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Abstract  This computational study generates a hypothesis for the coagulation 
protein whose initial concentration greatly influences the course of coagulation. 
Many clinical malignancies of blood coagulation arise due to abnormal initial con-
centrations of coagulation factors. Sensitivity analysis of mechanistic models of 
blood coagulation is a convenient method to assess the effect of such abnormali-
ties. Accordingly, the study presents sensitivity analysis, with respect to initial con-
centrations, of a recently developed mechanistic model of blood coagulation. Both 
the model and parameters to which model sensitivity is being analyzed provide 
newer insights into blood coagulation: the model incorporates distinct equations for 
plasma-phase and platelet membrane-bound species, and sensitivity to initial con-
centrations is a new dimension in sensitivity analysis. The results show that model 
predictions are most uncertain with respect to changes in initial concentration of fac-
tor VIII, and this hypothesis is supported by results from other models developed 
independently.
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1  Introduction

A key underpinning for the effective function of blood clotting (coagulation) is 
that zymogen and platelet concentrations are neither too deficient nor in large 
excess. Any departure from the normal course of functioning can lead to either 
hemorrhage (uncontrolled blood loss from blood vessels) or thrombosis (exces-
sive clot formation within blood vessel). It therefore becomes important to under-
stand the possibilities of both the occurrence and subsequent outcome of such 
abnormalities. Such an investigation can be done in a simple manner using a 
mathematical model of the blood coagulation process.

Various simple and complex clinical activities like drug target selection, drug 
design, patient-specific dosing, etc. are now assisted by the application of mathe-
matical models of blood coagulation and their simulation (Panteleev et  al. 2007). 
Mechanistic models of coagulation bring together a large amount of component 
biochemical data into a self-consistent and meaningful description that can be used 
to computationally test various hypotheses on coagulation and hence design experi-
ments accordingly (Mann 2012). With computations, restrictions with respect to the 
number of samples that can be taken, or the type of input perturbations that can be 
applied, are mitigated. Sensitivity—defined as the extent and nature of change in a 
dependent variable due to perturbations of an input variable- can also be measured.

The mechanistic model for coagulation developed by Susree and Anand (2017) 
(hereafter, referred to as the Susree-Anand model) includes not only platelet acti-
vation but also a variable binding site density of clotting proteins on platelets. 
The model is one of the most inclusive pseudo-homogeneous models that distin-
guishes between reactions in plasma and on platelet surface. A sensitivity analy-
sis of this model can therefore be expected to yield valuable insights. Sensitiv-
ity of this model with respect to change in reaction constants has already been 
performed in Susree and Anand (2017). In this article, we perform a sensitivity 
analysis of the Susree-Anand model using the procedure elucidated by Danforth 
et al. (2009) so as to find the initial concentrations to which the model is most/
least sensitive. The results will provide insights for possible experimental studies.

This article includes a section on problem formulation (Sect.  2) which also 
outlines the solution procedure for the model equations. We then review the pro-
cedure for sensitivity analysis in Sect.  3. We present the results of the analysis 
in Sect. 4. A brief discussion of the results is finally given in Sect. 5 and conclu-
sions are made about the role of uncertainty in initial concentrations of model 
species in affecting the model predictions.

2 � Problem Formulation

Blood coagulation is the physiological phenomenon responsible for maintain-
ing the integrity of the human vasculature. In vitro blood coagulation follows the 
cascade model of enzymatic reactions leading to thrombin formation (see Furie 
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and Furie 2008) whereas, in vivo, it follows the spatio-temporally distributed and 
compartmentalised model (see Panteleev et al. 2015). Based on the mechanism of 
initiation, blood coagulation follows two pathways : extrinsic and intrinsic. The 
extrinsic pathway of coagulation is the more significant initiation mechanism in 
vivo (see Furie and Furie 2008). A brief explanation of the extrinsic pathway of 
coagulation as it occurs in  vitro, and as described in Furie and Furie (2008) is 
given below. We restrict our explanation to this phenomenon because the model 
we analyze, namely the model in Susree and Anand (2017), describes clotting 
in vitro via the extrinsic pathway.

In order to initiate clot formation in  vitro via the extrinsic pathway, a known 
concentration of the activator, tissue factor (TF), is added to platelet-rich plasma 
collected in a test tube. The added TF subsequently forms a complex with active 
factor VII (fVIIa). Following this, a series of enzymatic reactions is set into action 
leading to thrombin generation and finally, clot formation. The TF:VIIa complex 
directly activates factor X. Activated factor X converts prothrombin to thrombin in 
the plasma at a much lower rate than that by the prothrombinase complex in the 
plasma (Xa:Va action is however localized at the platelets in plasma). The thrombin 
in plasma activates platelets which provide the necessary procoagulant surface for 
formation of intrinsic tenase (IXa:VIIIa) and prothrombinase complexes which acti-
vate factor X and prothrombin, respectively. While platelets localize clotting activ-
ity, inhibitors like antithrombin III (ATIII) and TFPI keep a check on unregulated 
clotting. Consequently, this implies an influential role for these inhibitors on the 
dynamics of clot formation. Figure 1 shows an overview of the coagulation cascade 
as it would occur in vitro.

Sensitivity to initial conditions is a characteristic of the complex process of 
blood clotting : this aspect can be conveniently investigated using a mechanistic 
model of coagulation. Considering how biochemical reactions are represented, that 
is, in terms of concentrations and kinetic rate constants, we can see that the result 
of simulating a biochemical network is critically dependent on these two factors. 
Mechanistic models for hemostasis are understood to comprise of four elements: 
reaction network, mechanism of reaction, kinetic parameters, and initial conditions 
(Diamond 2013). Sensitivity analysis with respect to each of these elements aids in 
understanding alterations in blood function in response to a pathogenic condition as 
well as to treatment.

In this study, we perform the sensitivity analysis with respect to initial conditions 
on the coagulation model developed by Susree and Anand (2017). Being a model 
that is inclusive of platelet activation, and having a reaction network that clearly 
distinguishes reactions based on whether they occur in plasma or on the platelet 
membrane surface [the latter distinction is not made in an earlier model proposed in 
Anand et al. (2008)], it is a good choice for conducting sensitivity analysis.

2.1 � Mechanistic Model and Simulation

The model is formulated using ODEs which represent the generation and depletion 
of various constituents of the extrinsic pathway of blood coagulation. These are : 
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tissue factor (TF), platelets (PL/AP), plasma-phase enzymes and zymogens (IXa / I
X, Xa / X, IIa / II, VIIIa / VIII, Va / V, VII / VIIa), membrane-bound enzymes and 
zymogens ( IXam∕IXm,Xam∕Xm, IIam∕IIm , VIIIam∕VIIIm,Vam∕Vm ), surface bound 
enzyme complexes ( VIIIam ∶ IXam , Vam ∶ Xam , TF  : VII and TF  : VIIa), inhibitors 
(ATIII, TFPI, and Xa  :  TFPI), and fibrin & fibrinogen (Ia  /  I). The model incor-
porates platelets as a soluble phase (it is a pseudo-homogeneous model) with vari-
able concentrations of binding sites for clotting factors. The schemes of the vari-
ous reactions involved in the process of platelet and zymogen activation, inhibition 
and clot formation incorporated in the model have been outlined in Table 1a–c. The 
equations corresponding to each reaction can be found in Susree and Anand (2017). 
All the kinetic parameters and initial conditions used are those for human plasma at 
physiological conditions (37 ◦C, pH = 7.2 − 7.4, [Ca2+] = 2.1 − 2.8mM) . For more 
details on assumptions, reaction mechanisms, kinetic rate constants, and binding 
site densities used to develop the model, the reader is referred to Susree and Anand 
(2017).

The initial concentrations of the zymogens, inhibitors and platelets (Table 2) have 
been obtained from literature. They have been used previously in the models devel-
oped in Anand et al. (2008) and Hockin et al. (2002). The number in parentheses 
represents the species number in the model described in Susree and Anand (2017).

The system of stiff ODEs and initial conditions (which are the initial concen-
trations listed in Table  2) are non-dimensionalised according to the following 

Fig. 1   Overview of the extrinsic-pathway reactions used to develop the model in Susree and Anand 
(2017). Reproduced with permission from the Indian Academy of Sciences, copyright 2017 Susree and 
Anand (2017)
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Table 1   Reactions and kinetic constants

Reaction Description

(a) For reactions involving platelets

PL + AP
kpp
������������→ 2AP

platelet-activation of platelet

PL + IIa
kp2
������������→ AP

platelet activation by IIa

(b) For enzymatic reactions in plasma

TF + VII

k+
T7

−−⇀
↽−−
k−
T7

TF ∶ VII

binding of TF & VII

dissociation of TF:VII

TF + VIIa

k+
T7a

−−−⇀
↽−−−
k−
T7a

TF ∶ VIIa

binding of TF & VIIa

dissociation of TF : VIIa

TF ∶ VIIa + VII
kTF7
���������������→ TF ∶ VIIa + VIIa

auto-activation of VII

VII + Xa
k10,7
���������������→ VIIa + Xa

Xa-activation of VII

VII + IIa
k2,7
������������→ VIIa + IIa

IIa-activation of VII

TF ∶ VIIa + ATIII
hAT
7

������������→ TF ∶ VIIai + ATIII
ATIII inactivation of TF:VIIa

TF ∶ VIIa + Xa ∶ TFPI
hTP
7

������������→ TF ∶ VIIai + Xa ∶ TFPI
Xa:TFPI inactivation of TF:VIIa

TF ∶ VIIa + IX
k9,K9M

2

��������������������������→ TF ∶ VIIa + IXa
TF:VIIa activation of IX

IXa + ATIII
h9
���������→ IXi + ATIII

ATIII inactivation of IXa

TF ∶ VIIa + X
k7,10 ,K7,10M

�������������������������������������→ TF ∶ VIIa + Xa
TF:VIIa activation of X

Xa + ATIII
h10
�����������→ Xi + ATIII

ATIII inactivation of Xa

Xa + TFPI

hTP+
10

−−−⇀
↽−−−
hTP−
10

Xi + TFPI

binding of Xa with TFPI and dissociation 
of Xa:TFPI

II + Xa
k2t
����������→ IIa + Xa

Xa-activation of II

IIa + ATIII
h2
���������→ IIi + ATIII

ATIII inactivation of IIa

VIII + IIa
k8,K8M

�����������������������→ VIIIa + IIa
IIa-activation of VIII

VIIIa
h8
���������→ VIIIi

spontaneous decay of VIIIa

V + IIa
k5,K5M

�����������������������→ Va + IIa
IIa-activation of V

Va
h5
���������→ Vi

spontaneous decay of Va

I + IIa
kf ,KfM

���������������������→ Ia
IIa-activation of fibrinogen

(c) For enzymatic reactions on membrane surface

IX∕IXa + AP9

k+
9

−−⇀
↽−−
k−
9

platelet-binding of fIX/IXa, and

IXm∕IXam dissociation of fIX/IXa from platelets
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procedure: t∗ = t∕T , Y∗
i
= Yi∕Yi(t = 0) , G∗

i
= GiT∕Yi(t = 0) . They are then solved 

using the ‘ode15s’ algorithm in MATLAB (version R2012a), and simulations are 
performed for 1800s (i.e. 30 min).

3 � Sensitivity Analysis Procedure

Sensitivity analysis calculates the effect of variations of input parameters (in this 
case, initial concentrations of model species) on the model predictions (species con-
centrations), and determines the input parameter to which the predictions are most/
least sensitive. Variations in the initial concentration of each of the model species 
are predesignated, and the consequential differences arising in each species’ concen-
tration are analyzed. Two procedures of sensitivity analysis for coagulation models, 
one described by Danforth et  al. (2009) and the other by Luan et  al. (2007), are 
prominent in literature. Danforth et  al. (2009) illustrate a sampling based method 

2 M stands for Michaelis Menten; K9M stands for Michaelis Menten constant for TF:VIIa activation of 
IX

Table 1   (continued)

Reaction Description

IXam + VIIIam

k+
TEN

−−−⇀
↽−−−
k−
TEN

VIIIam ∶ IXam
binding of IXam and VIIIam , and dissocia-

tion of IXam ∶VIIIam

X∕Xa + AP10

k+
10

−−⇀
↽−−
k−
10

Xm∕Xam
platelet-binding of fX/Xa, and dissociation 

of fX/Xa from platelets

Xm + VIIIam ∶ IXam
k10,K10M

����������������������������→ Xam + VIIIam ∶ IXam
IXam ∶VIIIam activation of X m

Xam + Vam

k+
PRO

−−−⇀
↽−−−
k−
PRO

Vam ∶ Xam
binding of Xam and Vam , and dissociation 

of Xam ∶Vam

II∕IIa + AP2

k+
2

−−⇀
↽−−
k−
2

IIm∕IIam
platelet-binding of fII/IIa, and dissociation 

of fII/IIa from platelets

IIm + Xam ∶ Vam
k2,K2M

�����������������������→ IIam + Xam ∶ Vam
Xam ∶Vam activation of IIm

VIII∕VIIIa + AP8

k+
8

−−⇀
↽−−
k−
8

VIIIm∕VIIIam
platelet-binding of fVIII/VIIIa, and disso-

ciation of fVIII/VIIIa from platelets

VIIIm + IIam
km
8
,Km

8M

������������������������→ VIIIam + IIam
IIam-activation of VIIIm

VIIIm + Xam
km
8t
,Km

8tM

��������������������������→ VIIIam + Xam
Xam-activation of VIIIm

V∕Va + AP5

k+
5

−−⇀
↽−−
k−
5

Vm∕Vam
platelet-binding of fV/Va, and dissociation 

of fV/Va from platelets

Vm + IIam
km
5
,Km

5M

������������������������→ Vam + IIam
IIam-activation of V m

Vm + IIam
km
5t
,Km

5tM

��������������������������→ Vam + Xam
Xam-activation of V m
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which uses an ensemble standard deviation to characterize the extent of variation 
resulting from perturbing one parameter at a time. On the other hand, Luan et al. 
(2007) provide a local variance decomposition method which uses the derivative of 
the output concentration with respect to the input parameters. We choose the sam-
pling based method described in Danforth et  al. (2009) for the model in question 
not only since it has greater accuracy (see appendix in Naidu and Anand 2014) but 
also since the range of perturbation (utilized previously by Allen et al. 2004) being 

Table 2   Initial concentrations 
of the proteins and platelets

Species (number) Initial Conc. (nM) References

TF (1) Variable
VII (2) 10.0 Hockin et al. (2002)
TF:VII (3) 0.0
VIIa (4) 0.1 Hockin et al. (2002)
TF:VIIa (5) 0.0
IX (6) 90.0 Anand et al. (2008)
IXa (7) 0.009
IXm (8) 0.0
IXam (9) 0.0
X (10) 170.0 Anand et al. (2008)
Xa (11) 0.017
Xm (12) 0.0
Xam (13) 0.0
II (14) 1400.0 Anand et al. (2008)
IIa (15) 0.140
IIm (16) 0.0
IIam (17) 0.0
PL (18) 10.0 Anand et al. (2003)
AP (19) 0.001
VIII (20) 0.7 Anand et al. (2008)
VIIIa (21) 0.00007
VIIIm (22) 0.0
VIIIam (23) 0.0
IXam:VIIIam (24) 0.0
V (25) 20.0 Anand et al. (2008)
Va (26) 0.002
Vm (27) 0.0
Vam (28) 0.0
Xam:Vam (29) 0.0
I (30) 7000.0 Anand et al. (2008)
Ia (31) 0.70
TFPI (32) 2.5 Anand et al. (2008)
Xa:TFPI (33) 0.0
ATIII (34) 3400.0 Anand et al. (2008)
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used—10 to 200%—is in the expected range of variability of experimentally meas-
ured concentrations. We list the model species’ initial concentrations to which the 
model prediction of all species’ concentrations is most/least sensitive in decreasing 
order of a parameter denoted as explained variance, Em

var
 . The mathematical proce-

dure involved in the sensitivity analysis is described below [this is largely derived 
from the description given in Danforth et al. (2009)].

3.1 � Ensemble Standard Deviation

An ensemble standard deviation ( �f

ICi
(t) ) is first calculated for each model species (f) 

at any selected time (t) from the set of predicted time courses for that species gener-
ated by varying a given initial concentration ( ICi ) across a linearly spaced range 
(denoted by n : 11) of values. This characterizes the variation due to that particular 
species concentration.

In Equation (1), Cf

i
(t) , C̄f (t) represent the instantaneous & average instantaneous 

concentration, respectively, of species f.

3.2 � Coefficient of Variation

The coefficient of variation ( Wf

ICi
(t) ) is calculated by dividing the ensemble standard 

deviation of each species f by the respective peak value ( ̂Cf (t) ) of the species’ con-
centration obtained using the standard model (100% initial condition values).

3.3 � Mean Coefficient of Variation

The coefficient of variation obtained in the previous step is averaged for all species 
( nf  ), which is equal to 34 in case of the model being investigated, and the mean 
coefficient of variation ( �ICj

(t) ) is thereby obtained.

(1)𝜎
f

ICi
(t) =

⎛
⎜⎜⎜⎜⎝

n∑
i=1

(C
f

i
(t) − C̄f (t))2

n − 1

⎞
⎟⎟⎟⎟⎠

1

2

(2)W
f

ICi
(t) =

𝜎
f

ICi
(t)

max(Ĉf (t))

(3)�ICi
(t) =

∑
f W

f

ICi
(t)

nf
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3.4 � Time‑Averaged Coefficient of Variation

From the mean coefficient of variation, the time-averaged coefficient of varia-
tion ( �ICi

 ) for each initial concentration (IC) is evaluated. The mean coefficient of 
variation is averaged over the entire time of the simulation (that is, 30 minutes in 
this case). The overall sensitivity of all factors to variation in a single initial con-
centration is represented by this statistical measure. A comparative assessment of 
these values gives a simple measure of the response of each species to perturba-
tions in the initial concentrations.

3.5 � Explained Variance

The comparative assessment mentioned above is performed by computing the 
explained variance ( Em

var
 ) which provides the relative importance of the mth ini-

tial concentration. The time-averaged coefficient of variation ( �ICi
 ) for each ini-

tial concentration is arranged in decreasing order of magnitude and the explained 
variance is thus calculated as shown in Equation (5). It is therefore a means of 
weighting the respective initial concentrations, uncertainties in which render the 
model most/least sensitive to that species’ (i.e., protein’s) initial concentration.

4 � Results

The model equations are solved as per the procedure in Sect. 2.1. Sensitivity anal-
ysis is performed for perturbations (10–200%) in initial concentrations of model 
species, and this gives the time-averaged coefficient of variation (see Table  3). 
Figure 2 displays the ranks (in decreasing order) of each model protein (referred 
by species number given in Table 2) with respect to the variation they cause in 
model predictions. We observe that the model predictions are most sensitive to 
perturbations in initial concentration of factor VIII, activated form of which is the 
cofactor and crucial for formation of the intrinsic tenase complex.

Figure 3 shows the effect of perturbing factor VIII concentration on resultant 
thrombin concentration. Thrombin is the choice analyte for analyzing model sen-
sitivity because it is responsible for the various feedback processes in blood coag-
ulation in addition to concluding it by fibrinogen conversion.

(4)�ICi
=

∑
t �ICi

(t)

nt

(5)Em
var

=

m∑
i=1

�ICi

34∑
i=1

�ICi
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5 � Discussion

The current study adds a different perspective to the sensitivity analysis given in 
Susree and Anand (2017) of the Susree-Anand model: in this article the focus is on 
sensitivity to changes in initial concentrations of clotting proteins/ inhibitors/ plate-
lets. Perturbations in rate constants as well as in initial conditions influence not only 

Table 3   Variables 
documenting model sensitivity 
to perturbations in initial 
concentrations

�ICi
Protein (IC number) Evar

Most sensitive
0.0804 VIII (20) 0.0415
0.0785 VIIIa (21) 0.0821
0.0773 PL (18) 0.1220
0.0772 ATIII (34) 0.1619
Least sensitive
0.0197 TF:VII (3) 0.9770
0.0173 VIIa (4) 0.9859
0.0156 TF:VIIa (5) 0.9940
0.0117 TF (1) 1.0000

Species No.
20 21 18 34 22 19 25 23 26 24 27 32 28 30 33 29 31 7 10 8 11 14 12 9 15 13 16 17 2 6 3 4 5 1
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Fig. 2   Sensitivity of the model in Susree and Anand (2017) to initial concentrations of species
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the initiation of clotting but also the progress of clot formation and lysis. And this 
can, in turn, affect the course of blood clotting as a whole. This study shows that the 
model in Susree and Anand (2017) is most sensitive to perturbations in the initial 
concentration of factor VIII.

It is well known that factor VIII is indispensable in the progress of clot formation 
by acting as a cofactor in the activation of factor X; congenital deficiency of fac-
tor VIII is also characterized by the more predominant form of hemophilia (Hemo-
philia A). Allen et al. (2004) have shown in their experimental investigation that the 
average rate of thrombin generation is reduced to one tenth when no factor VIII is 
added. In our analysis, we observe that the increase in peak thrombin concentration 
is nearly six-fold when factor VIII concentration is increased from 1 to 200%, which 
is in consensus with the thrombin generation assay reported in Allen et al. (2004). 
This indicates not only the robustness of this method but also presents sensitivity 
analysis as a non-invasive alternative to understand the effect of varying initial con-
centrations on the course of clot formation. Results of the sensitivity analysis of the 
Susree-Anand model lead us to identify the significance of initial factor VIII con-
centration in the activation of factor X which occurs during the initial stages of clot-
ting. The hypothesis generated from this analysis is in concurrence with the results 
of the sensitivity analysis presented in Naidu and Anand (2014) in signifying the 
role of factor VIII in the progress of clot formation. The analysis also verifies the 
hypothesis presented by Ovanesov et al. (2002) that a deficiency in either factor VIII 
or IX can disrupt normal self-sustained thrombin production. It can, therefore, be 
proposed based on this study that uncertainty in the initial concentration of factor 
VIII has a critical impact on the rate of thrombin production, and hence clot forma-
tion, in general and not in hemophilic patients alone.

Time (s)
0 200 400 600 800 1000 1200 1400 1600 1800
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Fig. 3   Effect of varying initial concentration of VIII (10–200%) on thrombin concentration
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