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Abstract

Our understanding of the fundamental interactions -electroweak and strong forces is described by a
theory which is now known as the Standard Model of particle physics. In this thesis, I study the
electroweak sector of the Standard Model. Using the Feynman rules of quantum electrodynamics, I
derive cross-sections for e~et™ — p~p™ and for Compton Scattering i.e, v +e~ — y+e~. First I
obtain the cross-section for the scattering with unpolarized leptons and then to get a more detailed
understanding of the process I re-study the scattering with polarized leptons. I give the details of
the calculations and present some of the results involving gamma matrices and spinor sums in the

appendix.
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Chapter 1

Introduction

We know that particle numbers are not conserved when we relativistically collide them. We can not
describe the physics behind this processes using single particle quantum mechanics. But quantum
field theory combines two of the major themes of modern physics special relativity and quantum
mechanics to describe this type of interactions. Quantum electrodynamics is an extension of quantum
mechanics for analysis of the system with many particles. It gives the mathematical and conceptual
framework for elementary particle physics. This theory supplies essential tools to nuclear physics,
atomic physics, and astrophysics. Also, quantum field theory has led to new bridges between physics
and mathematics. Since this thesis is about scattering cross-section in quantum electrodynamics, so
it is instructive to start with an introduction of quantum electrodynamics (QED). It is a field theory
of interaction between light and matter. It also gives full information on the interaction between
charged particles (leptons). This theory allows us to predict how subatomic charged particles are
created or destroyed. QED is also termed a gauge-invariant theory because its predictions are not
affected by variations in space or time. The practical value of electromagnetic interactions gives the

same result as QED theory predicts.

1.1 Background

Quantum Field Theory (QFT) is the theoretical framework for describing the phenomenon in particle
physics. QFT treats particles as excited states of the underlying physical field. In QFT we describe
the interactions using Feynman diagrams. QFT is not only mathematically rich but also well verified

with high accuracy in experiments.

1.2 Objectives

The main objectives for my master’s project are

1. Scattering cross-section for e"e™ — p~pT interaction.

2. Scattering cross-section for Compton scattering.



1.3 Approach

We used Feynman rules of Quantum Electrodynamics (QED) to calculate scattering amplitude
for eet — p~pT and Compton scattering. We squared and summed over all spins to get the
expression for the differential cross-section. We used trace technology and center of the mass frame

to simplify our differential cross-section. To get total cross-section, we integrated our differential

cross-section over df) (solid angle).



Chapter 2

Lowest order interactions in

Quantum Electrodynamics

2.1 Introduction

Quantum Electrodynamics (QED) is the theory of interaction between leptons (described by Dirac
field 1(z)) and photons (described by the electromagnetic field A*(z)). Here these fields are oper-
ators in Heisenberg picture. The Lagrangian density in QED is defined as

EQE'D - LDz'rac + LMamwell + Llnt

‘CQED = E(l@ - m)w - l F,ul/)2 - 6@’7”1@4#

7

Where the first two terms on the last line describe free photons and electrons, and the third term
treated as an interaction between Dirac and Electromagnetic field. This interacting Lagrangian gives
the interacting Hamiltonian which interpreted as perturbation term. So we used time-dependent
perturbation theory for interacting fields to calculate amplitude for the propagation of a particle.
This amplitude includes interacting Hamiltonian, which helps us to use wick’s theorem, to turn this
type of amplitude into a sum of products of Feynman propagators. Wick’s theorem helps us to set
the Feynman rules for corresponding theory (scalar, electromagnetic theory), but for our purpose

the Feynman diagram in QED is defined as



Vertex B = —ieyt
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Photon propagator BANNNN V= g“f’
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Figure 2.1: Feynman Rules in Quantum Electrodynamics

The symbol €, (p) stands for the polarization vector of the initial or final state photon. Photons con-
ventionally drawn as wavy lines. These Feynman rules simplify our problem of scattering amplitude

and allow us to write directly scattering amplitude for a given interaction.

2.2 Unpolarized Scattering cross-section for e ¢™ — u p* in-

teraction

Unpolarized scattering cross-section is defined as the sum of spins of scattered particles and aver-
age of incident particle spins. Here, we do not know what are the spins of incident and scattered
particles have. The reaction e”e™ — u~u™ is an elementary process but gives fundamental to the
understanding of all reactions in e~e™ colliders. Using the Feynman rules we can at once draw the

diagram for lowest order in a.

Figure 2.2: Feynman diagram for e"e™ — p~ut interaction



The interaction part of S-matrix gives the scattering amplitude as —i.#. So, using Feynman rules

one can write the scattering amplitude for e"et — p~p™ interaction.

il = ) e ) (T ) e () 2.1)

Differential scattering cross-section is directly proportional to the modulus square of scattering am-

plitude. So we need an Expression of |.Z|? for calculating differential scattering cross-section.

’ ’ ’

1 = (7 )y ) () o ) (7 ) T W |K)) (22)

Since v# and 4" are anti-hermitian and hermitian matrices hence, we can write

@ u)t = W' (") () (2.3)

uf ()T = uf (3T % (2.4)
uf(v) % = ulyOy" (2.5)
w0y = Tyt (2.6)

4
’

= 5 (@06 1) (7 600w ) (766 m) (T B 1) @1
Using equation 2.6 we can write |.Z|? as

’

1 = 5 (7 K (B oo (00 0 () (R () (2.8)

Since i~ and puT are the scattered particles but usually muon detectors are blind to detect polar-

ization, So the measured differential cross-section is a sum over the muon spins r and r’.
2
2.2 |
roor

e~ and e™ are the incident unpolarized particles. So the differential cross-section is an average over

the electron and positron spins s and s’.
1 1 o2
325222

s’ s r r

Sum over the polarization states of fermion

> w(pyut(p) =p+m
S
Sum over the polarization states of antifermion

S v (e (p) =p—m



By summing over incoming particle spins, we will get (here we are writing equation in terms of

components of a matrices)
SN v Vv () = (0 = me)aayin, (P + me)seria (2.9)
Similarly for p— and p+ , we will get
DD K (R (k) (K) = (ko m) e (F = m)

Here m,, is the mass of the muon particle.
Using the spin summing technique in equation (2.8) (similar technique we have shown in equation

(2.9)), gives the expression for Y- . |.#|? as

spin

64
I Lap = 1 70— mnt g mo | Tr | o =] (210)

spin

Now, we will use trace technology to simplify our problem (here trace of whole matrices leads us to

a scalar). First we will derive the solution of T'r [(]j’ —me) V(P + me)'y”} and then similarly we can

write solution for Tr [(}6 + m#)’yﬂ(lf/ — m#)'y,,}

Tr (P, —me)V (Vpp +me)y”] = Tr{(vpey” —men*)(vppy” + men”)]
= Tr [,y pey” + 1 e mey” — mey*y ppy” — miyty]
= Tr(Yp,7"v"ppy") + T (v Pt mey”) — Tr (mey"y ppy”)
—Tr (miv“v”)

Since trace of odd gamma matrices become zero. hence, we left with two terms
Tr (Y70, — me)y" (v7pp + me)y") = Tr (Y7 pa "y ppy”) = Tr (mgy'y")

The trace of [’y”pﬁ,'y“'ypppfy”} matrices will not change if we interchange the matrices in trace, hence
Tr (7Pl — me)V (Yo + me)V"] = Tr (Y7 plopp) — Tr (mZy*y")

By using gamma matrices identity as

Triy'y" 2"y = 4lg"g” — g 9" + 9" g""]
Tr (YA Py pLpe) = 4ATr (97" 9" pope — 977 9" popp + 977 9" Pop))
Tr (Y'Y ppp) = ATr[p*p” — " p"p, + 0" p"]

By using gamma matrices identity

Try* 4" = 29"
Tr(v*9") = 4g""



Final expression after simplifying equation 2.10

Tr((vpl, — me)V (Vo + me)y”] = Tr(Vpov"v"ppy”) — Tr (m2y*y")
= AT [p"p” — g"pp, + 1" — AmZg”]

Similarly, we can get the expression for T'r [(v7 ks + my )y, (vPky, — mu )]
Tr [('yakg + mu)'y#(’ypk; — m#)'yl,] =A4ATr [k:tkl, — g" K"k, + Kk, — 4mig’“’}

Now, we can write (1/4) > . |.#|* in terms of above simplified formula

spin

1 4e*
1 SO = — [p’“p” —g"p"p, + "t — 4m§g“”} [k;ku — g" K"k, + KLk, — 4mig‘“’}
spin q
Here, we are taking m, = 0 because incoming particles require high energy (Kinetic Energy) to

produce larger mass particles. Then, we will get

1 64 v v v
ZZMFE[(M + P~ g - 5)) (kgmk;kugw[k/-mmi])] (2.11)

spin

By solving above equation, We will get

D R R RS AR e (212)

spin

Since, we know that > |.#|? is proportional to a differential cross-section which is a physical

spin
quantity. So, we must need to write above expression regarding energy and angle. The vectors p,
p', k, k' and ¢ concerning the basic kinematic variables-energies and angles. We need to take a
particular frame of reference for which our equation become accessible. Now, we are making the

simplest choice to evaluating cross-section in center-of-mass frame.

k = (E, Ek)

Figure 2.3: e~et — p~put interaction in center-of-mass frame



To compute the modulus square matrix element, we need to write equation (2.12) in terms of

energy and angle.

¢ = (p+p)? =4F
pp = 2B
p-k = p -k =FE?—E|k|cosf
p-k = p-k=F?+E|k|cost
Now, putting the values of p- &k, p- k' etc in the (1/4) >, |2 |? expression. It gives the following
result
1 2 et 2 2 2
1 Z |.#)° = Y (E — |k|cos0)” + (E + |k| cos0)” + 2mu} (2.13)

spin

The 3, [-#|* expression is written in the center-of-mass energy form. Here E = (E,p/2)

2.3 Total scattering cross-section

When a beam of particles strikes a target consisting of particles of a different type, some of the
particles pass directly through the target while other deflected. Those deflected particles are said to
interact when they collide with the target particles. The cross section is a measure of the effectiveness
of the incident and target particles interaction. Larger the cross section, the more likely it is that
the incident particles deflected.

In the center of mass frame, our differential cross-section is given by

P 2
do. = |21l (2.14)
Q) ... 2EA2Eplva —vp|(27)%4E.,,

Above formula comes when we take the interaction part of S-matrix. For our given interaction

relative velocity and energy of the incoming particle in center of mass frame defined as

lva —vB| = 2 (2.15)
Ecm
Ea=EBs = — (2.16)
do 1 k] 1 5
ao _ S L 2.1
(dQ)cm 9F2, 1672, 4 D | 2.17)

spins

Integrating differential scattering cross-section over solid angle (dQ2) for total cross-section



2m ™
a? mi mi )
or = @ 1-— ﬁ 1 + ﬁ Sin 9d9d¢
0 0

o? m:, m;, fQTf f277 cos(20) + 1y .
T VT T\ m b b (75— sinbdodo

By solving integration, our total scattering cross-section formula is

41 9 mi 1mi
or = o\l m 1 tom

In the above expression when the energy of the incoming particle is less than the rest mass energy

(2.18)

of the muon then the total cross-section will become zero. This information gives us that the energy
of the incoming particle should always be greater than or equal to the rest mass energy of muons
to produce them. The energy for which our total cross-section becomes finite called as threshold

energy.

2.4 Result

In the high energy limit whereE >> m,,, these formula reduce to

do a?
— SN 1 20 2.19
(dQ)cm oo, gz, (L ees0) (2.19)

dra?

N — 2.20
E>>m, 3E2. (2:20)

or

Here, we can see the angular dependence on the differential cross-section in the high energy limit.
But the total scattering cross-section has energy dependence and strength of the electromagnetic
interaction dependence. But as we can see from the above formula, differential cross-section has
maximum value for (6 = 0,7). In the high-energy limit, E.,, is the only dimensionful quantity
in this process, so dimensional analysis dictates that or o< E_2. Since, we knew intuitively from

the beginning that or o a?

, we only had to work to get the factor of (47/3) in total scattering
cross-section. Here, scattering cross-section is zero for E.,, < 2m,. But, the threshold energy for

which scattering cross-section is finite will be the rest mass energy of the incoming particle.

2.5 Polarized electron and positron annihilation

In our previous discussion, we have used unpolarized incident and scattered particles to find the
average scattering cross-section. Now, we will take definite polarization of incident and scattered
particles using helicity operator to calculate scattering cross-section. But, we can check average
scattering cross-section by taking an average of all the possible scattering cross-section correspond-

ing polarization of incident and scattered particles. Here, our Feynman diagram will be same for



ete” — pTp~ and lowest order in «. This calculation of polarized cross-section will help us to
understand how the angular dependence appears in unpolarized cross-section. Here, we used he-
licity projection operator to project out the desired left and right-handed spinor for incoming and
outgoing particles. Throughout this section, we work in high energy limit. Without putting helicity

operator in scattering amplitude gives the same result as got for the unpolarized case.

2.6 Helicity

The helicity gives the projection of the directions of spin and the particle’s momentum. If the 3-
momentum p and spin both point in the same direction, the helicity has its maximum value (positive
value), while if they point in opposite directions, the helicity has its maximum negative value. If p

and spin are at right angles, the helicity is zero. Here, we are taking v° matric as

-1 0
5 _

Now, we will take only one set of polarizations at a time. To do this, our projections operators onto

right-and left-handed spinors, respectively

I+~ (0 0
2 \o 1
I- (10
2 \o o0

Now, we can make replacement in amplitude for right-handed spinor as

o(p" )y ulp) — v(p" )" (I 275) u(p)

Scattering amplitude for eI}eJLr — MEMJLF after replacement

it = (s (B85 ) uto)) (s (255 ) o) (221)

Here, we have taken right handed electron and the simplification of initial current density in Feynman

diagram is given by

o(p " (#) u(p) = ot (p')y"T* (#) u(p)

Since, we know that v*,~" and v° are hermitian matrix

o (p) KI 275) 7“70] T u(p)

We know that right handed electron corresponds to a left-handed positron. Hence, the amplitude

vanishes unless the electron and positron have their opposite helicity or equivalently unless their

10



spinor have the same helicity.

Now, the sum over the electron and positron spins in the modulus square amplitude.

> o <I ] > up)[* = {ﬁ(p')v“ <I 275) u(p)a(p)y” (I 275> v(p')}

spin spin

Since we know that the spins sums of ferimons and antifermions
2 W) =pm

> ot () =p—m

s’/

In high energy limit, we can take (m=0)

> ut(p)ur(p) = p

> vT () (p) = p

s/

By using above spins sum of ferimons and antifermions, we can write modulus square half amplitude

=) (55)

as

L s P

spin

Now, using trace technology

I+ I++° O e L L Y T e e L L e N e L L e o
T /A 1 v = T a P o P o P
: { 7 ( > )P 3 g 4 i 4 i 4
+v"p;v“757ppﬂ”75]
1

1

=1 {vav“vpv”p;pp + YA DD + Yy 7”75]?;1),3}
1 O A PAY T P AV 5

= ZTT[% AP DD + 29 VAP DLy } (2.22)

1 . 1 . v
— §Tr (7”7“7’)7 pf,pp) + §Tr (v VP p;ppf’) (2.23)

Now, using the gamma matrices identities
Triyty"yPy7] = 4[g"g"7 — g""g"7 + 9" g""]

Triyy "y y77°] = —dier”

11



Above identities makes the trace in Minkowski matrices, since p/, , p, are vectors so we can take

these out from trace.

oo (B3 )e (B9

= 2 [9"“9”” — 97" g"" + g7 gh? —ie? ”}pﬁ,pp
Final expression for modulus squared half amplitude
I+’7 2 /L, v 2w v, [ s _oupr, ./
> ) u(p)|® = 2[p"p" — g™ (0" - p) +p"P" — i pop,)
spin
Similarly, for muon modulus squared half amplitude given by
I
>k ( 7 ) (k) = 2 [kuk, — guu(k - K') + KK}, — i€oupn kK]

spin

Further, we can write |.#|* for eze} — pppu) interaction

Z ) = 4q—i1 [P — g (0 - p) + P " — e plpg]

o X [kl = Gy (k- K) + kK, — i€appn kK]
= 4; 20p- k) k) +2(p- k)@ - k) — € eqppn Dok’ k7 |
= B0l

1
3 [Tr (Y7 y*P4") + Tr (Vv 7"v°)] v, (2.24)

(2.25)

(2.26)

(2.27)

(2.28)
(2.29)

(2.30)

Further, we can write differential cross-section for eEeJLr — ;LEMJLF interaction in center mass frame as

>l

spins

do\ 1k 1
aQ ), 2E2, 1672E., 4

In center of mass frame momentum product is given by

¢ = (p+p)?=4E"

p-p = 2E?

Moo= JEom Bt
p-k = p -k =F*—E|k|cost
p-k = p-k=E?+ E|k|cosf

do _ L igeet,
i), = 2E2, 16m°E., 4 ¢

do B 1 |kl 1et
Q). = 2B, @B, dq

k)P k)

(E® + E|k| cos 9)

12

(2.31)



In the high energy limit (E >> m,,) our final expression for differential cross-section is

do , _ | R o? 2
E(eReL — ppp) = m(l—i—cos@) (2.32)

We can also get the other non vanishing helicity amplitude intuitively without repeating the whole
process. For example this reaction e}bez — W u} , the replacement in the modulus square amplitude
of ,uz,ujgb will be 4% to —° on the left-hand side. Thus €puov Teplaced by —€,,0, on the right-hand
side.

We can easily see that,
do a?

7 (epef = uppuk) = 152 (1 —cos0)? (2.33)
Similarly, for other helicity amplitude

do . -+ 0[2 2

d—Q(eLeR%uRuL) :@(I*COSH) (234)

do , _ | - o 2

E(eLeR—HLLuR) = 1 (1 + cosb) (2.35)

The other twelve helicity cross-sections are zero because we know that right handed electron cor-
responds to a left-handed positron and the amplitude vanishes unless the electron and positron
have their opposite helicity. Hence, this gives four non zero helicity amplitude. Adding all sixteen

contributions, and dividing by four will give us average unpolarized cross-section.

2.7 Crossing symmetry

Crossing symmetry defined as, the s-matrix element for any process involving a particle with mo-
mentum p in the initial state is equal to the s-matrix element for an identical process but particle
replaced by anti-particle with momentum k (k = —p) in the final state. It is one of the most
important elements of calculations which makes use of the analytical properties of the scattering
amplitudes. It relates various amplitudes, for example, helicity amplitudes, in one channel to those

in other channels, in which all incoming and outgoing particles have been interchanged.

13



Chapter 3

Compton scattering

In Compton scattering, a photon collides with an electron, loses some of its energy and deflected
from its original direction of travel. In this scattering assuming that electron to be initially free.
It is an inelastic scattering of a photon with an electrically charged particle. We will calculate the

unpolarized cross-section for this section, to lowest order in a.

3.1 Feynman diagram

There are two diagrams that contribute to Compton scattering at tree-level

Figure 3.1: Feynman diagram for Compton scattering

In the Feynman diagram, p and k are the 4-momentum of the electron and photon before the
collision, and p’, k' their 4-momentum after the collision. Since the fermion portion of the diagrams
is identical. Using &, (k) and EZ(k/) to denote the polarization vector of the initial and final photon,

we have the expression of Scattering amplitude for a given interaction.

14



i(p+ K +m)

it = W) i) )

(—iev")e, (k)u(p)
i(p— K +m)

+u(p')(—iey"” ey (k) (

o —R7 =z e e (k)u(p) (3.1)

PPHEEmN P H mp
R T PR o T

= —ie*e, (k)e;, (K )a(p’) u(p) (32)
As we found |.#|? expression for e“e™ — pu~uT interaction in chapter 2. Similarly, we will do for
compton scattering but before this we need a simplified solution for —i.#. Since, p> = m? and

k? = 0, the denominators of the propagators are

(p+k)* —m® 2p-k (3.3)
(p—Kk)?—m? = —2p-k (3.4)

To simplify the numerators in —i.# using Dirac gamma matrix algebra.
(p +m)y"ulp) = (2p” = +"p + 7" m)u(p) = 2p"u(p) (3.5)
Using above simplification of numerator in —i.#, we obtained

VY 2 A E 4 29Vt u(p)
2p - k —2p- K

—idl = —iee, (k) (K yu(p')

M (3.6)

Here, we are considering the scattering of an unpolarized photon by an unpolarized electron, without
regard to their polarizations after the scattering. So, we will find the polarization sum to get the

average cross-section.

Photon Polarization Sums

The amplitude expression retains freely specified spin and polarization states for the electrons and
photons. Experimental Compton scattering involves unpolarized photons colliding with electrons,
and so we must average over these states. We are considering an arbitrary QED process comprising
an external photon with momentum k to get the expression for photon polarization sum. Since the
scattering amplitude always contains % (k), so we can extract this factor and defined .# (k) to be

n
the rest of the scattering amplitude . .

Do len k) A (R)? = enen " (k).a" (k) (3.7)

15



For simplicity, we took k vector in the 3-direction: k* = (k,0,0,k). Then the corresponding two

transverse polarization vector are

&y (0,1,0,0) (3.8)
& = (0,0,1,0) (3.9)

Now, we will sum our scattering amplitude .# (k) over two transverse polarization vector. Then we

have

Y len(k)a (W) = | (k) + |4 (k) (3.10)

Classically, we know that the current density j* is conserved d,j* = 0. If the property still holds in
the quantum theory, we can dot k,, with .#Z* (k) to obtain

ey " (k) = 0 (3.11)

The amplitude .# vanishes when the polarization vector €, (k) is replaced by k,. This relation is
known as the Ward identity.
Now, we can see for k* = (k, 0,0, k) the ward identity takes the form

kt*(k) —kat®(k) = 0

M = P
S eren " k). (k) = AP+ |
> e " (k)M (k) = =g (k)M (k)

So, photon polarization sum is given by
Dt = g
€

3.2 The Klein-Nishima Formula

We want to average the modulus square amplitude over the initial electron and photon polarizations,

and sum over the final electron and photon polarizations.

1 e - et T
ZZ| I© = ZQMJQW' r

spin

o +m)- [ L2 VH A — 29
2p -k 2p - K

VI RYP 4+ 29Pp7  APHAT — 297 pP
x(p—l—m)( ok + 5 K

To simplify above expression we used the trace technology and Mandelstam variables:

s = (p+k)y=2p-k+m?>=2p -k +m? (3.12)
t = (0 —p?=-2pp +2m* =2k K (3.13)
u = (K —pP=-2 p+m?>=-2k-p +m? (3.14)
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The momentum conservation at vertex implies s + u +t = 2m2. Now, we can put Mandelstam

variable to our scattering amplitude in lab frame.

1 Z |2 = 26t (s — m2)t2 + (35% — 2m?s + 3m*)t? + 4s(s — m?)%t + 2(s — m?)?
4spm (s —m?2)2(t + s —m?)?
Now, rewriting s, u and ¢ in terms of p- k, p- k" and k - &/, we finally obtain

1 s o alp kK pk o 1 1 ! 1\’
Z —92 £ 92 - _ - _
42"//' ¢ [p.k-l—p.k,—i—m pk p-k +m pk pk

spin

To get the expression for a differential cross-section, we must decide a frame of reference where our
calculation becomes simpler. The easiest choice is lab frame because we can find the dynamics of
particles after collision separately. But in the lab frame, the electron is initially at rest. But after
the collision, The energy of the electron is typically ten orders of magnitude larger than that of the
photon.

kK = (w,, w'sin6,0,w cos 0) Ve

Figure 3.2: Compton scattering in Lab frame

Since, we know that Compton’s formula for the shift in photon wavelength.

’ w

w =
1+ ﬂ(1 — cosb)
m

Now, the phase space integral in Lab frame is

Br 1 By 1

1 (w/)2
dl = — dcosf 1
. (d cos )wm (3.16)
The differential cross-section is given by
T Dspin | Bpr 1
do = —L=srin Pr_— ) .(2m)*6® - 3.17
o 4EAEB|"UA*"UB| f((27T)3 2E; ( 7T) (pA +pB pf) ( )
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Now, we will plug everything into our differential cross-section formula which we have written above.

Since, in lab frame |v4 — vp| = 1, then we find

Now, our general cross-section formula is

do  7a? w'2w'+w 20
dcos  m2 \w w T o

Above expression correspond Klein-Nishina formula for differential cross-section

In the limit (this low energy limit) w — 0 and w’/w — 1, then the cross-section becomes

do ma? 9
dcosd ~ m? (1 eos 9)

This is the familiar Thomson cross section for scattering of classical electromagnetic radiation by a

free electron where the energy of the photon is less than the rest mass energy of electron.

3.3 High Energy Behavior

In the centre of mass frame the 4-momenta of the particles may be written

k= (w,0,0,w)

p = (£00 ~w)

K = (w,wsinf,0,wcosh)

p = (E,—wsind,0,—wcosh)

To analyze the high energy behavior of the Compton scattering cross-section, it is easiest to work

in the center-of-mass frame.

/"
0
k= (w,w?) |
AVAVAVAVAV <
| b= (Ea —w;:’)
p/

Figure 3.3: Compton scattering in center-of-mass frame
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We can see that for 0 = m, the term (p - k/p - k') becomes very large, while the other terms are

all smaller. Thus for £ >> m and 6 = 7, we have

1 2 4 Pk 4 Etw
- — 9¢. ) P i
481;L|%| ¢ p-k ¢ FE + wcosh

The differential cross-section in center of mass frame is given by

do 1 1 1 w 2eH(E +w)
decos) 2 2E 2w \87(F +w)) |(E+ wcosb)
2

do 21
dcost — 2m?2 + s(1 + cosf)

Where s = 2w(E + w) +m?
In the high energy limit s >> m?, so we can drop the electron mass term if we supply an equivalent
cuttoff near § = 7. In this way, we can approximate the total Compton scattering cross-section. We

find that the total cross-section behaves at high energy as

2ra’ s
Ototal = B lOQ(m)

In the high energy limit (s >> m?) the differential cross-section has singularity at (§ = 7) which

means we have singularity for backward photon.

3.4 Result

We have two tree level Feynman diagram for Compton scattering which gives one amplitude for each
diagram. We have shown that in the lab frame if the photon has more energy than the rest mass
energy of the electron, Then the calculation for differential cross-section produces Klein-Nishina
formula. But if photon has less energy than the rest mass energy of electron this condition produces
Thomson cross section for scattering of classical electromagnetic radiation by a free electron. In
further analysis, we have shown the singularity in differential cross-section for backward photon
(0 = 7). In the high energy limit, our total scattering cross-section is a logarithmic function of total

energy.
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Chapter 4

Appendix

4.1 Spin sum of fermions and antifermions

The general solution of the Dirac equation can be written as a linear combination of plane waves.
U(x) = u(p)e”

Above representation of Dirac equation correspond to positive frequency waves and it has two linearly

u — \/p_ofs
(p) ( \/ﬁ§5>

independent solutions.

Spinor conjugate of above spinor is given by
u’(p) = <§5T‘/p.a SST\/]).E)

Solution of Dirac equation for negative frequency waves are

’US — \/I)_Uns
(p) < Ry )

Now, We can easily evaluate the sum over the polarization states of a fermion.

> w ) - (%g) QNN

Since we know

sest 1 L0
zes-1-(; )

(vt () — [ VPOVDT  PTOPT
> wt(p)ut(p) (x/ﬁ\/ﬁ ﬁm)

s=1,2
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We can simplify (p.o)(p.7) as
(p.0)(p.7) = p*0T = p* =m®

Thus, we got our desired formula,

> W () (p) = y'pu +ml=p+m
Similarly, for antifermions we will get

D ()T (p) = —mI=p—m

But for above formula, we used this identity

sost 1 _ 1 0
sty 1)

4.2 Trace of odd Gamma matrices

Let’s take an example T'r (y*4" ")

To prove above statement, we will use gamma matrices identity as [y*,v"] = 2¢g" Now,

v

Tr(v"4"9"); Yy = 29" —

Then, we can write

Tr(y#9"7") = Tr[(2g"". 1 —~v"v")~’]
Tr[2g"" InP — 4 4457

Since, Tr(A+ B)=Tr(A)+Tr(B)
Tr(y"9"y*) = Tr (2" I") — T (v"v"9")

Using cyclic property of trace, we can write

Tr(y"y"*) = Tr(v""y")
2Tr ("9"y") = Tr (29" Iy")
= 4g™Tr(v")

Tr(v?) = Tr(¥%") . (") =1
= —Tr(**°) , b1 =0
= —Tr(y*y*y")
= —Tr(y")
= 0
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So Tr(y?) = 0 implies
Tr(y"y*y") =0

Hence, as we can see trace of odd gamma matrices becomes zero.
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