondered
if the restriction on the fan-in of the middle layer of X' gates in Theorem 2
is a limitation of the method of projected multilinear derivatives. By a simple
application of Fischer’s identity [3], we get:

Lemma 16. Over fields of characteristic zero or characteristic greater than n, the

polynomial x1 - - -z, can be computed by a homogeneous X NIV 2oV Alval 57
circuit of size 200V7),

<
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This immediately leads to the following separation of homogeneous ¥ A7
X AV 5 circuits:

Corollary 17. The class of polynomials computed by X AV™ SR AV 5
of size 200V™) s strictly contained in the class computed by X AV SRIAVA 5
of size 200Vn)

4 Dimension of Shifted Partial Derivatives

This section is devoted to the study of shifted partial derivatives of polynomials
that are computed by restricted X A X' A X circuits and proofs of Theorem 3 and
Lemma 4.

We begin with a simple upper bound on the dimension of the derivatives of
powers of projections of py onto low-dimensional sub-spaces:

Lemma 18. Let f = py(ly,...,¢) where £q,... ¥l are linear forms. Then for
any k > 0, we have dim (F—Span{@,\gﬂﬁf"‘}) < (k + 1)(dk)" where r is the
dimension of the span of {l1,...,0:}.

Proof. Without loss of generality, assume that ¢, ..., ¢, is a basis for the space
spanned by ¢1,...,¢; v < t. Observe that:

OuL S CF-Span § f*7 47" - 4) | By < dk
J=1 ie{1,...k}

: <k ra r ;
and therefore, dim (IE‘ -Span {8MLf }) < (k+1)(dk)" as required. O

Now, we bound the dimension of shifted partial derivatives of powers of the
power symmetric polynomial:

Lemma 19. Let f = py(zj,,...,x;, ) for some ji,...,5m € {1,...,n}. Then
for any o,k > 1

dim (F-Span (a5t 7)) < (e ("R,

k+1

Note that the straightforward bound of (7]?) ("?‘l) is better than this bound if m
is large. However, when m is small (say m < n/40), the bound shown above is
better for suitable values of k and [. Combining Lemmas 18 and 19 with the sum
and product rules for partial derivatives, we get:

Lemma 20. Let {q,...¢; € Flxy,...,x,] be linear forms and let v denote their
rank. Let f = pq(zj,,...,2;,.,01,...,4). Then for any d >k > 0, we have

dim (F-Span {z=<'95{ f*}) < (a+1)(k+1)3(dk)r<m+n+k+l>

k+1
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Finally, using sub-additivity of shifted partial derivatives and Lemma 20 we
obtain the following upper bound:

Theorem 21. Let d > k > 0 and g = Y.;_, f{" where each of the polyno-
mials fi = pa,(Tiys-- s Tip, liys- oo b)) and by ..o 4, are linear forms in
1.y Tn. Then for any 1 >0 with k+1>n+m:

dim (F-Span {z='05g}) < s(a+ 1)(k + 1)3(dk)" (n i 7::/“ ! l)
where m = max; m; and r = max;{dim(F-Span {;,, ... iy, P

Combining the previous theorem with the lower bound from Proposition 6
gives us the required size lower bound.

Theorem 3. Let g =Y ., f where f; = pa, (i, ... s Ty s liys e ,Eiri), m; <
ﬁn, ri <nf d< 2" " and a; < on’ for all i, for some 0 < 0,6,y <1, e <.
If g =x129...2, then s = 282(n)

Proof. Let d > 2 and m = max; m;. Using Proposition 6 and Theorem 21

- ()Y

T (ot 1)(k+ 1)3(dk) ("

where o = max; «;. Taking the logarithm and using that 3log(k 4+ 1) < 3log dk
since d > 2 gives us

log s > log (Z) +log (n a ;ﬁ + l) - (log(a +1) +log (n + Z—tlk + l) + (r+3)log dk) .

Note that (r + 3)logdk € o(n) if d < 27" Now, using the approximation of
binomial coefficients in Proposition 5 and setting k = n/10 and [ = 10n we get
log s > 0.0165n. This proves the required bound. a
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