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Abstract

In compressed sensing, to recover a sparse signal or nearly sparse signal from noisy measurements,
most popular method is ¢;-norm minimization [1]. The signals in this context are actually some
vectors in R™. For conventionally sparse signal, latest approch to derive upper bound for the ¢5, £1-
norm of error between estimated signal and original signal is shown in [2] and [3]. For “group sparse”
signals, upper bound for the norm of error is given in [4]. In the present work, we focused on group
sparse signals, and presented a unified approach to eatablish upper bound on the norm of error. For
group sparse signal recovery, we also introduced a new bound on RIC constant which is diiferent
from the one proposed in [4]. A key technical tool, which represents a vector in polytope set by
convex combination of sparse vectors is discussed in [2]. We modified this key technical tool for

group sparse signals to establish the above discussed unified approach.
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Chapter 1

Introduction to Compressed

Sensing

1.1 Motivations

Compressive sensing, also referred to as compressive sampling or compressed sensing, is an signal
processing technique which has attracted a lot of attention recently. Compressed sensing deals with
efficiently acquiring a signal and reconstructing it, by finding the solution to undetermined linear
system. It exploits the fact that many of the natural signals are sparse when represented in proper
basis. For example, it is a well known fact that a signal can’t be time limited as well as band limited
simultaneously, hence it is always sparse in one of its domain. This sparsity property enables us to
recover the original signal from far fewer samples than required by the Shannon-Nyquist sampling
theorem. Shannon-Nyquist sampling theorem states that in order to exactly recover a signal we must
sample it at the or above the Nyquist rate which is twice the maximum frequency component present
in the original signal. This requirement increases the computational cost. However, in applications
like imaging, sensor networks, astronomy, high-speed analog-to-digital compression and biological
systems, the signals of interest are often sparse over a certain basis. For example, if we take a typical
image consisting of a million pixels, it is found to be very sparse or compressible over the wavelet
basis. Only a small fraction of wavelet coefficients, about one hundred or one thousand out of a
million wavelet coefficients, are significant in recovering the original image, while the rest of wavelet
coeflicients are discarded in the process of compression.

This process of sampling at full rate and then compression can prove to be costlier, as the cost
of sensors, sampling resources or the cost of running them, are often high. In many applications we
have the situations where the resources such as sensors, energy, and observation time etc. are limited,
so sampling at Nyquist rate is not a feasible option. At this point, the compressed sensing comes
into play which promises to recover high dimensional signal exactly or accurately by using far fewer,
non-adaptive linear samples or measurements of the original signal. In general, signals in this context
are represented by vectors from linear spaces, and in many applications they may represent an image
or any other quantity. As a result of very few linear measurement of the signal we have a condition
where number of equation is less than the number of unknowns. Basic principles of linear algebra

says it is not possible to obtain the exact signal from incomplete set of measurements. However, as we



discussed before, many of these signals such as image or audio are sparse when represented in proper
basis. This enables us to get back the original signal from incomplete measurement by using some
demodulation algorithm. One of the most efficient, effective and popular demodulation algorithm for

compressed sensing is the basis pursuit algorithm [5], also known as ¢; norm minimization algorithm.

1.2 Mathematical Formulation of Compressed Sensing

In this section, first of all we define the meaning of sparsity? Sparse means, something which is less
dense. So, if someone says that a given vector is sparse, that means most of its elements are zero.
More specifically, if a vector x € R™ is k-sparse, then it will have maximum & non-zero elements in

it. The set of all k-sparse vectors is denoted as ;. Mathematically we can write,
llzllo = [supp(z)| < k < n, Vo € .
Where, supp(z) is the support set of vector z, and it is defined as,
supp(z) := {i € [n] : (x); # 0}.

In compressed sensing we only take few linear measurement of a sparse or linearly sparse signal.
Let us assume that we have m measurements, where m < n. Each of the measurements can be seen
as the inner-product between the original signal z € R” and measurement vector a; € R"™, where
i =1,2,.....,m. If we consider the m measurements as a vector y € R™, we may then consider a
measurement matrix A € R”*™ whose rows are the vectors a;. So, the sparse signal recovery problem
can be seen as the recovery of a signal x € R™ from its measurement y = A. Mathematically we can

write

y = Az. (1.1)

Now the question that arises at this point of time is, knowing that x is k-sparse, how to get back
z from its measurement y 7 Theoretically, one may attempt to recover the signal z by solving
£o-minimization problem,

Z = argmin ||z]jp s.t. Az =y. (1.2)

Now, we define the null space of A as,
N(A)={z€eR": Az = 0}.

Here we make a statement that in case of noise-less measurement, if AN'(A) does not contain any
vector in Yoy except a null vector, or in short N (A) N Xg, = {0}, then the solution to the equa-
tion (1.2) is exactly equal to . This can can be proved very easily as, A% = Az = y, which implies
A(Z — z) = 0 and hence, (£ — z) € N(A). Further, it is not difficult to see that, (& — z) € Jg.
But we have assume that A(A) does not contain any nonzero vector in X, thus the only vector
in N (A) which is 2k sparse is z = 0, which leads to & = z. Based on the above fact we conclude
that, fy-minimization problem works perfectly theoretically. However, in practical it is a NP-Hard
problem[6]. Fortunately in compressed sensing we have many alternative to £y-minimization algo-

rithm, which are computationally efficient.



1.2.1 /;-minimization

{1-minimization algorithm also referred to as “basis pursuit”, is an alternative to ¢p-minimization
algorithm, which relaxes the NP-Hard problem associated with £yp-norm minimization. In case of

noise-free measurement we recover the z as:
& :=argmin ||z||; s.t. Az =y. (1.3)
z

The ¢;-norm minimization approach is sometimes referred to as the LASSO formulation, due its
similarity to the LASSO formulation for sparse regression [7]. It is interesting to note that, this
algorithm often recovers x exactly when x is sparse and accurately when x is nearly sparse, even
though the ¢;-norm is different from fy-norm which is a quasi-norm. We should note that the
measurement matrix A remains fixed and it is independent of the signal. The ¢; minimization
algorithm will succeed [8],[9] whenever signal z is sufficiently sparse and matrix A satisfies some
conditions which we will discuss later. Surprisingly, ¢;-norm minimization gives sparsest solution.
According to the paper [10] sparsity promoting nature of ¢;-norm was first noticed in 1960 by Logan
[11] where he proved probably the first ¢;-uncertainty principle. The ¢; minimization also finds
its applications in seismology, where sparse reflection function from band limited data indicates
meaningful changes between surface layers [12]. A paper [7] proposed LAASO algorithm for sparse
model selection in statistics, after which search for the application areas of £; minimization began
to broden.

The basis pursuit was proposed [5] for obtaining sparse representation of a given signal from a
given over complete dictionary, and a similar approach known as variation minimization was pro-
posed in [13]. But the major breakthrough was achieved in [8],[9] and [14], therein it was shown
that Basis Pursuit is able recover sparse signals from its few linear measurements. However in order
to recover sparse signal, a stronger condition on the measurement matrix A is required. For exam-
ple, restricted isometry property (RIP) condition which guarantees that ¢£; minimization accurately
recovers a sparse signals. The number of rows for the measurement which satisfies these properties

ig given by m = k log(n)°™M) [14].

1.2.2 Greedy Algorithms

Under the the certain conditions on measurement matrix, #; minimization guarantees exact sparse
recovery in noiseless case and robust sparse recovery in case of noisy measurements. But solving
a ¢1 minimization problem is found to be highly complex. For example, in linear programming,
the complexity grows cubic in the problem dimension n. In applications where the signal x is of
very large dimension, £; minimization takes too much time. In such cases we use greedy algorithms
which are comparatively fast in both theory and practice. There are several greedy algorithm
exists such as Orthogonal Matching Pursuit [15], [16] Regularized Orthogonal Matching Pursuit
[17], Stagewise Orthogonal Matching Pursuit [18], Iterative Thresholding [19], Matching Pursuit
[20]. Greedy algorithm approximates the sparse signal iteratively and after each iteration they
come up with a better approximation. Among all the Matching Pursuit algorithm is the simplest
one. It projects the measurement y on each of the column of measurement matrix A € R™*™. The

projection which possesses largest euclidean distance gets subtracted from the measurement y. After



the subtraction, the obtained vector is know as residue (r). If the euclidean distance of r is not less
than some predefined value (known as stopping criteria), then we again repeat the same procedure
with r in place of y. This algorithm will continue until the stopping criteria is satisfied. Even though
MP takes an infinite number of iterations in general, it converges exponentially. On the other hand,
in case of Orthogonal Matching Pursuit (OMP), though it selects atoms (columns) iteratively from
A, but it uses the current approximate as an orthogonal projection onto the Space Spanned by the
column selected so far. The main consequence of this modification is that the OMP is guaranteed
to converge in n (or fewer) iterations. We can interpret the algorithm as building up a subspace in
which the approximation lives and each iteration adds a dimension to this subspace, and so at most
n iterations are possible.

Though the greedy algorithm are comparatively fast, but most of them do not deliver upto the
expectations when compared to ¢; minimization, in addition to that most of the greedy algorithms

don’t provides provable guarantees for robust sparse recovery.

1.3 Conditions On Measurement Matrix

As we know that, the measurement of a signal x € R", in noiseless case can be seen as y = Az,
where A € R™*" is the measurement matrix. Since m < n, we are getting a compressed form of
the signal z. But, we should must ensure that the measurement y is preserving significant amount
information contained in z. In this section we are concerned with different conditions to which the

sensing matrix A should satisfy such that y preserves sufficient amount of information.

1.3.1 Null Space-Based Condition

We have already seen in section 1.2 that in case of noise-less measurement, if the signal z is k-
sparse and A satisfies the condition N (A) N 3g;, = {0}, then theoretically the yp-norm minimization
algorithm in (1.2) will exactly recover z. However in practical situations, signals are not exactly
sparse, and measurements are always associated with some amount of random noise. In addition,
solving ¢y-minimization is not possible. Hence, we need to setup some appropriate condition on A
as well as we have modify our recovery algorithm. In compressed sensing recovery algorithm is often
termed as “demodulation map”, denoted by A : R™ — R™. For different noise model we will define
different demodulation map (A).
Let us consider measurement as

y = Az +n,
where, z € R™ is our original signal and n € R™ is some random noise. If the noise n follows the
characteristic ||n]|2 < €, then we generally use demodulation map (A) of the type,

A(y) = 2 := argmin ||z]|; s.t. ||Az —y|l2 <e. (1.4)

In case, if the noise 7 follows the characteristic ||An||s < €, then we usually use demodulation map
(A) of the type
A(y) = & := argmin ||z]|; s.t. ||A"(Az — y)]|eo < € (1.5)



Before going into the further discussion we introduce couple of definitions which we will use

frequently in this work.

Definition 1.1: Suppose positive integer n and k <n, and a norm || - || on R™ are specified. Let

x € R™ be arbitrary. Then the quantity

(@, || -1) = min [l — |
is called the k-sparsity index of vector x € R™ with respect to the norm || - ||. It is obvious that

x € X if and only if o (z, || - ||) = 0.

Definition 1.2: Suppose we are given positive integers n and k < n, a measurement matrix
A € R™*" and a demodulation map A : R™ — R™. The various property of pair (A4, A) are defined

as follows:

e The pair (4, A) is said to achieve exact sparse recovery of order k if

A(Azx) =z, Vx € Iy,

e The pair (A4, A) is said to achieve stable sparse recovery of order k if there exists a constant

C; such that for some p > 1, it is the case that

|A(Az) — 2, < Crog(z, | - [l1) Vo € R™.

e The pair (A, A) is said to achieve robust sparse recovery of order k if there exist constants
Cy,Cy and some p > 1, such that for all n € R™ with ||n||2 < e, it is the case that

IA(Az + 1) — z||, < Ciog(z, || - ||1) + Caoe Vz € R™.

Though there are several null space-based conditions exists, but we will talk about only two of

them those are more relevant in this work.

Definition 1.3: A matrix A € R™*™ is said to satisfy the exact null space (ENS) property of
order k if,
o]y < 20m,6(, || - 1), Yo € N(A)\{0}. (1.6)

Following this definition we introduce a theorem.

Theorem 1.1: If the measurement matrix A € R™*™ satisfies exact null space proerty (ENSP)
of order k, then in noiseless case, recovery algorithm defined in (1.3) will exactly recover k-sparse
signals.

Proof: In order to prove this we will show that x is the unique minimizer to (1.3). Let an
arbitrary vector z € R™ such that y = Az = Az and z # x, where x € X;. We denote supp(z) by
S. It is quite obvious that h = (z — z) € N(A)\{0}. Using the ENSP, we have that

IRl < 2[|hse|l,



where S¢ is the complement of S and it can be expressed as = {1,2,..n} —S. We should note
that hg denotes a vector which retains elements of vector h corresponding to index set S and the

remaining elements are set to zero. On simplifying the above inequality, we get
[hslly < l[hsel]s- (1.7)
Using the triangle inequality and (1.7), we have that

Izlly = llzsllh < ||z — zs]h
lzll1 < ||z — zsll1 + |25l
< |lhslli + [lzsl

< |lhsell1 + llzsll

= I = zselly + [lzslls = [zl

The a above fact establishes the fact that ||z||; is the unique minimizer to (1.3) and hence it proves

our theorem.

Definition 1.4: A matrix A € R™*" is said to satisfy the ¢5 robust null space property (/-
RNSP) of order k£ and norm || - ||2, with constants p € (0,1),7 € Ry, if, for all h € R™ and all sets
S C [n] s.t. |S] <k, it is true that

P T
sl < ﬁHhSC”l + ﬁHAhH% (1.8)

With this definition we introduce a theorem for “robust recovery” of signals.

Theorem 1.2: Suppose A € R™*" x € R", and y = Az + n where [|n]]2 < e. Define & = A(y)
as in (1.4). Suppose that A satisfies 5 robust null space property of order k and norm || - ||2, with
constants p € (0,1),7 € Ry. Then, for all p € [1,2], we have that,
. 1 2
12—z < m~fp[(1+2fo)0k($,\\ 1) + 37€l. (1.9)
Proof of this theorem is omitted here, but the interested readers are directed to [3]. We should
notice that the upper bound on the norm of error e = & — x is finite, see inequality (1.9). In case of
noise-free measurements, if x € ¥y, then from inequality (1.9) we get & = z. Hence we can say that
A is preserving significant amount of information contained in z.
So far in this section we have seen different properties to which the measurement matrix A should

satisfy in order to achieve sparse recovery.

1.3.2 Restricted Isometry Property

We mentioned in subsection 1.3.1 that if A satisfies fo-robust null space property (¢2-RNSP) as in
definition 1.4, then the demodulation map A defined in (1.4) will exactly recovers the signal z in
case of sparse signal recovery problem. However, satisfying ¢5-RNSP is just an idea and it is not

clear how one may go about choosing matrix A to have this property. In the present subsection we



introduce a property known as Restricted Isometry Property (RIP), and it is shown in [3] that RIP
implies ¢o-RNSP.

Definition 1.5: A matrix A € R™*™ ig said to satisfy the restricted isometry property (RIP)
of order k with constant d; € (0,1) if

(1 =) lull3 < [[Aull3 < (1 +8k)llull3, Vu € S (1.10)

Where dy; is known as restricted isometry constant (RIC). Another equivalent way of expressing
(1.10) is the following: For every subset J C [n] with |J| < k, the singular values of the matrix
A" A lies in the interval [1 — 0y, 1 + ).

Theorem 1.3: Suppose A € R"™*" satisfies the RIP of order 2k with constant dg, < v/2 — 1, and
that y = Az + 7 for some z € R™ and n € R™ with 52 < ¢, then the demodulation map A defined
n (1.4) leads to the bound:

|2 — x||2 < Crog(z,] - ||1) + Cae, (1.11)

Where,
2 14 (VZ-1)da,

' VR (VE Db )
Cp—a— V1T 021 (1.13)

1— (V2 +1)0

For the proof of this theorem readers are directed to [21].

1.4 Group Sparsity

Until now we have been studying what might be called “pure” sparsity or conventional sparsity,
in which the quantity of interest is the number of nonzero components of a vector. However, in
applications such as cancer biology, the quantity of interest is the number of ” pathways” in which a
vector have non-zero components, and not the absolute number of non-zero components. This kind

of application leads naturally to the notion of group sparsity.

1.4.1 Mathematical Structure of Group Sparsity

Throughout this work, the symbol [n] denotes the set {1,...,n} whenever n is an integer. For some
A C [n] and h € R™, the symbol hx denotes a vector which retains elements of vector h corresponding
to index set A and the remaining elements are set to zero. The symbol A¢ denotes a set which is
defined by A¢ = [n] — A.

Now we introduce the following definition,

Definition 1.6: Let G = {G1,...,G4} be a partition of [n] such that |G;| < k for all 5. If
S C {1,...,g}, define Gg := U;esG;. A subset A C [n] is said to be group k-sparse if there
exists a subset S C {1,...,g} such that A = Gg, and in addition, |A| < k. The collection of all
group k-sparse subsets of [n] is denoted by GkS. A vector u € R™ is said to be group k-sparse,
if its support set supp(u) is contained in a group k-sparse set. Set of all group k-sparse vector

corresponding to set GkS is denoted by Ygks.



In particular, every group k-sparse set is k-sparse i.e. has cardinality no larger than k, but the
converse is not true.

One may ask why to put condition like that A = Gg 7 What will happen if this condition
replaced by A C Gg 7 Answer to this is not very simple. If the stated condition is replaced by
A C Gg, then the every k-sparse vector will become group sparse vector and hence, there will be no
meaning of introducing the notion of group sparsity. Let us take an example to make the notion of

group sparsity more clear. Suppose, n =6, k = 3, g = 4, and that
G = {1}’ Gz = {2}5 Gs = {3}a Gy = {4,5,6}

Denote A1 = {1,2}, AQ = {1,3}, A3 = {2,3}, A4 = {1,2,3}7 A5 = {4,5,6}, AG = G17 A7 =
Ga, Ag = G3, Ag = G4, then the set GkS is comprised of

GkS: {A17 A27 A37 A47 A57 AG? A7; A87 AQ}

Suppose we are given vectors v1 = [0 0050 3], v =[00 3 10 8. Observe that supp(vi) C As,

hence vy is group k-sparse as well as k-sparse. On the other hand,
supp(v2) € A; Vi € [9]

the above fact suggest that vy is not group k-sparse, but it can be easily seen that vy is k-sparse.

This supports the fact that we stated above. For more details readers are directed to [4].

1.4.2 Group Restricted Isometry Property (GRIP)

Just like we defined Restricted Isometry Property (RIP) in case of conventional sparsity, a property
called Group Restricted Isometry Property (GRIP) is introduced in this subsection which is

meant for group sparsity model.

Definition 1.7: A matrix A € R™*" is said to satisfy the group restricted isometry property
(GRIP) of order k with constant d; € (0,1) if

[ (V] V)

B : AL 1423
1— 0, < min min 5~ < max max 5 <1+ Ok.

A€Gkssupp(z)CA ||z]|2 ~ AeGkssupp(z)cA |23
The set of group k-sparse vectors can be strictly smaller than the set of k-sparse vectors. Conse-
quently, in general, the GRIP constant of order k£ can be smaller than the RIP constant of order k.
When probabilistic methods are used to construct the measurement matrix A, often we require fewer
measurements to achieve group sparse recovery than sparse recovery. See for example [4, Section 6.

This is why we study group sparsity.

Theorems in context to group sparse recovery is given in chapter 2.

1.4.3 Conventional Sparsity as a Special Case of Group Sparsity

Let G = {G1,Ga,.....,G,} is the partition set of index set [n] = {1,2,3,.....,n} such that |G;] = 1
for all i € [n]. Then the set GkS contains all A C [n] such that, |A] < k. Note that, for all z € Xy,



A = supp(z) C [n] with |supp(z)| < k, which implies A € GkS. So, with the above fact it is clear

that conventional sparsity is a special case of group sparsity.

1.5 Application

Compressed sensing is present not only in theory but it has widespread applications, both in past, for
example, in geophysical science (seismology) and promisingly in future. It has already contributed
to a greater extent in the fields, space based imaging, radar design, surface metrology, genotyping,
medical imaging, high-speed analog-to-digital conversion and ground-penetrating radar imaging in
civil engineering, oil-exploration, geophysics, landmine detection, forensics, archeology etc. Several

examples of its applications are discussed in details in the upcoming subsections.

1.5.1 Compressive Imaging

Acquiring images efficiently is one of the prominent application of compressed sensing. Most of the
images we are interested in, are often sparse over some suitable basis like wavelet basis. So they
meet the requirement of compressed sensing. Cameras that we use captures images with one sensor
for every pixel and they acquire all the pixel before compressing the acquired data. Todays digital
cameras have the mega pixel range which uses semiconductors as sensors.

One may ask why to acquire this many data as we have to throw many of them immediately?
With the advances in compressive imaging, the sensors can directly acquire random linear measure-
ments of an image while reducing the number of sensors required. With the knowledge of compressive
sensing we can propose a guideline framework for implementing such an idea, including designing
the measurement methods and the decoding algorithms. In fact the researchers have worked on de-
signing such a system, for example, single pixel camera that the rice university has made [22]. This
single pixel camera is consisting of a digital micro-mirror device (DMD), two lenses, a single photon
detector and an analog-to-digital(A/D) converter. A DMD chip is made of 10 million oscillating
mirrors or even more. We can command the action of each and everyone of these tiny (15 micrometer
by 15 micrometer) mirrors. In other words, with the use of a proper set-up, every milliseconds, we
can let each of these mirrors to shine on the detector. One of those lens focuses onto the DMD. Each
of the mirror on DMD is for a pixel in the image, and we can make them to tilt toward or away
from the second lens. Tilt towards the lens, is denoted by +1 and away the lens is denoted by —1.
We can tell the set of mirrors on DMD to display a set of random tilting, that way a random set of
mirrors are shining on second lens. This operation is analogous to creating inner products between
the image (in vector form) and a vector containing elements 1 and — 1. This light is then collected
by the lens and focused onto the photon detector where the measurement is computed. If we do this
once we obtain first compressed sensing measurement. We have to continue this process m times.
The optical computer in the camera computes the random linear measurements of the image and
passes those to a digital computers where it reconstructs the image. So, the single pixel Camera is
very different from a tradition camera as it requires only one photon detector. One of the advantage
of single pixel camera is that they can operate over a much broader range of light spectrum than a
traditional camera. Sensors can be very expensive over some over some light spectrum, for example
a tradition camera made for capturing infrared images would be very expensive and complicated.

For more details about the working of single pixel camera readers are directed to [23].
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Figure 1.1: Diagram showing working of a single pixel camera.

Compressed sensing finds another important application in medical imaging, in particular in
magnetic resonance imaging (MRI) which samples Fourier coefficients of an image. MR images
are are found to be sparse. Some of them such as angiograms are sparse in their actual pixel
representation, whereas some other more complicated MR images are sparse over some other basis,
such as the wavelet basis or Fourier basis. As we all are aware about the fact that MRI are too
much time costly, as we have to acquire a huge amount of data but the physical and physiological
constraints don’t allows us to do so in a short time window. Thus the our prime concern is to reduce
the number of measurements without compromising on the quality of MR image or in other way,
we can say that our concern is to increase the recovered image quality with the same number of
measurements. Compressed sensing in MRI is a very hot topic now days and it has attracted a
large number of researchers all over the world. For MRI application many compressive sampling

algorithm have been designed [24].

1.5.2 Radar Signal Processing

Compressed sensing has got deep root in “Radar Signal processing. In a traditional radar system,
radar transmits a kind of pulse form, after receiving it at the other end a matched filter is used
to correlate the signal received with that pulse. Pulse compression system is used by the receiver
together with a high-rate analog-to-digital (A/D) converter to process the signal. However, this
approach is not only complicated and expensive, but also the resolution of the radar system is
limited by radar uncertainty principle. Compressive Radar Imaging discretized the time-frequency
plane into a grid. Each possible target scene is treated as a matrix. The occupations of the grids
will be sparse if the number of targets is small enough, and then, compressive sensing techniques

can be used to recover the target scene [25].
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1.5.3 Biology

Compressive sensing can also be used efficiently in the area of biological applications. In fact, the
idea of Group Testing is closely related to compressive sensing. Group testing was used in World
War 1I to test soldiers for syphilis. Because the test for syphilis antigen in a blood sample was
expensive, pathologist managed to group people and test the entire pool of blood samples for this
group. If syphilis antigen was found in a pool of samples, the group was further divided into the
subgroups, and then the test was done on each of the individual subgroup. Now a days, comparative
DNA micro-array is a more modern example of compressive sensing idea in biology [26],[27]. Micro-
arrays (DNA, protein, etc.) are colossal parallel affinity-based bio-sensors capable of detecting and
computing a large number of different genomic particles simultaneously. Tens of thousands of probe
spots found DNA micro-arrays are being used to test a number of targets in a single experiment. In
micro-arrays, a large number of copies of a single probe is contained in a spot, designed to capture
a single target, and hence collects only a single data point. However, only a chunk of the total
number of genes represented by the reference sample and the test sample is differentially expressed
in comparative DNA micro-array experiments. So we can use the compressed sensing ideas to create
the compressed micro-arrays. In compressed micro-arrays, each spot encompass copies of different
probes and the total number of spots is much smaller than the number of targets being tested.
Application of compressed sensing can also be found in gene expression studies. For example, it will
be a big achievement if one would be able to deduce the gene expression level of thousands of genes

from only a limited number of observations [28].

1.5.4 Error Correcting

Compressive sensing also finds its applications in coding theory and practices. Error correction
problem is an active research area in coding theory: In communication applications, when signals
are received at the receiver, they usually get corrupted due to some random noise or disturbance. For
example, in digital communications, onboard computations performed by circuits are real-valued.
circuits usually experience disturbance caused by the numerous factors in the outside world. This
is only one of the example of difficult real-world problem of error correction. So, It is a challenging
problem that how to design system and decoding algorithms to correct the errors. As the errors
usually occur in few places, compressed sensing tools can be applied to reconstruct the original signal
from the corrupted data [8]. The mathematical formulation for the error correction problem is as
follows:

Let us consider we are given a word “CRICKET”. Assume that the code for the given word is
in the form of a vector x € R™, and we are asked to transmit it reliably to a remote receiver. Note
that, We are not going to transmit « directly. We first encode the x € R™ into a n-dimensional code

y using a coding matrix B (also known as linear code). We can write y as
y = Bz, where B € R"*™.

It is clear that in noiseless case, if B is a full rank matrix, we can get back z. But in real-world
scenario, most often, we get the corrupted version of y due to the addition of some random sparse
noise. So the receiver receives

y' = Bz +n, (1.14)

11



where n € R™ is some random noise. We then wish to recover the x from the corrupted received
codeword y = Bf 4+ n. To realize this as a compressed sensing problem, consider a matrix a matrix
A € R"™ ™ whose null-space lies in the column space of B. On applying A to both sides of the
equation (1.14), we get Ay’ = An. Set Ay’ = z, and it becomes the problem of recovering a sparse
vector 7 from its measurement z = Ay’. After obtaining the error vector n we subtract it from
y = Bz 4+ n, which gives us Bx. Since B is full rank matrix, we can get back original signal . For

more details readers are directed to [8].
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Chapter 2

Literature Review

In the past, for sparse signal recovery, several condition on RIC constants have been proposed. For
example, some sufficient conditions for sparse signal recovery in noiseless case are: dg, < v2 — 1 in
[21], d2r < 0.497 in [29], dor < 0.472 in[30], 6 < 0.307 in [31], d2r < 1/2 and 0 < 1/3 in [32]. Some
conditions that involves RIC of different orders have been introduced, e.g. dsp+3t4x < 2,0k +T2r < 1
in [33],025 < 0.5746 together with dop < 0.5746, d3, < 0.7731 together with d16; < 1 in [34] and
Sar < 4/+/41 in [35]. However, as proposed in [2], 8, < \/(t — 1)/t for some t > 4/3 is the latest
bound on RIC available till date. In this chapter, first we will derive some of the bounds introduced

in [2] and then we will discuss about some sufficient conditions introduced in [4] for group sparsity.

2.1 Sparse Representation of a Polytope and Recovery of

Sparse Signals

In order to understand how the latest bound on RIP have been derived in [2], it is necessary to have
knowledge of the key technical tool [2, Lemma 1.1], which represents a vector in polytope set by
convex combination of sparse vectors. Proof of this key lemma is given in next subsection. Later
we will modify this lemma for group sparsity case which will play a key role in obtaining the goal of
this thesis.

2.1.1 Sparse Representation of a Polytope
For a positive number « and a positive integer k, define a polytope T («, k)subsetR™ , such that
T(a,k) ={v e R" : [[v]|oc <@, [Jv]ly < ak}.
Lemma 2.1: For any v € T'(«, k) define a set of sparse vector U(«, k,v) C R™ such that,
Ul kyv) = {u € R : supp(u) € supp(v), lulls = llolls, [ulloe < o, flullo < k} |

13



there exist an integer IV such that v can be represented as

N
v = E Ai U,
i=1

where
N
0<X <1, Y Ai=1, u; € Ula,k,v), Vi€ [N].
i=1

Proof: We will prove this based on induction principle. Let [ is a positive integer such that
Il —1 > k. Here we will prove that, if this lemma is true for all vectors v € T(«, k) such that
|[supp(v)| =1 — 1, then it also true for all I sparse vector present in T'(c, k).

First, our assumption is that this lemma is true of all (I — 1)-sparse vector in T'(a, k). Let a
vector v € T'(av, k) s.t. v is [-sparse but not (I — 1)-sparse, otherwise there will be nothing to prove.
We can express v as v = 22:1 a; e; where a; > as > az > ... > a; > 0: e;’s are different unit
vectors with only one non-zero entry of +1.

Define a set D as

D:{lgiglflzai+ai+1+ai+2+ ...... +al§(l—z)a}

It is obvious that 1 € D as, a1 + ...... +a; <ak < (I—1)a. Let j is the largest element in D, which

implies

Define

It is not difficult to see that (I — j) Zi:j b; = Zé:j a;. By using (2.1), for all j <w <1,

l i .
by > b; :M_a, iz @ (I—j— 1
2 0j 1= j T =
l .
i @i — (U= j = 1a;
l—j
> 0. 03

In addition, we define

l

j—1 !
Uy = E a; e; + E b E € ,
i=1

1=j i=j,iFw

Observe the following points:
o U= ZE:j Aw V-

14



e D<)\, <1
[ ] Zé:j )\z = 1
e supp(v,) C supp(v).

o [supp(vy)| =1-1.

We also have

j—1 l J—1 l
lvwls =D ai+T=5)> bu= ai+ Y a; =],
i—1 w—j i—1 i—j

The last inequality is from the first part of (2.1). From the above fact it is quite clear that v,, is
(I — 1)-sparse and it belongs to the set T'(«, k). We made an assumption that this lemma is true for
all (I — 1)-sparse vector, therefore we can find {u; ., € R", A € R : 1 <i <N, j<w <1} such
that

Uiy 18 k-sparse, supp(uiaw) € supp(vw) € supp(v), [|tiwll = lvwll = vl [uiwlle < o

-, N
In addition, vy, = D ;™" Ai,wli,w, SO v can be represented as

Il Ny
v = Z Z )\w)\iﬁwuiyw. (25)

w=j i=1

The result in (2.5) tells us that this lemma is true for all v € T'(a, k) that satisfies |supp(v)| = I.

Based on induction principle we can state that this lemma is true for all v € T'(a, k). a

2.1.2 Exact Sparse Recovery

As we have already seen in subsection 1.3.1 that, ENSP enables “exact sparse signal recovery”. In
this subsection we will establish the fact that, if the measurement matrix A € R™*" satisfies RIP
of order tk with constant dop, < \/m, for some t > 4/3, then it will also satisfy exact null
space property (ENSP) of order k. First we will begin with the following lemma,

Lemma 2.2: The number p defined as p = /t(t — 1) — (¢t —1), for some ¢t > 1, satisfies p € (0, 0.5).

Proof: As t is greater than 1, it is obvious that p > 0. In order to prove this lemma, we use
obvious inequality that /1 + ¢ < 1+ ¢/2 for all ¢ > 0. We have,

=Vt —1)— (t—1)
=/(t—1+1D)({t—-1)—(t—1)

:(tfl)[ 1+(ti1)—1}
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Now we are going to introduce an important theorem which establishes the fact that, §; <
(t — 1)/t is a sufficient condition that should be satisfied by measurement matrix A in order to

achieve exact sparse recovery of order k.

Theorem 2.1: Suppose A € R™*" z € ¥ C R”, and y = Ax. Define recovery algorithm as in
(1.3). Suppose A satisfies the RIP of order tk with constant d;, < +/(t — 1)/t, for some ¢t > 4/3 such

that tk is an integer. Then the recovery algorithm in (1.3) will exactly recover z.

Proof: We only need to prove that, Vh € N(A)\{0}, it is true that ||hs|1 < ||hse|l1, where S is
the index set corresponding to k largest magnitude element of h. Proving this will prove the exact
null space property (ENSP). However we will prove this by contradiction.

Assume there exist a vector h € N(A)\{0} such that, ||hg|/1 > ||hge|l1. Define,

o= ||hg<||1/k.
Define index set S; and S; as,
Sp={ie€ S :[(h)i| >a/(t -1},

Sy = {i € 8¢ |(h):] < a/(t— 1)}

For brevity, denote hg, hs,, hs, by ho, h1 ha respectively. It is obvious that ||hy|1 < ||hse|1 = k.
Let ||h1]|lo = m, then it follows that

ak > ||hils >m a/(t—1), or m < k(t —1).
In addition we have

[halls = [[hsellr — [|P1]l1
o

(t—1)

<ak—-—m

(07

(t-1)

Let a* = o/(t — 1) and p = k(t — 1) —m. On observing (2.6) and (2.7), we find that hy € T(a*, p).
Using lemma 2.1, for some positive integer N, ho can be represented as

[[hallec < (2.7)

N
h2 = Z Azuz
i=1
Since, u; are (k(t — 1) — m)-sparse, by the known inequality

luill2 < v/llwillollwilloo
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a. (2.8)

Let £ >0, c=1/2 are two constants. Denote 5; = hg + h1 + pu;, then

L,

al 1
Z/\jﬂj—iﬁi:ho‘Fhl +,uh2_ 2
j=

1 1
= (= — p)(ho + h1) — = pu; + ph

2 2
al 1 1 1
D oMb - B = uh = (5 = p)(ho + hn) — 5 pui. (2.9)
j=1

It is not difficult to see that vectors in equation (2.9) are tk-sparse.

We can check the following equation in Iy norm,

N N N )\
DNIAQ N8 = 58I — Z TIAE)IE =o. (2.10)
i=1 j=1 i=1
Set = +/t(t —1) — (t — 1). Since A follows RIP, it follows that
N N 1
SOMA N85 — 58I < (14 ) ZA (5= wPlo+mal+ ). @11
i=1 j=1

Using (2.9),(2.10), (2.11) we come to the conclusion that

N 2
< (U 82) Y (Ml = 102 lho + a3 + 2 uil3)
1; A
— (1= 02) Y 5 (Ilho + i3 + 21l
=1
N 1
Z (0480 — 1 = (0= ) ) o + bl + 56usss? (2.12)

Using (2.7), we estabilish the fact that

luills < VETGE=T) a < l|ol|2 <||h0+h1|\2

V- Vi

(2.13)

On substituting (2.13) in (2.12), we get

<> o+ halB[07 — i+ (- (1 )]

i=1
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< |lho + ha 2 - [6%((21? 1)t — 2 H(E — 1)) - ((2t SV — 1) — 26t — 1))}
<0. (2.14)

Above, we used fact that

e < A (t—1)/t,

luill2 < VE/(t —1)a
holl2_ _ [P0 + Ml

SVi-n S Vaon

Inequalities (2.12) and (2.14) are contradicting each other. Which implies

(2.15)

Ihsllt Z hsell

So we conclude that matrix A satisfies exact null Space property. Hence the recovery algorithm

defined in (1.3) exactly recovers the k-sparse signal x. O

2.1.3 Robust Recovery of Signal

In the subsection 2.1.2 we proved that measurement matrix A in theorem 2.1 facilitates exact sparse
recovery. However, in real life time most of the signals are nearly sparse instead of exactly sparse. In
addition, there is always some amount of noise associated with the measurements. In this subsection

we will prove that, matrix A in theorem 2.1 also facilitates robust sparse recovery.

Theorem 2.2: Suppose that, for some number ¢ > 4/3 such that tk is an integer, the matrix
A € R™*™ gatisfies the RIP of order tk with constants d;; < /(¢ — 1)/t. Define recovery algorithm
as in (1.4). Suppose, € R™ and that y = Az + n where ||n||2 < e. Then the recovery algorithm in
(1.4) will lead to the bound

[ — afl2 <2

207 5) +(ﬁ5tk+¢t<v<t1>/ 5tk>5tk+1)zak<x,||-|1>. 016)

NN t(V(E = 1)/t —6un) NG

Proof: Suppose h = & — x, first we will derive a widely known result (see, e.g.,[36],[37],[38],[39]),
[haglls < lhaolls + 2llzse 1

Where Sy, Ag are the index set of k largest components by magnitude of x, h respectively.

Optimality condition of & implies that
2] = llz + Ay < ]l
Using the decomposability of || - ||1, we get
lzss + hsgll + llzs, + hsollt < lzsgll + [lws, |-
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Applying triangle inequality twice to the left hand side of the above inequality. we get,

syl = hsolls = llesgll + lhsg 1 < llzsgll + [l2s, 11

On canceling the common term and rearranging the above inequality, we get
[hsglls < [lhs, [l + 2[|zsg |-

Observe that
[haollt = [lhso 1, and ||hag

1 < [[hsglr-

Using the above facts and (2.17), we get

|hag

1 < hagllh + 2[Rl

Bsides,
[Ah]l2 < [[AZ — yll2 + [|[Az — y|l2 < 2e.

Define

a = ([[haollr + 2[|s;

1)/k.

Now partition A§ as disjoint union S; U Sy, where
Sy:={i € Aj:|(h)i] >a/(t—1)},

Sy = {Z S A(c) : |(h)z| < Oé/(t — 1)}

(2.17)

(2.18)

(2.19)

For brevity, denote hyp,, hs,, hs, by ho, h1, ho respectively. Using (2.18) we can easily obtain

[hallr < [[haglly < ok
Let ||h1|lo = m. Then it follows that
ak > ||h1]l1 > ma/(t —1).

Which implies,
m < k(t—1).

Observe that, ||ho + hi|lo = k + m < tk , it means hg + h; is tk-sparse. Then it follows that

(A(ha, + h1), Ah) < [[A(ha, + ha)l2]|AR[2

S 2\/ 1 —+ 5tk||hA0 —+ h1||2 €.

It is not difficult to see that

halli = [[haglls = [halla
<ak-m—2_

(t—1)
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=[kt-1)-m] — (2.21)

l[h2llee < (2.22)

t-1)

Let a* = a/(t—1) and p = k(t — 1) —m. On observing (2.21) and (2.22), we find that hy € T'(a*, p).

Using lemma 2.1, for some positive integer N, ho can be represented as

Since, u; are (k(t — 1) — m)-sparse, by the known inequality

[willz < Vl[willollwilloo

<\Vk(t—1) —-m (tf‘l)
< VAT oy
k
Vg™ (2.23)

Let 1 > >0, ¢ =1/2 and denote 8; = ho + hy + pu;. We have already seen in subsection 2.1.2
that, Z;\le NiB; — 2B8; — ph = (3 — p)(ho + h1) — Lu; are tk sparse vectors.

Let s = ||hg + hill2, P = 2Hx53\|1/\/%, then

[uille < VE/(t=1) a
< (l1ha, + hall2 9 ||$A3* 1
T/t =1) VE(E—1)
s+ P

<

— (2.24)

~

Set = +/t(t —1) — (t — 1). Using the identity (2.10)

N
A((G = o+ 1) — B n) || =32 Z Ao + b+ )

T
-

i
i=1 2 i=1
N 1 I 2 1 I
= Z/\i A<(§ — p)(ho + h1) — 5%‘) ‘2 + 2<A<(§ —p)(ho + h1) — §h2), MAh>
i=1
LAY
S ALUEDS 7 Ao + h + pus) |l
i=1

i A((1 — ) (ho + hy) — %Uz) C + p(1 = p)(A(ho + ha), Ah)

2

|
&MZ

NP

3

— ZH|A(ho + ha + puy) |13

Now observe that, (% — p)(ho + h1) — Sus, ho + hy + pu; are tk sparse vector. Hence, by using RIP
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property and (2.20), we have that

2
1+@k§jx(f—u o+ hall3 + S lall3) + (1 = 129/ T+ Dl o + B2 €

Mz
~| 2>

= (1= 00) 30 5 (o + B3 + 12usl3)

1=1

I
Mz

1
XKG+&US—M) (U= 8 ) o + a3+ 33wl
WV 1+ 0w llho + hall2 €

Wm+mmﬁ = b+ (5 =+ (4 i) |

S i2 P Sy 2 P2
+{2,u(1—u)\/1+5tk €+ ttkf }er thlt

1

o
Il

IA
Mz +

s
Il
_

1 2(t — 1)
f—t(2t71 ) —2V/t( )(\/ 52)52+[2u2w/%~ 1+5tk6+%}5
5tk-.U2P2
T

2

- t’i - [— t(,/% - 5tk)82 + (2 1t — 1)(1 + our)e + 5tkP)S + 5“"2132}. (2.25)

The above one is the second-order inequality for s. On solving (2.25) for s, we get

s < {(2 1t —1)(1 + om)e + 5tkP) + [(2 HE—1)(1 + dm)e + 5tkp)2
(/- 1)/t — M)atkp?} 1/2} . (2t(\/(t “1)ji— m))_l

VI D00 f5fk+\/t VI D/ - i
{1/t —om) 2t(\/(E = 1)/t — our)

Finally, note that ||hag|l1 < [[holl1 + Pk, by [40, Lemma 5.3], we obtain lhagll2 < llholls + P, so

[1Bll2 = \/llholl3 + [1hag 13

< Itoll3 + (o2 + P)2

<\/2||hol2 4+ P

S\/§S—|—P
\/215 t— 1)(1—1—5%)€+ (\f&k + \/t \/t—il—(stk: Otk 1) 20k (z, || - Hl)
t(/(t—1)/t — dux) t(v/(t—1)/t — O) Vk

P = |lzsglli/VE = on(x, || - 1) /Vk, we get

21



20+0w) (\/§5m + W(M— Otk )0k N 1) 20k (@ ]| - 1)

Il <2 ¢ (2.26)
1—/t/(t = 1)éw t(/(t = 1)/t = 6ur) Vi
Which proves our theorem. O

Remarks: We made an assumption that tk is an integer. But in case, if tk is not an integer, take
t' = [tk]/k. Note that ¢’ > t, ¢k is an integer. Then we can choose 0y, as

t—1 t—1
Oy =0 <\/<\/.
t'k = Otk 7 7

Now we introduce a theorem which tells us that the bound d;;, < /(¢ — 1)/t is indeed a sharp

bound. We are not going to give proof of it here, but the interested readers are directed [2].

Theorem 2.3: (See [2, Theorem 2.2]) Let t > 4/3. For all v > 0 and all k > 5/, there exists a
matrix A satisfying the RIP of order tk with constant d; < /(¢ — 1)/t 4+ such that the recovery

procedure in (1.4) fails for some k-sparse vector.

In this section we came to know that o, < /(¢ — 1)/t for some ¢ > 4/3 is a sufficient condition
which should be satisfied by measurement matrix A in order to achieve both sparse recovery as well

as robust recovery of order k through the constrained ¢;-minimization.
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Chapter 3

My Contribution

The paper [4] provides upper bound on restricted isometry constant (dax) in addition to error
estimates for the group sparse recovery. It also includes several algorithms that have been proposed
in the literature for both “conventional” as well as group sparsity. In order to achieve robust
sparse recovery when the results proved in [4] are specialized to the case of conventional sparsity
and /;-norm minimization, we get the bound o, < v/2 — 1. However, by using the Theorem 2.2,
in order to achieve robust sparse recovery, do, < 1/4/2 is found to be a sufficient condition. It
means Theorem 2.2 gives a tight bound. This suggests that the method of proof adopted in [4]
can be improved. That is precisely the purpose of the present work. Therefore, our objective is
to establish bounds on restricted isometry constant and error estimates for group sparse recovery
through constrained ¢;-norm minimization, which include the bounds of [2] as a special case in the
case of conventional sparsity. Moreover, in the process of proving bounds for group sparse recovery,

we also improve upon the error estimates given in [2].

3.1 Preliminaries
Before moving to the main results of this chapter we introduce few definitions.

Definition 3.1: Given a vector z € R™ and a group k-sparse set GkS. Set GkSy = GkS, and define
the set Ag as

Ag = argmin ||z — z||;.
0

Now, for ¢ > 1, we define an iterative algorithm as:

GkS;:={A:ANA,_1=¢ VA e GkS;_1},

i—1

A; := argmin ||x — Zx/\j — 1

AeGkS; =0

Iterate the above algorithm for s number of times such that GkSs11 = ¢. Finally, we obtain the
set {Ag, Aq,.eeeeene , As}. Then the set of vector {xp,,Zp,,....2a,} is known as optimal group

k—sparse decomposition of x.
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Definition 3.2: Given an integer k, let GkS denote the collection of all group k-sparse subsets of
[n], and define

D) = mi _ = mi c 3.1
kg (@, || 1) = min o —zsll = min lzag] (3.1)
to be the group k-sparsity index of the vector x with respect to the norm || - || and the group

structure G. In group sparsity, group k-sparsity index is analogous to k-sparsity index defined in
conventional sparsity.

It is obvious that if ¢ = n, and each group G; is the singleton set {i}, then group sparsity and
group sparsity index reduce respectively to k-sparsity and k-sparsity index. Note that, because GkS

is in general a strict subset of the set of all k-sparse sets, it follows that

ok, | 1) < org e, [ - 1)- (3.2)

Definition 3.3: Given a vector v € R", we define the group support set of v, denoted by
Gsupp(v), as
Gsupp(v) == {j € [g] : vg, # 0}. (3.3)

Thus Gsupp(v) denotes the subset of the groups on which v has a nonzero support.

Definition 3.4: Suppose A € R™*" known as the measurement map, and A : R™ — R™, known
as the demodulation map. Then the pair (A, A) is said to achieve robust group sparse recovery
of order k if there exist constants D, Do such that, for all n € R™ with ||n||2 < €, we have that

[A(Az +n) — 2|2 < Diog.g(2, || - 1) + Dze. (3-4)

3.2 Polytope Decomposition Lemma

The key to the results in section 2.1 is Lemma 2.1, which represents a vector in polytope set by
convex combination of sparse vectors. In this subsection we generalize this lemma to the case of
group sparsity. Before presenting the lemma, we introduce a couple of terms.

We define mpyax and mmpyi, as

Mmax ‘= Max |G|, Muyin := min |G}|. (3.5)
Jj€ldg] Jelgl

Recall that, by assumption group sparsity, mmax < k.
Lemma 3.1: Given a vector v € R" and some a € Ry such that,
lve, Il < a, ¥j € [g], and [jolls < sa (3.6)
for some integer s, there an integer N and exist vectors u;,7 € [N] such that
e supp(u;) C supp(v), Vi € [N].
o |luilly = [lvllx, Vi € [N].

o [[(ui)g,llh < a, Vi€ [N], and Vj € [g]
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e u,; is group smmax-sparse for each ¢, and finally
e v is a convex combination of u;, 7 € [N].

Remarks: In the case of conventional sparsity, mmax = 1, in which case all vectors u; are s-sparse,

which is precisely Lemma 2.1.

Proof: We will prove this Lemma by using the induction principle. Define a set of vectors
X:={veR": lvg, |1 <aVjelg o] < saj.

To begin the inductive process, suppose |Gsupp(v)| < s. Then v is itself smmpax-sparse. So
we can take N = 1 and u; = v. Now suppose that the lemma is true for all v € X such that
|Gsupp(v)| = r — 1 where r — 1 > s. It is shown that the lemma is also true for all v € X satisfying
|Gsupp(v)| = r.

Let a vector v € X such that, |Gsupp(v)| = r. suppose @ C [g] denote the index set {j € [g] :
vg, # 0}, and observe that |Q| = |Gsupp(v)| = r by assumption. Then v can be expressed as

v = E UGj.

JEQ

Now arrange the vectors vg; in decreasing order of their £;-norm. Denote the permuted vectors as
p1 through p,..
Define,
a; := ||pill1, and p; = (1/a;)p;-

Then each p; has unit ¢1-norm. Moreover a; > a;41 for all i, and v = 22:1 p; = 22:1 a;p;. Also,
because the ¢1-norm is decomposable and the p; have non overlapping support sets, it follows that
ol =321 ai-

Now define a set ,

D:={Be[r—1]:Y as < (r—pBa}.
i=B

Then 1 € D because
Zai =|v|h < sa<(r—1)a.

i=1
Therefore D is nonempty. Now, by a slight abuse of notation, let 3 again denote the largest element
of the set D. This implies that

agt+agy1 +agyo+....... +a, < (r—Ba,

ags1 +agro+ .o +a.>(r—p8-1a. (3.7)

Define the constants,
ZLB a;

by = =5

— Oy, BSU}ST,

which satisfies .

Zai = (7" — ﬂ) Zbl (38)
i=p

1=
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Forall g <w<r,

by > bg = Zizpi1 % friﬂilaﬁ
r—p_ r—_
D N et

r—8

>0,

where the last two steps follow from a; < « for all 4, and from the second inequality in (3.7).

Next, for w = 3, .....,r, define

B—1 r
o= "aipi + (O b)Y B A= wab (3.9)
i=1 w

i=8  i=B,itw

Now observe that

0<Ap<1, Z Aw = 1.
w=0

Next, supp(v(®)) C supp(v) for all w. Moreover, |Gsupp(v(®))| < r — 1 for all w, because the
corresponding term p,, is missing from the summation in (3.9). Also, note that each p; has unit

f1-norm. Therefore, for each w between 8 and r, we have that

(e

B—1 r

ZaiJr(T*B)Zbi

i=1 iR
B—1 r r

= Zai—l—Zai:Zai:HUHl. (310)
i=1 i=p =1

Through (3.9) it can be easily seen that v(®) is composed of some linear combination of p; . Since,
each p; is supported over a particular G; and p; have non overlapping support set, it follows that

||v<(31:)||1 < max{a,as,...... ,af;,l,zbw}

< max{a, ng:ﬁ;l} <o (3.11)

So, the results in (3.10), (3.11) suggest that, each v(*) € X. By the inductive assumption, each v(*)
has a convex decomposition as in the statement of the lemma. It follows that v is also a convex

combination as in the statement of the lemma. This completes the inductive step.

We have already established the fact that this lemma is true for all vector v € X satisfying
|Gsupp(v)| < s, therefore it is also true for all v € X satisfying |Gsupp(v)| < s+ 1 and so on, for
all v € X satisfying |Gsupp(v)| < g. It is obvious that, Vv € X, 0 < |Gsupp(v)| < ¢g. Hence this
lemma is true for all v € X. This was the one way to understand the proof of this lemma. But
if, it is still not clear then forget about the induction principle. There is no need to assume that
this lemma is true for all v € X satisfying |Gsupp(v)| = r — 1. Take any vector v € X satisfying
|Gsupp(v)| = r > s. We can split it into v(*) as in (3.9). We have proved that v(*) € X. We also

showed that |Gsupp(v(®))| = r — 1. If 7 — 1 = s, it means we have achieved our goal. Because if this
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is the case, then v(*) will be group smmax—sparse. But if, » — 1 is still greater than s, then we will
be able to apply the same procedure to each v(*). Split v(*) it into v(**), where t = 1, ...... , N1. Note
that v(**) will satisfy |Gsupp(v(¥?))| = r — 2 and v(**) € X. We shall repeat the same procedure

unless we get vectors u;, such that |Gsupp(u;)| = s. O

Now we introduce a lemma which gives a bound on the euclidean distance of u; for all 7 € [N].
Lemma 3.2: Let u;,i € [N] be the vectors in the convex combination of Lemma 3.1. Then

SMm;
i[5 < ===

o?, Vi € [N]. (3.12)

min

Proof: Fix the index i € [N]. Define the index set

B;:={j €lg]: (wi)g, #0}.

Let ¢; = |B;|. Because u; is (Smmax)-sparse, it follows that ¢; < 2fmax  Moreover, by using

Mmin

Lemma 3.1 for each index j € B;, we have that
I(wi)a,ll2 < [[(ui)a,llh < o

Now observe that

U; = Z (ui)Gj.

jEB;
Please note that, there are at most ¢; terms in the above summation, and each term has Euclidean
norm no larger than a. Hence, using this fact and knowing that (u;)g,; have non overlapping support

set, we have that

lwills = > [l(w)g, i3
VjeEB
Smmaxag
Mmin

IN

3

which completes the proof. O
As of now we have stated and proved some important Lemma, now we shall move on to main

results.

3.3 Main Results

Suppose for some ¢ > 1, k(t — 1) /mmax iS an integer. Suppose that A satisfies the GRIP of order tk

with constant d;, = 0. To facilitate the statement and proof of the main theorem, we define a few

constants.
=/ (t=1t—(t-1), (3.13)
a:=[p(l—p) = 6(0.5 — p+ p?)]"/?, (3.14)
2,2 1/2
bi=pu(l—p)V1+d,c:= {M] , (3.15)
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d = (1 — p)v/k(kt — mmax), (3.16)
p:=cla,T:=bVk/a> (3.17)
Note that the alternate expression for a is

[(1—=6) — (1 —2u)2(1 +6)]*/?
2 .

a =

Next we extend the so-called robust null space property (see Definition 1.4) to group sparsity.

Definition 3.5: A matrix A € R™*" is said to satisfy the £ group robust null space property
(GRNSP) with constants p € (0,1),7 € Ry, if, for all h € R™ and all sets S € GkS, it is true that

p T
h < —=||hse|l1 + —=||Ah||2, 3.18
Instle < Lolall + 141l .19
Now, using (3.18) we obtain one more important inequality:
By Schwarz’ inequality,

Ihslls < VEl|hsell1. (3.19)

On substituting (3.19) into (3.18), we get
Ihslly < plihselz + 7] AR]|2. (3.20)

Now we come to the key result that allows us to establish robust group k-sparse recovery. Note

that, even in the case of conventional sparsity, the following result is new.

Theorem 3.1: Suppose that the matrix A satisfies the GRIP of order tk with constant d;, = 9.
Where ¢ > 1 such that k(t — 1)/mmax is an integer. If § satisfies

2,0,2 -1
K™ Mmax

then A satisfies the fo GRNSP with constants p, 7 defined in (3.18).

Proof: Let hp,,ha,,ha,,--.,ha, be an optimal group k-sparse decomposition of h. Now denote
hae = h*. Define sets S; and Sy as follows:

, [hagll .
= || hE < o .
So {J ”hG]-”l > mmaxk(t 1) vj € [g]

Let GS; = Ujesl Gj and GS; = UjESng~ Now define
WO = hy,, B = hg,, B = hig,.

Then we have
hag = h* = hiyg, + hg, = KD + A3,
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Assume that |S;| = 7. Now we will establish upper bound on ||h(?{|; and Hh(c?,)”l Because of the
definition of set St, it follows that

hag Il
RO > rmpax I7ag ) 3.22
RO > S (3.22)
Moreover
IR 1 = Nhaglly = 1R
Using (3.22) we get
hagllx
h(2) < hae - max || 2
A < hsglh = P
k(t—1) hagllx
= |2 . 3.23
[ Mo T]m k(t—1) (3.23)
By the definition of set Sy
hagll .
&1 < M sl ;¢ 1g). (3.24)

k(t—1)
Remarks: We should note that r % % — 1. Because, if r = %, then |||, = lhagllL + €
where, 2 € (0,00). This is not possible because hag = h® + h) | and in addition to that A1) h(?
have non overlapping support set. This implies that h(®) + R(1) is group (kt — Mumax)-sparse, and

hence they are also group kt-sparse.

From (3.23) and (3.24), we see that the vector h(?) satisfies the hypotheses of Lemma 3.1 with

o“—m ||hAgH1 < k(t_l)—r
- maxk(t_l)ﬂ - M

Mmax

Therefore we can apply Lemma 3.1 to h(?). So, h® can be represented as
h(z) =X up +Ay us+ ...+ Anuy,

where each w; is group (k(t — 1) — rMmax)-sparse, h(Y) is group (rmmayx)-sparse, and h(®) is group
k-sparse. Therefore u; +h™) + h(®) is group tk-sparse for each i € [N]. Now let, for all i € [N],

1
1-2
2 = T'u(h(o) + h(l)) — gui7

Y=z +z=(1—p) (h(o) + h(l)) ;
Bi=mi—z=p (h(o) + M + Uz) :
Then

N N

=1

(1 = ) (AR + h 1) AR). (3.25)
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However,for each index set i, we have that
(A, AB)) = (Ax; + Az, Az — Az) = || A3 — || Az |3

Therefore it follows that

N
SNl Azl — [ Az118) = w1 — ) (AR + D), A,

i=1

on rearranging

N
> il Azl
=1

+op(l— u)<A(h(0) +rWY | Ah>.

N
D AillAzi
i=1

Since x;, z;, (h(o) + h(l)) are all group tk-sparse, it follows from the GRIP that,

IN

N N
(1*5)2)\z’”%‘”§ (1+5)Z>‘1||Zz“§
i=1 i=1
+ou(l—p) <A(h(°) + h<1>),Ah> .
Since A9, A and u; have disjoint support sets, it follows that, for all i € [N], we have
il = 025 (11 + RO + 2 uil}3)
lzl13 = 0.25 (1 — 2B + WD) + 2l

Substituting these relationships, multiplying both sides by 4, and noting that vazl Ai =1, leads to

N N
(1= 8) [I(A® +BO) 3+ 12 " Allual3] <(1+ )| (1= 202 (RO + RO + 2 3 Ailjusll3]
i=1 =1

+Ap(l - p) <A(h<°> INON Ah> ,

Or upon rearranging,

N
[(RO + A 2[(1=68) — (1 +8)(1—2u)?] < 26u> ZMHWH%

i=1

+4p(l - p) <A(h<0>+h<1>),Ah>. (3.26)

Recall that

B lhaglli  [k(t—1)
a—mmaxk(t_l),s— —7r|.

mmax
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Substituting these values into (3.12), we get that

1) Foxel2
L
Mmin k2(t —1)2
W), o gl
< 0
- mmm mm‘rj"(k:Q(t—l)2
gl
= i 3.27
Mmin k({E—1) (3:27)

Substituting the above bound which is independent of 7, into (3.26), we get

20p°m2,. lhagll?
Mmin k‘(f, — 1)

+ o4l - p) <A(h<0>+h<1>),Ah>. (3.28)

(@ + RO IZI(1 = 6) = 1+ 0)(1—2p)°] <

Using the Schwartz’s inequality and the fact that A(®) + k() is group tk-sparse, the above inequality

becomes

20u2m2,., 1hacll?
© (112 - 1 1-9 2 < max 0
1+ ROYIEA = 8) = (L4 9)(1 —2u)] < =t Py

+ 4p(1 = )T+ 0k [(O + )|z - || AR

Denote ||(h(®) +hM)|| by f and invoke the definition of the constants a, b, ¢ from (3.14) and (3.15).
This gives
2 92 2 ||hA3 ”%
4f7a” <4c 7 + 4bf[|Ahl2,

or after dividing both the sides by 4 and rearranging,

hacl|?
£2a — bl Anl, < 21260

The next step is to complete the square on left side of the above inequality.

1hagl?
Fra bl Ablls + AR < 2 angg + 21880
or equivalently,
b o gt
0 < 2 4 200N
af — guldnll| < lang+

Taking the square root on both sides, and using the obvious inequality that /22 +y2 < z +y

whenever x,y > 0, leads to

— (b/2a)[|Ahll2 < (b/2a)||Ah]j2 + ¢ Waglly 3%“17
22 +y2 < x +y whenever z,y > 0, leads to
[1aglly
b/2a)||Ah b/2a)||Ahlls + c—2—,
- (b2 Az < (/20 bl + e
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or upon rearranging and replacing f by ||(R(®) + h(D)||,,

hae
ol -+ KOs < b/ Ans + e
Dividing both the sides by a and observing that hy, = R and
1ROl < 1(R© + B2,
we get
b c [|hagllx
h < (RO £ W)Yl < = ||Ab|2 + ==
Isle < GO +RD) < S Abls + 0
WE s < Bl
a2Vk a Vk

This inequality is of the form (3.18) with p, 7 given as in (3.3). The only thing left to prove is that,
if § satisfies the bound (3.21), then p < 1. This is equivalent to ¢/a < 1, so it is enough to show
that ¢? < a?, that is

2 m?
_ P "'max 1—1u)—6(05— 2
ST — p(l = p) = 6( ),
on rearranging
2,2
K~ Mmax 2
§<7 0.5 — ) 1—p),
50t = D + p ) < p(l—p)

which implies
2 -1
MU Mmax 2
0 (7 0.5 — ) 1—p).
< S + pp p(l = p)

Hence we finished the proof. O

3.3.1 Robust Group Sparse Recovery

Suppose we have the measurement of the type
y=Azx+n

where 7 is some bounded noise, with ||n|l2 < e. Define the recovery algorithm (or, demodulation
map A) as,
A(y) :== & = argmin [|z][; s.t. |y — Az|j2 <e (3.29)

Now, we introduce a theorem in context to the error estimate obtained by the above algorithm.

Theorem 3.2: Suppose A € R™*" satisfies GRIP of order tk with d;;, = d, where ¢ > 1 such that
kE(t — 1)/mmax is an integer. Then, for p € [1,2], the demodulation map (A) defined in (3.29) leads
to the bound

2
2

Tp{ {kl_il/p 1+ p)]%g + (k%/p n 2)7‘6}. (3.31)

IN

12 — [l

IN

& — [l
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Proof: Let £ = x + h. Optimality condition implies that
[&]ly = [l + Al < [|=]]s.
Let g,,2s,,...,xs, be an optimal group k-sparse decomposition of x. Then
g + hsglly + [lzs, + hsollr < [lwsglls + [los, [l1-

Applying triangle inequality twice to the left hand side of the above inequality. we get,

zsoll1 = lhsolln = llzsglls + [[hsgllh < llzsgll + lzs, -

Canceling the common term and denoting |[zs¢| by or.c(, || - |1) = or.c, we get
[hsglls = (s, 1y < 20%,c- (3.32)
Let ha,, hay,---,ha, be an optimal group k-sparse decomposition of h. Then

1Paollt = Nlhsollrs and [lhaglle < [[hsg -
Using the above fact and (3.32), we get
[Paglls = 1haolly < 20%,6- (3.33)

Now,
[AR]l2 = [[(AZ — y) — (Az — y)[|2 < 2¢.

Using the inequality (3.20) and the above fact, we have that

Ihaolln < pllhaglln + 27e. (3.34)

1 -1 ”hAB”l < 20’]@(;
—pP 1 ||h/\o||1 B 2Te

Let the M denotes the coefficient matrix on the left hand side

-1
1 -1 1|11
M= =— :

Since 1 — p > 0, all the elements of M ~! are positive. Therefore we can multiply both the sides by

M~1. This gives
||hA(c)||1 < 1 1 1 20’].3’G
Ihaolli] “L=p |p 1] | 27e

Using (3.34) and (3.33), we get



1 2
<1 (ok,c + T€) (3.35)
L—p |2(pok,c + 7€)
Finally Using the triangle inequality, we get
[Alls < llhaglls + [1hagll
—oap | 1]
1o 111
<2 [(1+p) + 27¢]
<1 p)okc + 27€
2
Ihlh < 77— p[(l + p)ok,c + 27€]. (3.36)
The above inequality is same as (3.30). Now we move on to prove the inequality (3.31).
From the triangle inequality,
12llp < lhaollp + [12agllp- (3.37)

Now we will obtain the upper bound for both of the terms in right hand side of (3.37). Using the
triangle inequality it is not difficult to see that,

1hagllp < llhaglly < [[]1-
Using the above fact and (3.36), we get
2
[haglly < ﬂ[( +ploka + 27e. (3.38)
It is the ready consequence of Holder’s inequality that
haollp < EYP7V2 (a2 (3.39)
Using the inequalities (3.39), (3.18), we get,
1haolly < K27 (pllhagll + 27e). (3.40)

From inequality (3.35)

[haglli < (ok,c + Te). (3.41)

1—-p
On substituting (3.41) into (3.40), we get

1 2p 1—p
[haollp < Ti-1/p 17(01676* + 7€) + 21 T61|,

on rearranging
1 2
1o llp < WU (1= p) [Pakc + TG}. (3.42)
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Using inequalities (3.37),(3.42),(3.38), we get

2

hll, < ——
Il < 7=

p 1
{ {7]{171/17 +(1+ p)} ok + (7151*1/? + 2) Te}, (3.43)
which completes the proof. O
Now we are going to obtain error bound for the case of dantzig selector noise.

Theorem 3.3: Suppose that, for some ¢ > 1 such that k(t—1)/mmax is an integer, matrix A € R™*"
satisfies GRIP of order tk. We have the measurement of the type y = Az + 7, where ||A'n| s < C.

Define the demodulation map as
A(y) = &pg := argmin ||z[|1 s.t. [|A*(Az — y)[e < ¢ (3.44)

Define constants a, ¢, d, p as in (3.14) to (3.17). Then the demodulation map defined in (3.44)
leads to the bound

2d
Il < leaglh + IRaglh < (L4 p)onc + -3¢ (3.45)

2
(1-p)

Proof: With the ipyq defined in (3.44), define h := &g — . Then the computations in the
proof of Theorem3.1 continue to apply until (3.28). We have already shown that that RO 4+ p() s
group (kt — Mmmax)-sparse. Also, both #yg and z feasible for the optimization problem in (3.44).
Therefore it follows that

A*AR|oo = [|A*(y — Az) — A'(y — AZpg)[lee < 2€.
Now we can write

(AR + hMY), AR) = (b 4+ B A AR)
< [ + AV [|A* AR oo

< 2R + hD||2 /Kt — M - €. (3.46)
Substituting from (3.46) into (3.28) gives

201> M3 15 I
Mmin k’(t — 1)

+ 811 = p)CV kit — M < [+ ROl

1RO + ROYBIL = 8) = (L +8)(1 - 20)%] <

or upon rewriting

26p2m2 . 1hagll

max

Mmin~ k(t —1)
8/1(]. — N)C k(kt - mmax) (0 1
TE [ 2. (3.47)

1A + AL~ 6) = (1+6)(1 — 2m)%) <

Recall now the definitions of the constants a from (3.14), ¢ from (3.15), d from (3.16), and p from
(3.17). Then, after dividing both the sides by 4 and denoting ||h(*) +-h() ||, by f, the above inequality
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becomes
_ 2d¢

Vk

Completing the square and taking the square root on both sides leads to

o g2

2 02
a‘f ?

f<c

2 2 -2 Rrc 2
(o = Y7 < C bl

a\/E - CLQk' k ’
202 hacl|?1/2
oS [ il
a\/E an: k
d¢  lhaglh
< +c—2r, 3.48
< NG (3.48)
and finally
2d cllhaclh 2d | hae 1
h(o) + h(l) — < + — 9 — + 0
I 2 f_aQ\/EC ok aZ\/EC N
Next, by Schwarz’ inequality, we get
(0) (0) ©) 4y, < 24
1RO < VE[RD 2 < VE[R© + D]y < —36 T pllhaglls- (3.49)
We should note that inequality (3.33) is still valid in this case. Then we have
haglls = [lhaolln < 20% 6, (3.50)
where it is to be noted that h(®) is same as hy,, and oy g is the shorthand for oy g(z, || - ||1)-
Inequalities (3.49) and (3.50) can be written as
1 -1 ||hA8||1 < 20,6
—p 1| [lIhaolh] — [2d¢/a?
Because p < 1, this leads to
Hh/\a 1 < 1 1 1 QGk,G
lhaoll] 1 =p [p 1] |2d¢/a?
Combining these two shows that
Bl < eaglh + agll < o [(1 4 D)onc + oac] (351)
1> [[tAgllL Ao 1_(1—p) P)0k.G 2% .
O

Remarks: In the case of conventional sparsity, mmax = Mmin = 1. If we put these values in the
bound obtained for ¢ in (3.21), we get

2

d < p(l—p) <2(t/i— 0 +0.5 —u+u2>_ . (3.52)
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Now tedious but simple computation shows that

p(1— ) = (2t — D)y/i{E— 1) — 24(t — 1),

and
p? ) ;
mﬂ)ﬁﬂwu =2t =1t = 20/t(t = 1) = p(1 = )y /7
Therefore,
w1 = p) [Q(t’ﬂ 05 + 12 . %
which implies that
o< % (3.53)

It is interesting to note that result obtained in (3.53) is same as proposed in [2]. We have seen
in Theorem 2.3 that the bound, § < 1/(t — 1)/t is a sharp bound. So, this fact supports our claim
that the approach followed in this work (for group sparsity) provides a tight bound.
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