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Abstract

This term paper explores The phenomenon of self interaction among the vector
gauge bossons.starting form the Abelian symmetries we modified the transformation
laws for local invariance to non-abelian cases,where it includes non homogeneous part
due to it’s non commutative nature.Besides that it includes the chiral symmetry for
fermions that says in chiral basis we cannot put mass term to the fermions.Finally we
give some examples of Yang-Mills theories which have been applied in physics.



Introduction

In this report i begin with classical field theory introducing the equation of motion,symmetry

transformations that leave the equation invariant would give conserved current. Apart from
that it is shown that complex scalar field is nothing but two non interaction fields. Then
starting the statistics followed by particles i have gone through all fundamental interaction
and exchange particles associated with each type of interaction.It is alsho shown in the
scalar QED and spinor QED that bossons interact with charge particles then i begin with
non abelian gauge theory where i showed that in general case gauge field transform in a
different way than U(1) symmetry as generators of gauge group does not commute with
each other due to this non commutative nature we found some interesting phenomenon like
Apart form that i showed that in chiral basis expansion of dirac lagrangian we can’t put
mass term to fermions due to non-invariance and found that the gauge field transformation
of each basis is completely differnt



Contents

1

classical field theory

1.1 real scalar field theory . . . . . ... ... ... ... .....
1.2 complex scalar field theory . . . . . .. .. ... .. ... ...
1.3 Noether’s Theorem And conserved current . . . . . . . . . ..

Fundamental forces and particle classification

Abelian Gauge Theory

3.1 Spinor Electrodynamics . . . . ... ... L.
3.2 scalar QED . ..o

Chiral Transformation

Non Abelian Gauge Theory

5.1 Motivation . . . . . . . ...
5.2 Construction . . . . . . . . .. ..
5.3 Kinetic Term for the Gauge field . .. .. ... ... ... ..

conclution

o o 3

10

11
11
12

13

14
15
15
17

20



1 classical field theory

For a system of particles the equation of motion of classical mechanics is the Euler-Lagrange
equation for extremizing the action integral. For a conserved system Lagrangian of the
system of particles depends only on the generalized coordinates and generalized velocity
L(qi,qi). In the Classical field theory we turned the dynamical variables into fields ¢(z) ,
here x is space time coordinate.

1.1 real scalar field theory

so considering real scalar field ¢(z) we can construct the action to be

o) = [ o

where L is the Lagrangian density. £ is a function of scalar field ¢(z) and it’s space time
derivatives 0,¢(z) analogous to dynamical system, Here x is the space-time coordinate.

L= L(P(x),0,0(x))

the equation of motion we can get by using the variation principle ¢(z) — ¢(z) + d¢(x) and
using the boundary condition d¢(t;, Z) = d¢(ts, Z) = 0 §(0,0)

oL oL
55:/6143; — 0+ ———0(0
upon integrating by parts we get
oL oL oL
_ 4 4 _ =
55—/dm8u(5au¢§¢)—l—/dx5¢[5¢ au<6au¢)]

the first term is the surface term so it vanishes at the boundary and what we are left with

is that
oL oL

56 3u(m) =0 (1)

m2¢? we can

Considering the kinetic term to be quadratic and potential to be V(¢(z)) = 3

get the equation of motion of the Lagrangian

L = L(6(x),0,0()) = % GOV — %m2¢>2



putting this Lagrangian back in the equation (1) we get
(0* +m*o =0

This is the klein-gordon equation

1.2 complex scalar field theory

Here we consider a complex field ¢ to make the action real the action is considered to be the
following

116(2), ' ()] = / 245((8,6)))(0,0) — V (61)]

for simplicity take V (¢f¢) = m?¢!¢, it should not be considered that ¢ and ¢' they are same
though they are complex conjugate of each other but in the field theory they are independent
of each other.

so here £ = L(¢, ¢',0,¢,0,4") taking variation of each field we have two sets of equation

(0> +m*)p =0 (2)
(0* +m?)p! =0 (3)
again rewriting ¢ and ¢' in terms of real and imaginary quantity we have
6= ¢1+i¢27¢1 _ ¢~ i

V2 V2

putting them back in the action
1o(0). 6/ (@) = [ d'5((0,0)1)(0,0) — m*6'0)
4 1 1 2 2 4 1 ]‘ 2 2
= [ dial50,0:0%01 — utd) + [ d'a(50,0:0% — o)

as we can see there is no cross term in the kinetic part and the potential part so it implies
that complex scalar filed theory is theory of two non interacting real scalar field theory.

1.3 Noether’s Theorem And conserved current

it deal with conserved current associated with the fields, it says that conserved charges only
appear for continuous global symmetries. For translation symmetry the conserved quantity
is Stress-Energy momentum tensor.The basic idea is that make the symmetry parameter to
be space time dependent then make change in the action and that would be zero. This will
give us conserved current.



In case of translation z# — z* + a* we make the continuous symmetry parametera”) to
be space time dependent and varying the action one can intuitively say that the variation
in action should have derivative of a* because in case of global transformation it would be
Z€ero.

ol = —/d4x(8ua”)95
if a¥ = constant then d,a” = 0 that will make 07 = 0 but the other way around,
5T = — / 4420, (a"0") + / d42(9,604)a”
the first term got cancelled as it will give us surface term so what we are left with

ol = /d‘%(@ﬁfj)a”

implies 0,,0% = 0, thus ¢/, is a conserved quantity for translation symmetry it can be shown
that

oL
" = 0,9 — L L
90,6
taking the p =0 and v =0
g0 — IL
9(0o®)
= (0,0)* — L

= (@0 — 5(06) + 5(T9)? + V()
1

2 1 2
— 50,67 + 5(9) + V(9)

this is the energy density of the field. It can be shown that other components gives us
pressure,stress tensor, momentum flux,momentum density.



2 Fundamental forces and particle classification

so far i have discussed about equation of motion from Lagrangian, conserved current associ-
ated with fields, non interacting fields. Before going into Abelian gauge theory where i will
discuss about how the particles interacts with each other. Now lets start with information
about particles and fundamental forces in nature, so far interaction in nature are found to
be of four kind,

1) Strong interaction
2)weak interaction
3)electromagnetic interaction
4)gravitational interaction

Particles in nature observed to follow two kind of statistics Fermi statistics and Boson

Standard Model of Elementary Particles

three generations of matter interactions / force carriers
(fermions) (bosons)
| Il Il
mass  =2.2 MeV/c? =1.28 GeVic? =173.1 GeV/c? 0 =125.09 GeVv/c?
I % EZ) EZ)
W @O @I @I @I @
up charm top gluon higgs
——r
=4.7 MeVic? =96 MeVv/c2 =4.18 GeV/c2 0
. @I DI @I] @
down strange bottom photon
——
=0.511 MeV/c? =105.66 MeV/c? =1.7768 GeV/c? =091.19 GeVic2
. @I Ol @I @
electron muon tau Z boson
e
<2.2 eVic? <1.7 MeV/c? <15.5 MeV/c? =80.39 GeVic2
. N L oM |, A N w
neutrino ) | neutino ) | neurino | | W boson

Figure 1: Standard Model

statistics, 3 generation of quark and leptons follows Fermi statistics called fermions,Gauge
bosons and scalar boson follows Boson statistics.Gauge bosons are spin 1 particle whereas
all fermions are spin 1/2 particles besides that recently discovered particle Higgs is spin 0
scalar particle.For each type of interaction we have fundamental particles associated with it.
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gluons exchange particles for strong interaction
photons exchange particles for electromagnetic interaction
W boson and Z boson exchange particles for Weak interaction

Table 1: Fundamental interactions
W bosons have either a positive or a negetive charge, Z bosons have no charge and are
electrically neutral.quark interacts through gluons that is also strong interaction and forms

baryons(qqq) and mesons(qq) all these particles have their anti particles they have same
mass but opposite charge.

Starting with the gauge theory we will see later that the fermions interact with each other
through photon these are not real photon it is virtual.

3 Abelian Gauge Theory

so what is gauge theory ? A gauge theory is a theory where the action is invariant under
continuous symmetry transformation where the symmetry parameter depends on the space
time parameter. It is different from Noether’s theorem where the symmetry parameter was
global that is independent of space time.

consider the maxwell field equation the field equation is written as follows

. 0A
E:—Vqﬁ—g

B=vxA
the most general transformation which leave E and B unchanged is
oA
% —_
=0+ 5

Ao A— VA
In four vector notation A, — A, + 9, \(z) where A, = (¢, A) under this transformation

Maxwell source free equation remain invariant but as far we consider the source term it does
not remain invariant

3.1 Spinor Electrodynamics

Let us start with the Dirac fermion action
Sdz'rac = /d4IIZ(17Ha,u - m)¢

A global U(1) symmetry 9 (z) — e ***)(x) where a is a constant. Before going further i
should mention that what is U(1) symmetry is,The elements of the group U(1) are points

11



on the unit circle, which can be labeled by a unit complex number ¢?. U(1) group is a
commutative group that’s why the term arise Abelian. Now following Noether’s procedure
the corresponding Noether’s current is found to be

gH = e@y“w and 0,j" =

now for global symmetry the Lagrangian is invariant but taking the local symmetry some-
thing strange happen.

("0, —m)y

eiea(a:) (Z,y,uau . m>67iea(a:)w
(i’y“(@u - ieaua(x)) —m)y
(iv*0, — m)y + [0, 0

v
4
g

so it is not remain invariant however if we add a term A,j* to the dirac lagrangian

V(Y0 — m)yp — Augt
and do these following gauge transformation
Y(x) — e_iea(m)l/}(x) , Ay = Ay + Oua(z)

Then the lagrangian remain invariant, one can rewrite the interaction in terms of covarient
derivative
D, =0, +1ieA,

so under gauge transformation
D,ab(x) — e D ()
thus we have coupled fermions to the photons because we certainly have A,1 term from

gauge invariance,that is the interaction term so fermions always interacts with photons.

3.2 scalar QED

Conserved vector currents are available only for complex scalars. Put differently, real scalars
are uncharged. Let us therefore consider a complex scalar theory, whose lagrangian prior to
coupling to the Maxwell field reads

L =(3,0)")(0,0) — V(¢'9)

The noether current of the free theory associated with the global U(1) symmetry ¢ — e~%?
with « as real is

e = ic(9 106 — (0"9) 1 ¢)

The naive guess for the coupling to the gauge would be

Eﬂaive = _A#j;jree

wnt
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However for the local gauge invarience ¢ — e~**®¢ and A —p — A, +9,a(x) let us instead
follow the general route ot replacing usual derivative d,i by the covarient derivative

D,¢(x) =0, +ieA,)p

so the interaction which follows by expanding D, = 0, + ieA, is

A$n¢VL¢]=-—j/dxﬂux¢féW¢-—(aﬂ¢>T¢0Aﬂ-—e2AMAw¢T¢1

the last term quadratic in A" is required for the gauge invarience and was missed in the
naive guess.

The point is that in general the Noether current may itself depend on A, once the coupling
to the gauge field is taken into account because S;nt[A, ¢| may depend not just linearly on
A therefor merely writing —A,,J}, . with j} ., the conserved current associated with Sy,
only is not the correct way to do.

4 Chiral Transformation

In this section i discussed about two kind of electrons that interacts completely different
way, left handed and right handed electron.They transform in a different way under chiral
transformation.

L= @Z(i’)/uau - mW

in terms of spinors

_ Y

v=(55)
here 1
v"z(a(—)u % )iztﬂ*voandvoz(? 0)

putting these in the lagrangian density we get
L = ipfohd,tr, + ko duon — m(W s + YLvR)

now for global U(1) transformation lagrangian density remain invariant but for chiral trans-
formation ¢ — exp™ ¢ it is a different case.

1
Pry =11, where P, = 5(1 — 75)

1
and Pri) = 1r where Pp = 5(1 + %)

13



SO

Wy, = P — Preap™ %y

1 5 . 5 e - 512

= 51 =)A+ 00 = 5 —imgm )Y [using(y)” =1]
1

— 5(1 — %) (cos + iy’ sind)y

— exp PPy

— exp iy,

For 1R this transformation is completely different in similar way as above it is found out to
be,

v = exp”ibp
so these transformations leads to a invariance problem associated with mass term in the

lagrangian which can be removed by putting the mass term to be zero. so the lagrangian
density without mass term is invariant under chiral transformation ,

L =il ahd, vy, + ik s

At local transformation where @ is a space time variable we get another different thing
that in order to hold invariance we need to include two differnt gauge fields A, and B, be-
cause of different transformation of ¢/, and 1 z.These transformation rules for gauge fields are,

A, —A,+0,0 and B, — B, — 0,0

5 Non Abelian Gauge Theory

Let us consider a theory in which the degrees of freedom are N complex scalar fields ¢, i =
1,2,3,...N. if they are all independent.Then the action would be,

16@) = [ de 3(0°0) 06" mig™ — V(6'o")

as there are no interaction they do not talk to each other there is no new physics compared
to the single complex scalar field.we can couple this decoupled N scalar system to a single
maxwell field by turning the global symmetry into a gauge symmetry

o' = (¢) =W
A, — A;L = A, + 0u.a(x)
Alternatively we can couple each scalar to a different maxwell field
¢ = (¢) =Wy
A, — (A;L)Z = Al + 0,a'(x)

14



here we get N copies of non interacting photons.this is also not give rise to any new physics
however some new interesting physics emerges when these fields can be gathered together in
a column vector

&N
and the action be made invarient under a larger group/matrix transformation

¢ — ¢ =7

here U € SU(N) i.e N unitary matrix of unit determinant. the action we are talking about
is

1) = / 2[00 (0,6) — mP6l b — V(61)]

Compared to the previous case we see that coefficient of the mass terms and the potential
terms are identical for all i in the present case. Now, as we have seen in the scalar electro-
dynamics case i.e. for U(1), turning the global symmetry U(1) into a local/gauge symmetry
leads to coupling of the complex scalar to some form of massless vector field (Maxwell).

5.1 Motivation

The near degeneracy of the neutron and proton masses, the charge- independence of nuclear
forces, and many subsequent observations support the notion of isospin conservation in the
strong interactions. What is meant by isospin conservation is that the laws of physics should
be invariant under rotations in isospin space, and that the proton and neutron should appear
symmetrically in all equations. This means that if electromagnetism can be neglected, the
isospin orientation is of no significance. The distinction between proton and neutron thus
becomes entirely a matter of arbitrary convention.

5.2 Construction

All we have done so far is spinor electrodynamics, dirac spinors and how it couples to gauge
bossons. Down there are those following transformation so far,

Sdirac = /d4$¢(27“8y - m)w
A local U(1) symmetry that is gauge symmetry 1(z) — e~ **@)(x) where « is a space

time dependent function.we find that to make the lagrangian invariant we hove to do these
following gauge transformation.

V() — e_iea(x)@b(x) , Ay — Ay + 0ua(x)

15



Then the lagrangian remain invariant, one can rewrite the interaction in terms of covarient

derivative
D, =0, +ieA,

so under gauge transformation
D,ab(z) — e D ()
in more general case these transformations are
¢(r) = Go(x)
D, — 0, —1igA,
/ _ { _
A, =GAG 14 E(QLG)G !
under these transformation D, ¢ behaves as a same way as ¢ like
D, — GD,¢

The above discussion can be generalized to more complicated gauge groups than U(1). All Lie
groups can be represented by matrices, and exceptU(1) they are all non-Abelian, meaning
that the commutator of two elements of the group is non-zero. The gauge groups of the
Standard Model are U(1), SU(2) and SU(3),and the gauge groups used in theories beyond
the Standard Model are mostly SU(N) and SO(N).

A general group element of SU(N) is an N N-matrix with determinant equal to one.It can
be written as U = exp(ia®T,) where a® is a set of N? — 1 parameter and T is a set of N> —1
generators. These generators are matrices and fulll the commutation relation

[T, T =i fo°T*° [f® = structure constant]

if a* << 1 then
U=~1+1iaT,

so the transformation of gauge field is
a’ arr— { _
A =UAU™ + 7 OV !

This is a crucial equation establishing two thing:
1. A, is now a N x N matrix. This is clear from the second term in the transformation
equation.This term is a being a product of twoN x N matrices, 9,U and U™ is an N x N
matrix. Thus the lhs i.e. A» must be so as wel.

2. A, is itself a non-tensor i.e. it transforms under a local U(N) or SU(N) transformation
inhomogeneously due to the second term on the rhs. This does not involve A while the first
term is linear in A. This is a bit ironic, because we introduced this gauge field in the first
place to make the derivative of scalar transform homogeneously under local /gauge symmetry,

16



however in the process of achieving that, it itself ends up failing to be a homogeneously
transforming object.

T, A% =UT, AU +i(0,U)U™"
= (1+ia"T)T,A%(1 — iaT,) +i0,(1 + ia"T,) (1 — ia’T;,)
= (TLAL + i T, T, A%) (1 — ia°T,) + i0,(ia"T,) (1 — ia"T,)
= TLA — i A% T, T, + iAo T, T, — 0,(a"T,) + O(a?)
=T, A" = 0,(a"T,) + i AT, T, [neglecting higher orders in o]
= T,A* = 0,(a"T,) + iASatifo. T,

That’s implies

Al = A% — 0,0 — Aol f
here something different is coming up ,the third term it was never before in the abelian gauge
symmetry as it is commutative.

5.3 Kinetic Term for the Gauge field

To this point in the construction of the isospin gauge theory of nucieons, we have a La-
grangian given by

L=y Dy —m)y

L=L— gy A
namely a free Dirac Lagrangian plus an interaction term that couples the isovector gauge
fields to the conserved isospin current of the nucieons. The structure of the interaction
between the gauge fields and matter is precisely analogous to that found in the case of QED.
To proceed further, we must construct a field-strength tensor and hence a Recall that in
the case of the U(1) gauge field, the kinetic term was given by, Lgy = +F,, F*. Then one
might suggest that a similar construction be carried out for the nonabelian gauge field. The
first step in this direction to construct the field strength tensor, F*¥, and this field strength
tensor should transform as a tensor, unlike the non-tensor transformation of the potential in
equation A,. In the Maxwell case, I, = 0,4, — 0, A,. Let’s try to define a matrix valued
field strength for the nonabelian case analogously and check it’s transformation properties

17



kinetic term for the gauge fields.

F,, =0,A, — 9,4, (4)
— 0,(GAG + é(ayG)G‘l) _pov (5)
GO AGT + 0,GAG + GAING + é(ayG)(ayel) I (6)
G0, A, — 0,4)G + [(0,G)A, — (0,G)AJG + GIAL(B,GY) — 4,3, (7)
+2(0,6)0.67) - (D,6)(0,6 ) 8)
£ G0, A, — DA G (9)

(10)

This result may be cast in slightly more symmetric form by recalling that
G'G=GG1=1

s0 (0,G1G = G7Y(9,,,G) taking two terms form line 7 and 8 and using the above equation
we get |
(0,G)AG™' +GAL0,G7)
= GG 1(0,G)A, G + GA,(0,GTHGG™
= GG Y(0,G)A,G '+ GA,G(0,G)G™!
= G[G7Y0,)G, A )G

similarly for —(9,G)A,G™' — GA,(0,G ') we get —G[G~(9,)G, A,]JG from the last part
of the line (8) we have

g[(aua)(aya—l) — (8,G)(9,G7")]
_ éGG‘l[(auG)(ﬁyG_l) ~ (0,G)(3,G 7]
- éG[_(auGl)G(a,,Gl) +(0,G7)G(9.G7)]
1

= 6l0.67)(0,0) - (0,67)2.0)6"!

so finally we have a compact form of the stress tensor in terms of commutator

F,, =G(0,A, — 9,A,)G™!
+ G{[G_1(8V)Ga Au] - [G_l(au)Ga Au]

" %Guayc;l)(auc) — (0,671)(0,6)) G

18



so this does not transform homogeneously it contains non homgeneous parts due to non
abelian group structure. now If we recall that the minimal coupling prescription instructs
replacing the partial derivative by a covariant derivative, then can do this change in the
definition of the field strengt to

F,=D,A,—D,A,
so it contains an additional term due to non abelian part

F. = D,A, — D,A, (
= (0, +igA,)A, — (0, +igA,)A, (12
= 0,4, — 0,A, +ig[A,, A, (

(

we have already done the gauge transformation of the first two terms of 14 and got some
aditional non homogeneous part with it that does not transform in usual way of gauge
transformation. so we will now looking for the additional non abelian term of (14) and lets
see how it transform under gauge transformation.
ig[A,, A,]
1 i
=ig[(GA,G'+ —(0,G)G™ "), (GA,G™" + —(0,G)G™)]
g g

= ig[GA,G™,GA,G™] +ig|[GA,G1, é(aﬂG)Gl] + ig[é(&,G)Gl, GA,G™

n ig[é(&,G)G_l, é(@uc)c—l]

so from the first term

ig|[GA,G™', GA,G™
=igGA,G 'gA, G —igGA,G 1gA,G™!
=igG[A,, A, ]G}

and form the 2nd term we have
iglGA,G™1, é(@uG)G‘l]
. iy 1 Y 1
=1i9GA,G g(auG)G —i9gGA,G E(&,G)G
= —G’A,,G_l((‘%G)G_1 + ((’9”G)G_1GAVG_1
= GG_I(QHG)A,,G_1 - GA,,Gl(@LG)G_1
= G[G’l((?uG), A,,]G’1

19



similarly from the third term we get
~-GIG7(0,G), A,)G™!
and the final part
z’g[é(&,G)Gl, ;-}(aMG)Gl]

(0,6)G1(8,G)G™) — é(@VG)G‘l(GNG)G‘l)

Q==

G(9,G71(9,G) — éa(aua—l(aya)

- = Gl0.67)0,6) - (0,6 .CNE

so putting all these together back in the equation (14) we get all the non homogeneous terms
cancels each other the only term that survive is F;w = G[0,A, —0,A,+ig[A,, A.)]G . Now
it is easy to write down a gauge invariant kinetic term for the gauge field in terms of the
field strength tensor similar to the Maxwell case,

1
I[Au] = _ZTT<FquW)

The trace is crucial for the term to be gauge invariant
Tr(F,,F") = Tr(GF,,F*"G™") = Tr(F, "G 'G) = Tr(F,,F")

This part explain something new that was never before in the abelian case.this gauge field
part of the Lagrangian can be expanded to

1 1 1
—LOuAL = DAL — g (DAL — 0, AL AN AT — g (fAL AL

This Lagrangian has quartic and cubic terms in the A}, so unlike the maxwell Lagrangian,
it contains interactions whose forms are fixed by symmetry. There is no mass term of the
form mz(AZ)Q so the gauge fields are massless and a term of such a form would violate gauge
invariance just like in the U(1) case.

6 conclution

We have construct the clasic non abelian gauge theory by introducing the non commutative
part through lie algebra.lt is already shown that U(1) symmetry explain the electromag-
netic interaction,weak interaction is given by su(2) symmetry for this the 3 gauge fields are
W+ W, 2% The Unification of U(1) x SU(2) we have electroweak interaction.The strong in-
teraction can be explained by SU(3) symmetry where there will be 8 gauge fields,the gluons.
There are several other interesting Yang-Mills theories. For example, it has been suggested
that the standard model, based on the group SU(3) x SU(2) x U(1), is a subgroup of a larger
simple group, such as SU(5). Theories of this kind, which attempt to unify interactions are
sometimes known as grand unified theories (GUTs). However, in order to obtain a proper
description of Nature we have to quantize these theories.
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