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Abstract

In this work, we present analytical solutions for laminated composite plates using
a nonlocal third-order shear deformation theory considering the surface stress effects.
The theory is based on Eringen’s theory of nonlocal continuum mechanics [1] and the
third-order plate theory of Reddy [2]. The mathematical formulation for surface stress
is based on Gurtin and Murdoch’s work [3],[4]. In the nonlocal theory we consider the
size effect by assuming that the stress at a point depends on the strain at that point
as well as on the strains at the neighboring points. Analytical solutions of bending
and vibration of a simply supported laminates and isotropic plates are presented using
this theory to illustrate the effect of nonlocality and surface stress on deflection and
vibration frequencies for various span-to-thickness (a/h) ratios.

1 Introduction

In modeling micro and nano structures, where the size effect is prominent (e.g., study of
elastic waves when dispersion effect is taken to account and the determination of stress
at the crack tip when the singularity of the solution is of concern), conventional theories
cannot model the material behavior accurately. There has been considerable focus towards
the development of generalized continuum theories which account for the inherent micro-
structure in natural and engineering materials (see [5], [6], [7], and [8]). The notion of



generalized continua unifies several extended continuum theories that account for such size
dependence due to the underlying micro-structure of the material. A systematic overview
and detailed discussion of generalized continuum theories has been given by Bazant and
Jirasek [9]. These theories can be categorized as gradient continuum theories (see the works
by Mindilin et al. [10], [11], [12], Toupin[13], Steinmann et al. [6], [14], [15], [16], Casterzene
et al. [17], Fleck et al. [18], [19], Askes et al. [20], [21], [22]), micro continuum theories
(see Eringen [23], [24], [5], [25], [1], Steinmann et al. [26], [27]), and nonlocal continuum
theories (see works by Eringen [25], Jirasek [28], [29], Reddy [30], [31], [32], [33] and others
[34]). Recently, the higher-order gradient theory for finite deformation has been elaborated
(for instance see [35], [36], [37], [17], and [38]), within classical continuum mechanics in
the context of homogenization approaches. A comparison of various higher-order gradient
theories can be found in [18]. A more detailed formulation of gradient approach in spatial
and material setting has been presented in [26].

Nonlocality of the stress-strain relationship introduces length scale at which classical
elasticity theories break down. Classical theory is inherently size independent. The nonlocal
formulations can be of integral-type formulations with weighted spatial averaging or by
implicit gradient models which are categorized as strongly nonlocal, while weakly nonlocal
theories include for instance explicit gradient models [9]. The nonlocality arises due to the
discrete structure of matter and the fluctuations in the inter-atomic forces. The two dominant
physical mechanisms that lead to size dependency of elastic behavior at the nanoscale are
surface energy effects and nonlocal interactions [39]. Recently, various beam theories (e.g.,
Euler-Bernoulli, Timoshenko, Reddy, and Levinson beam theories) were reformulated using
Eringen’s nonlocal differential constitutive model by Reddy [30]. The analytical solutions
for bending, buckling, and natural vibrations for isotropic plates were also presented in [30].
Various shear deformation beam theories were also reformulated in recent works by Reddy
[30] using nonlocal differential constitutive relations. Similar works have been carried out
by Aydogdu [31] and Civalek [32].

Nonlocal elastic rod models have been developed to investigate the small-scale effect on
axial vibrations of the nanorods by Aydogdu [40] and Adhikari et al. [41]. Free vibration
analysis of microtubules based on nonlocal theory and Euler-Bernoulli beam theory was
done by Civalek et al. [32]. Free vibration analysis of functionally graded carbon nanotube
with various thickness based on Timoshenko beam theory has been investigated to obtain
numerical solutions using the Differential Quadrature Method (DQM) by Janghorban et
al. [42] and others (see [43], [44] & [45]). Eringen’s nonlocal elasticity theory has also been
applied to study bending, buckling, and vibration of nanobeams using the Timoshenko beam
theory (see [46], [47], [48] and [49]). Numerical solutions were obtained by a meshless method.
Two different collocation techniques, global (RDF) and local (RDF-FD), were used with
multi-quadrics radial basis functions by Roque et al. [50]. Static deformation of micro- and



nano-structures were studied using nonlocal Euler-Bernoulli and Timoshenko beam theories
and explicit solutions were derived for displacements for standard boundary conditions by
Wang et al. [51, 52, 53]. Iterative nonlocal elasticity for Kirchhoff plates has been presented
in [54]. Thai et al. [55] developed a nonlocal shear deformation beam theory with a higher-
order displacement field that does not require shear correction factors [56]. Analytical study
on the nonlinear free vibration of functionally graded nanobeams incorporating surface effects
has been presented in [57], [58] and [59]. The effect of nonlocal parameter, surface elasticity
modulus, and residual surface stress on the vibrational frequencies of Timoshenko beam has
been studied in [60] and [61]. The coupling between nonlocal effect and surface stress effect
for the nonlinear free vibration case of nanobeams has been studied in [62].

Some explicit solutions involving trigonometric expansions are also presented recently for
nonlocal analysis of beams [63]. A finite element framework for nonlocal analysis of beams
is presented in a recent work by Sciarra et al.[64]. Size effects on elastic moduli of plate like
nanomaterials has been studied in [65]. Studies to understand thermal vibration of single
wall carbon nanotube embedded in an elastic medium using DQM has also been reported in
[66]. The recent studies has been towards the application of nonlocal nonlinear formulations
for the vibration analysis of functionally graded beams [67]. The effect of surface stresses
on bending properties of metal nanowires is presented in [68]. There has been some works
on transforming nonlocal approaches to gradient type formulations [69]. Semi analytical
approach for large amplitude free vibration and buckling of nonlocal functionally graded
beams has been reported in [70]. Barretta et al. [71] derived a new variational frame
work following the gradient type nonlocal constitutive law and a thermodynamic approach.
Wang et al. [51] presented the scale effect on static deformation of micro- and nano-rods or
tubes through nonlocal EulerBernoulli beam theory and Timoshenko beam theory. Explicit
solutions for static deformation of such structures with standard boundary conditions are
derived. Huu et al.[55] based on the modified couple stress theory and Timoshenko beam
theory examined static bending ,buckling and free vibration behaviors of size dependent
functionally graded sandwich micro beams [56].

These nonlocal laminated plate theories allow for the small-scale effect which becomes
significant when dealing with micro and nano laminated plate-like structures [30]. The
nonlocality arises due to the discrete structure of matter and the fluctuations in the inter
atomic forces [72]. In the case of plate like structures, when the width to thickness ratio of the
plate becomes less than 20, transverse shear stresses play a key role on the behaviour of the
plate. Various theories have been developed to take care of shear strains into account such
as first order shear deformation theory (FSDT) by Mindlin, Third order shear deformation
theory (TSDT) by Reddy [2], and other generalized higher order shear deformation theories
(e.g., see [73], [74], [75], [76], [77], [78], and [79]). Lu et al. [80] proposed a non-local plate
model based on Eringens theory of nonlocal continuum mechanics. The basic equations for



the non-local Kirchhoff and the Mindlin plate theories are derived. Maranganti et al. [39]
estimated nonlocal elasticity length scales for various classes of materials like semiconductors,
metals, amorphous solids, and polymers using a combination of empirical molecular dynamics
and lattice dynamics. The effect of inter atomic forces is also studied. Farajpoura et al. [81]
investigated the buckling response of orthotropic single layered graphene sheet subjected to
linearly varying normal stresses using the nonlocal elasticity theory. The nonlocal theory
of Eringen and the equilibrium equations of a rectangular plate are employed to derive the
governing equations. Differential quadrature method (DQM) has been used to solve the
governing equations for various boundary conditions.

Wang et al.[79] presented a large-deflection mathematical analysis of rectangular plates
under uniform lateral loading. The analysis is based on solving two fourth-order, second-
degree, partial differential Von Krmn equations relating the lateral deflections to the applied
load. Plates with two boundary conditions, namely, simply supported edges and held edges,
are considered. Neves et al. [82] derived higher-order shear deformation theory for modeling
functionally graded plates to account for extensibility in the thickness direction. Arash et al.
[83] studied the application of the nonlocal continuum theory in modeling of carbon nano
tubes and graphene sheets. A variety of nonlocal continuum models in modeling of the two
materials under static and dynamic loadings are introduced and reviewed. The superiority
of nonlocal continuum models to their local counterparts, the necessity of the calibration of
the small-scale parameter, and the applicability of nonlocal continuum models are discussed.
Yan et al. [84] applied nonlocal continuum mechanics to derive complete and asymptotic
representation of the infinite higher-order governing differential equations for nano-beam and
nano-plate models. Wang et al. [85] presented elastic buckling analysis of micro- and nano-
rods/tubes based on Eringens nonlocal elasticity theory and the Timoshenko beam theory.
Sun et al. [65] presented a semi continuum model for nano structured materials that possess
a plate like geometry such as ultra-thin films. This model accounts for the discrete nature
in the thickness direction. In-plane Youngs modulus, and in-plane and out-plane Poissons
ratios are investigated with this model. It is found that the values of the Youngs modulus and
Poissons ratios depend on the number of atomic layers in the thickness direction and approach
the respective bulk values as the number of atom layers increases. Murmu et al. [86] solved
vibration of double-nano beam-systems which are important in nano-optomechanical systems
and sensor applications. Expressions for free bending-vibration of double-nano beam-system
are established within the framework of Eringens nonlocal elasticity theory. The increase
in the stiffness of the coupling springs in double-nano beam-system reduces the nonlocal
effects during the out-of-phase modes of vibration. Wang et al. [87] conducted study of the
mechanisms of nonlocal effect on the transverse vibration of two-dimensional 2D nano plates,
for example, mono layer graphene and boron-nitride sheets. It is found that such a nonlocal
effect stems from a distributed transverse force due to the curvature change in the nanoplates



and the surface stress due to the nonlocal atom-to-atom interaction. Using the principle of
virtual work the governing equations are derived for rectangular nanoplates. Solutions for
buckling loads are computed using differential quadrature method (DQM). It is shown that
the nonlocal effect is quite significant in graphene sheets and has a decreasing effect on the
buckling loads. Murmu et al. (see [88],[89], and [90]) have studied small-scale effects on
the free in-plane vibration of nano plates are investigated employing nonlocal continuum
mechanics. Equations of motion of the nonlocal plate model for this study are derived and
presented. Explicit relations for natural frequencies are obtained through direct separation
of variables. It has been shown that nonlocal effects are quite significant in in-plane vibration
studies and need to be included in the continuum model of nanoplates such as in graphene
sheets. Han et al. [91] studied influence of the molecular structure on indentation size effect
in polymers. The indentation size effect in polymers is examined which manifests itself in
increased hardness at decreasing indentation depths. Nikolov et al. [92] applied the micro-
mechanical origin of size effects in elasticity of solid polymers. It was shown that size effects
related to rotational gradients can be interpreted in terms of Frank elasticity arising from the
finite bending stiffness of the polymer chains and their interactions. A relationship between
the gradient of the nematic director field, related to the orientation of the polymer segments,
and the curvature tensor associated with rotational gradients was derived.

The focus of the present work is to develop analytical solutions for bending and free vibra-
tion of laminates composite plates using the nonlocal third-order shear deformation theory
which accounts for surface stress effects. The solutions using nonlocal theories are based on
Eringen’s theory of nonlocal continuum mechanics [1]. The nonlocal theory considers the
size effect by assuming that stress at a point depends on the strain not only at that point but
also on the neighbouring points. Analytical solutions of bending and vibration of a simply
supported rectangular laminates are presented using this theory to illustrate the effect of
nonlocality on deflection and free vibration for various a/h and a/b ratios. The paper is
organized as below in Section 2 we present the introduction to nonlocal theories. In Section
3 the third order shear deformation theory with nonlocal and surface effects is presented.
The surface stresses for plates and laminates are discussed in detail in this section. The
equilibrium equations are also presented in the section. In Section 4 we present analytical
solutions for various types of laminates. Lastly, Section 5 is devoted to numerical examples.

2 Nonlocal theories

Nonlocal elasticity theory invokes the length scale parameter in order to account for the size
effects [1]. Neglecting the size effects, when dealing with micro and nano scale fields, may
result in inaccurate solution and hence resulting in wrong designs. So one must consider
the small scale effects and atomic forces to obtain the solutions with acceptable accuracy.



In nonlocal elasticity theory, it is assumed that the stress at a point in a continuum body
is function of the strain at all neighbor points of the continuum, hence the effects of small
scale and atomic forces are considered as material parameters in the constitutive equation.
Following experimental observations, Eringen proposed a constitutive model that expresses
the nonlocal stress tensor o™ at point x as

o' = /K(\w’ —z|,7)o(x') d’ (1)

where, o(x) is the classical macroscopic stress tensor at point x and K(|x' — x|, 7) is the
Kernel function which is normalized over the volume of the body represents the nonlocal
modulus. |’ — x| is the nonlocal distance and 7 is the material constant that depends on
the internal and external characteristic length.

As per Hooke’s law we have

o(x)=C(x) : e(x) (2)

where € is the strain tensor and C is the fourth-order elasticity tensor. Equations (1) and
(2) together form the nonlocal constitutive equation for Hookean solid. Equation (1) can be
represented equivalently in differential form as

(1-7PV})o" =0 (3)

where 7 = (6‘23 )2, eo is a material constant and a and [ are the internal and external charac-
teristic lengths respectively. In general, V? is the three-dimensional Laplace operator. The

nonlocal parameter ;. can be taken as p = 7212

3 Third-order shear deformation theory

In the third-order shear deformation theory (TSDT) of Reddy [93] the assumptions of
straightness and normality of the transverse normal after deformation are relaxed by ex-
panding the displacements as cubic functions of thickness coordinate. Consequently, the
transverse shear strains and transverse shear stresses vary quadratically through the thick-
ness of the laminate and avoids the need for shear correction factors. Here the Reddy
third-order shear deformation theory is reformulated to account for the surface stress effect.

3.1 Displacement field

The displacement field is based on a quadratic variation of transverse shear strains (and hence
stresses) and vanishing of transverse shear stresses on top and bottom of a general laminate
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composed of different layers. The displacement field of the Reddy third-order theory [93, 2]
is

428 dwy
u(z,y,z) = uo(r,y) + 2¢, — <¢x ox )

4
o(,9,2) = wole,y) + 26y — <¢y y) (1)
’LU(ZL’,y,Z) = wO(xay)

where ug, vg, wy are in-plane displacements of a point on the mid-plane (i.e., z = 0). ¢, and
¢, denote the rotations of a transverse normal line at the mid-plane (¢, = ‘%Z‘ and ¢, = 8;‘)
The total thickness of the laminate is given by h.

3.2 Strain-displacement relations

The strain fields of the TSDT is

Erx Exx Exx Exx
Eyy ( 5;?;) +z 5&;) +2° 55/??;) (5)
Vay ’V:S;(g]/) ’7:%/) ’7:%)
(0) (2)
Yyz \ _ ) Vyz 2 ) Vyz
= +z 6
{%z} {7&02} {%ﬁ?} 0
where
() 23“0 el %
04— a i a R . aiyy% (7)
0 U Uy 1 x
%(cy) ) 8yo + £ %(cy) oy T o
( 6;?;) ) z@% + 88 xu;o
3 L _ ¢y a wo
€ = + (8)
%g) 8¢£ B(by 92wo
f}/xy ) + _'_ 2 0xdy
0 w 2 w
’Yz(/g) _ {¢y+8 O} %(/22) — —¢ {¢y+a O} (9)
V2 et G2 W2 Gu + Gt
where ¢; = 55 and ¢y = 3¢;.
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3.3 Stress-strain relationships

The constitutive equations for each layer in the global coordinates are given by

Ora i Q. Q Caa du Q

- Qu Q2 Qs oy | _ [Quu Qus| | Yy
Oy ¢ = |Q12 Q22 Qas| | Eyy ¢ 0u: ] |Qu Qss] v
Ty Qs Q26 Qes] ay - N

where

Q11 = Qu1 [cos® 0 + 2 (Qr2 + 2Qg5) sin® b cos® 0] + Qa0 sin* 6
Q12 = (Q11 + Qa2 — 4Qgg) sin” # cos® 0 + Q12 (sin® 6 + cos* 6)
Q16 = (Qu — Qua — 2Qu) sin 0 cos” § + (Q1a — Q22 + 2Qeg) sin’  cos
Q22 = Q11 5in* 0 + 2 (Q16 + 2Qgs) sin? 0 cos? 6 + Qo cos* 0
Qa6 = (Qu — Qua — 2Qg) sin® f cos @ + (Q1a — Q22 + 2Qeg) sin f cos®
Qo6 = (Q11 + Qoz — 2Q12 — 2Q66) sin? § cos® O + Qg sin* § cos® 6
Qu = Qusc08* 0 + Q55 5in* 0
Qa5 = (Qs5 — Quq) cos B sin f
Qs5 = Quusin? 0 + Qss cos® §
Qu = L, Q2 = LEl’ Qa0 = Ey

- 1 - 1 - 1 ) Qﬁﬁ = G127
— Vial91 — V1221 — V1221

Qis = Q2% =0, Qu==GCGa, Qu==0Cn, @s=G0G3

(10)

(11)

(12)

(13)

(14)

where 6 is the orientation, measured in counterclockwise, from the fiber direction to the
positive z-axis, F; and FE, are elastic moduli, 115 and 15, are Poisson’s ratios, and G1a, G113

and (o3 are the shear moduli.

3.3.1 Surface stress

Because of interaction between the elastic surface and bulk material, in-plane forces in dif-
ferent directions act on the plate. The resulting in-plane loads lead to surface stresses. The
general expression for surface stresses as given by Gurtin and Murdoch (see [3] and [4]) is

given by

Oop = T 0 + 2(1° — 7%)eap + (A" + Ty 100 + T Ua

s __ _s

(15a)
(15Db)



where «, 8,7 = 1,2 and where \* and p® are the Lame’s constants and 7° is the surface
stress parameter. From equations (15), we can write individual surface stresses as

0
Oop = 20+ N = 7%) g0 + (N +7%) gy + (1 + 8—3) T8 (16)
S S S S S S av S
Opy = 217+ X = 7%) gy + (N + 7°) €00 + 1+8_y T (17)
S S S Sau
0py =2 (1 —T)&xy—FTa—y (18)
ow
S — S 1
7 =7 (19)
s SO0w
o, = _8y (20)

Gurtin and Murdoch also gave the surface equilibrium equations as
Ufa,a + 043 = psuz (21)

where i = 1,2,3 and a = 1,2. The equilibrium equation (21) will not be satisfied since we
have taken o, to be zero. To satisfy the equilibrium condition (21), we assume o, to vary
linearly through the thickness and is given by the equation

0o, doy . s Ow Oos Ooy ., s Ow
( oz oy p o2 + ox dy p o2
at top
02z 9
dos, 8o;‘Z s Ow 903, 80’52 s Ow
( ox + dy P o2 - ox + oy P o2
at top

at bottom
22
+ . z (22)

at bottom

The superscript s is used to denote the quantities corresponding to the surface.



3.4 Stress resultants

The stress resultants for TSDT including surface stress effects are given as

k s
N:c:c O'im Ox
. S
Nyy - /A Tyy dA +ﬁ Tyy ds
N,, Ty 0
k S
M:c:c O-im Ox
. S
M,, » = / Opy ¢ ZdA+ % o,y ¢ 2dS
M,, A owy PLo
k S
wa 0'5](;50 X Oz 5
. S
P, ¢ = / Opy ¢ 2" dA+ 7{ Oy ¢ 2" dS
Py A oay Lo
o o,
Qyz — / y22 dA —+ f sy22 dS
sz A Umzz N szz
2 s 2
Ryz Oyz% UyZZ
ko v ko — L
where o), = 042 + =)0z and o, = 0,y + =) Oz

(24)

(25)

After substituting the values of stresses from Equations (10), and (16)—(22) into Equa-

tions (23)—(26), we obtain stress resultants in terms of strains as,

( (0
Ny A A Agg 5§c:2 By Bia Big
Nyy ¢ = | A1z Agx Age 5;?;) + | B2 Bz B
Ngy A Az Ass | :E%) Bis Bays DBes
1 3
En By LB Egcx) Zn
+ |Bry By Bl [e8)| + (20 + %) | Za
FEr6  Eas  Fs | %(E??’J) Z31
0
M, By By Big Egcx) D1 Diy Dag
My, » = | Bia B Bag &?é%) + | D12 Dya Dag
M, Big By Bes %(E?J) Dis Das Deg
3
Fy Fiy Fis 5:(m) Ly
+ | Fi2 Fa Fy &?é‘? + ¢ Ly
Fig Foys  Feg %(E??’J) L
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0 1
Py En Ei Eig 5:(m) Fiy Fio I 5§ﬂr)

Pyt = |FEwa Fxn Ex| el b+ |Fio Fan Fa|{ el
Py Eig Eos  Fes y(g) Fig Iy Feg %E,ly)
Hyy Hip Hyg 556?36) O1
+ | Hiz Hiyy Hyg Eggy) + 4 02
Hig Has Heg %(c?;) O3
2 2 3 )
Tz 0 a 2 3
R..( s [0 (bh2 | B3 (2) (bh* | K5
P T | Vaz ( 2 + 12 + Yz 3 + 30
Yz 0) [ ah2 3 2) [ aht 5
7 [ (%w;—z o (44 5)])

where Z;1, Lj; and Oy (i =1, 2, 3) are given in the appendix.

Zk+1

{A’iij’ijaD’iijijy iy } Z/ ) 1 2,22,23,24,26) dZ, (’l,] = 1,2,6)

Using Equation (3), the nonlocal stress resultants can be written as
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Ny, Ny
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3.5 Equations of equilibrium

The governing equilibrium equations for the Third order shear deformation theory (for lam-
inates) can be derived using the principle of virtual displacement (Hamilton’s principle). By
substituting the nonlocal stress resultants in terms of displacements into the statement of
principle of virtual displacement and integrating by parts, the equations of motion can be
obtained as [72]

TT Yy — (1 — ,uv2) <[0iio + J1¢p — Clhﬂ) (36)

o+ ayyy = (1= puVv?) (Iovo +Jigy — le3a—wy0) (37)
8@? aQZl 8 nl8w0 nlarwO a ”lawo nlawo
S e e () gy (e e )
L o T — oy (20, 2
o (5 2y + ) o= o et (G )
ditg Db 0. 09
o2 Y% Y% Y
+(1 “V){Cl[l3<ax+ay)+°f4<ax+ay>” (38)
oMy oMy NI 0ty
5+ T QY = (1—puVv?) <J1U0 + Koy — 01J4W)
(39)
3M£§ﬁ 8]\_4;; Anl 2 s ; 9 o
2 + ay — Qy = (1 — ,LLV ) (Jl’U() + K2¢y - CIJ48—y) (40)

where

MMy =M — Py (0,3=1,2,6): Qo =QN — R (v=4,5) (41)
N Zk41 )
I = Z/ PP (2)dz (i=0,1,2,..,6) (42)
k=1 "%k
Ji=1I; —ciliye, Koy= 1y —2c11y+ 0%167 1= 55, C2=3C (43)

4 Navier’s solution procedure

In Navier’s method, the generalized displacements are expanded in a double trigonometric
series in terms of unknown parameters. The choice of the functions in the series is restricted
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to those which satisfy the boundary conditions of the problem. Substitution of the displace-
ment expansions into the governing equations should result in a unique, invertible, set of
algebraic equations among the parameters of the expansion. Navier’s solution can be de-
veloped for rectangular laminates with two sets of simply supported boundary conditions
(SS-1 and SS-2). In the following subsections, Navier solutions of cross-ply laminates for the
SS-1 boundary conditions and anti-symmetric angle-ply laminates for the SS-2 boundary
conditions including nonlocal and surface stress effects are presented (see Reddy [2]).

4.1 Boundary conditions and displacement expansions for SS-1

The SS-1 boundary conditions for third-order shear deformation plate theory are

uo(z,0,t) =0, wo(x,b,t) =0, vo(0,y,t) =0, wvo(a,y,t)=0
¢x(x? 0’ t) - O? ¢x(z’ b? t) - O? ¢y(0’ y7 t) - 0’ ¢y(a’? y’ t) - O (44)
wo(x,0,t) =0, wo(x,b,t) =0, we(0,y,t)=0, wela,y,t)=0

Nmm(oayut) = 07 Nmm(auyut> = 07 Nyy(xaovt) = 07 Nyy(vav t) =0 (45)
Mmm(oa Y, t) = 07 Mmm(aa Y, t) = 07 Myy<x7 07 t) = 07 Myy(xv bv t) =0

The following displacement expansions that satisfy SS-1 boundary conditions are used:

uo(z,y,t) = i i Upn (t) cos ac sin Sy
n=1m=1
vo(x,y,t) = f: i Vinn (t) sin ccx cos By
n=1m=1
wo(x,y,t) = i i Wi (t) sin az sin By (46)
n=1 m=1
bu(,y,t) = i i Xnn (1) cos acr sin By
n=1m=1
oy(z,y,t) = i i Yo (t) sin acx cos By

S
I
A
3
I
A

where o = #% and 8 = 5. Upin, Vins Winn, X and Yy, are coefficients that are to be
determined.



4.2 Boundary conditions and displacement expansions for SS-2
The SS-2 boundary conditions for the third-order shear deformation plate theory are

uo(0,y,t) =0, wo(a,y,t) =0, vo(x,0,t) =0, vo(z,b,t)=0

¢-’E(:I;7 07 t) = 07 ¢-’E(:I;7 b7 t) == 07 ¢y<07 y’ t) = 07 ¢y(a7 y7 t) = 0 (47)
wo(z,0,t) =0, wo(z,b,t) =0, we(0,y,t) =0, we(a,y,t)=0

Nuy(0,9,t) =0, Nyyla,y,t) =0, Ngy(z,0,t) =0, Nyy(z,b,t)=0

_ _ _ _ 48
M, (0,y,t) =0, My (a,y,t)=0, M,(z,0,t)=0, My(x,bt)=0 (48)

The following displacement expansions that satisfy SS-2 boundary conditions are used:

oo o0

(]
(]

uo(z,y,t) = Upan (t) sin ccz cos By

S
[
o
3
I
o

NE
NE

vo(x,y,t) Vinn (t) cos aux sin By

S
I
A
3
I
A

NE
NE

wo(x,y,t) Winn (t) sin ax sin Sy (49)

S
[
H
3
I
H

bu(z,y,1) X, () cos az sin By

WE
WE

S
I
A
3
I
A

NE
NE

oy(z,y,t) = Y, (t) sin ax cos By

S
I
A
3
I
A

4.3 The Navier solutions

For both SS-1 and SS-2, the transverse load ¢, (x,y,t) is expressed in double Fourier sine
series as

q.(z,y,t) = Z Z Qun(t) sin ax sin By

n=1m=1

L (50)
Qumn(t) = —/ / q-(z,y,t) sin a sin By dx dy
ab Jo Jo

Substituting the displacement expansions in Equation (?7?) into the governing equations of
equilibrium yields the following ordinary differential equations in time:

SA+MA=F (51)
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where A is the displacement vector, A is the acceleration vector, S and M are the stiffness
and mass matrices, respectively. The displacement A and force vector F are given as

Unin 0
Vinn 0
2 1640 .
A=SWpneo, F=0—=uV)<Qunyp, Qmn= ——— for uniform load (52)
X, 0 m2mn
Yin 0

The coefficients of the stiffness matrix S and mass matrix M for the two types of boundary
conditions are given in the subsections to follow.
For static bending analysis we set A to zero and obtain

SA=F (53)

For the natural vibration, we assume that the solution is periodic A(t) = Age™!, where w is
the frequency of natural vibration and ¢ = y/—1. Thus, the free vibration problem consists
of solving the eigenvalue problem

(S—w™)A =0 (54)

4.3.1 Anti-symmetric cross-ply laminate
The coefficients of the stiffness matrix S;; for anti-symmetric cross-ply laminate are

511 = A110é2 + A6652 + (2#8 + )\S) (Oé2h + 2a2b)
S = (A1 + Ags)afB

h* bh?
513 = —C [EHOéz + (Elg -+ 2E66)ﬁ2]04 — C1 (2MS + )\S) (3—2a3 + 7043)

. . —c1h? bh?
Sy = Bna® + Bssf?+ (2u° + \%) ( ;12 a? + bha? — 014 a2)

Say = Ageq® + A9 82 + (21° + \°) (52h + 252@

ht ah?
Sog = —C1 [E2252 + (B2 + 2E66)O‘2]6 — 1 (2p° + X%) (3—253 + Tﬁg)
Soy = (Blz + 366)045
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(&1 h4

. R h3
Sgs = Bgsa® + Baafs* + (2p" + X%) ( B + ahB? — ad —f )

4
bh3
531 = 513 — cl?ag(él,us + )\S)

ah?
Sag = Sag — 01?53(4,“5 + %)
Szz = Assa® + AgfB* + F[Hya' + 2(Hyg + 2Hes)® 3% + Hyo 3]
avht o o, R
- 2u° 4+ \°
40(1_V)(04 + 8%+ a”B7) + (2u° + %) 13
Syy = A5504 —C [FnOég + (Fm + 2F66>a52]
—cih® 5 AhT 4 bt 5 dRb
2u° + \° — b —b
+(’u+)<80a+448a g T
Sas = Auf — ¢ [F2253 + (Fm + 2F66)a2ﬁ]

_ h5 2h7 h4 2h6
+(2us+ks)< AR aﬁ3+cl—a53)

hG
—(bcia + aciBt)

4
(ot + A + o

448 8 32
s s 2 bh3 2
541 = 514 + (2M + A ) bha” — 01?04
542 - 524

vh?rs cihturs
Siz = S — 3 2
1= om <6(1—V) 40(1—u)) (" + af’)
—cih® 5 AhT 4 bt 5 dhb
21° + \° — b —_—
+ (2p° + )( 0 T g 3 a+32ba
Sua = Ass + D11a” + Deg°

h? ah? c1bh? Ah" c2bh"
9 2\ 2 _ 2 2, Gl o G 2
+ (2u° + )(120z 10 1 YT st 32a)

Ss1 = S1s
s s 2 ah3 2
552 :SQ5+(2,U —l—)\ ) ahﬁ —01?5
vh?rs e h*vrs
Sk = S — 3 2
& 35+<6(1—V) 40(1—u))(5 +6a)
20° + N — —
+(“+)( 0 0 T gl T T b
Ss1 = Sus

_ _ _ h3 c1h® crah? 2h7 c2bhS
Sss = Aus + Daza® + Dopf® + (2" + X° [ = — =52 — 1 a? + LR s
55 44 + Dsza” 4+ Do 5 + (21° + (12 10 B 1 5 5



A

Aij = Aij—aiDij, By = By — 1By, Dij =Dy — iy (i,j = 1,2,6)
Fy=Fj—aHy, Aj=A;—aDy=A;-2aDy+dF;  (i,j=126) (56)
ij — Clﬁ’ij = D;; — 2c,1 I + C%Hij (i,7 =1,2,6)

The coefficients of the mass matrix M;; are

Mll = ]07 M22 = IO

chtvp®
M33 = ]0 -+ C%](;(Oé2 + B2) + QCLpSW_pV>(OK2 + 52), M34 = —01J4Oé
vh?ps cihtvp®

My = —c1J48, Myg = —

35 c1J43, Mz 6(1_1/)04 160(1—1/)5 (57)

vh?p® chtvp®

My =K Ms3 = —

u=Rey Moy = =3P T oo — o)

M55 = K2

where p® is the surface density.
The in-plane stresses in each laminate layer can be computed using Equation (10), where
the strains are given as

Eva oo oo [(RE(1,1) + 2558 (1,1) 4 ¢12°T%7 (1, 1)) sin o sin By
e o= > >4 (R (2,1) + 2520 (2,1) + 1 2° T35, (2, 1)) sin a sin By (58)
Exy m=1n=1 | (RZZ,(3,1) + 2822 (3,1) + 1 2°T7%(3,1)) sin az sin Sy
where
Jimmxn —aUpnn Sﬁ; —aXmn
Ry, BUrin + Vi Siin BXpn + Y
Tw aXomn + W
o = BY i + Wi (60)
Tygyvﬂl _(5an + aYmn + 2Q5Wmn)

The transverse stresses are determined from the following equations

{Uyz} — (1 - 22 Z {Q(;M Q(lJ { (Yonn + BWiny) sin a cos ﬁy} (61)

Oaz 1 el (Xmn + aWiy) cos ax sin Sy
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4.3.2 Anti-symmetric angle-ply laminate

The stiffness coefficients .S;; for the SS-2 case are given by

511 = A110é2 + A6652 + (QIUS + )\s) (Oé2h + 20&26)
Sz = (A1 + Ags)af

h* bh?
513 = —C (3E16Oé2 —+ E26ﬁ2)ﬁ — 01(2MS + >\S) (—043 + —043)

. —ch? bh?3
S1a = 2Bgaf + (2p° + X%) ( ?2 a? + bha? — 014 ozz)

Sis = Bl6a2 + B26B27 So1 = Si2
522 = A66a2 + A22B2 + (Q,MS + >\s) (ﬁ2h + 2B2CL)

2 2 s s h’4 3 ahg 3
523 = _Cl(Elﬁa + 3E26ﬁ )a — 01(2/~L + A ) @ﬁ + Tﬁ
524 = 515

a —c h? crah®
Sos = 2Bssaf + (2p° + %) ( 312 5%+ ahf? — 1752)

bh3 3 s s
531 = 513 —|—01?Oé (4/J, + A )

ah3 3 s s
Sao = Sag +01?5 (4p® 4 X%)
Szz = Assa® + Ay + G[Hyat + 2(Hyg + 2Hes)* 5% + Hyo 3]
cyvh*rs B 6

h h
0 )@ T+ + (2 + ) { (a8 + 5 (befa + actg)
(62)

Syy = A5504 —C [Fnag + (Fm + 2F66)aﬁ2]

—ah® 5 AN, bt . AERS
2u° + X° ——0 —b
+(“+)( 0 CTamY TR TR ™
S35 = Aua — c1[Fnf® + (Fiz + 2F5) 0”87

—c1h? 2h7 c1h? c2hS
+ (215 + %) ( 810 5+ 4148 B — —18 af® + —52 aﬁ?’)

bh?
541 = 514 + (2MS + )\s) (bhO&2 —C ?062)

18



S = S
vhrs e h*vrs

Si3 = Saa + (6(1—1/) T 40(1—v)
Siy = Ass + D11a® + Dgs3°

+ (20" + X (—a2 _ab® o abh? G o, c%thaQ)

) (o’ +ap?)

12 10 VYT 39
Sys = (D12 + D66)a5, Ss1 =515

s s 2 ahi’) 2
552:SQ5+(2/L +)\) ahﬁ —Cl?ﬁ

vhrs e h*vrs
Ssg3 = S - 3 2
53 35+(6(1—I/) 40(1_1/))(5 + Ba”)
20° + \° —
+<u+>(80/3+448ﬁ af+ T ap

8
Ssa = Sus

(&1 h5
40

_ _ _ h3 h4
Sss = Ay + D3za® + Dy 8% + (2u° + \¥) (552 - B — CIZ a?

The coefficients of the mass matrix for anti-symmetric angle-ply laminates are same as those
in Equation (57). The in-plane stresses in each laminate layer can be computed using the

equation (10) where the strains are given as

( 52(2 ) o oo alU,,, cos ax cos Sy
53(/%) r = Z Z BV cos ax cos By
552,) m=1n=1 | —(BUpn + aVy,,) sin acz sin Sy
\ Vs
(8995) 0o oo aX,,p, sin ax sin By
53%) r = — Z Z BY i cos ax cos By
ggly) m=1n=1 | —(B8Xmn + a¥yun) cos ax cos By
\ Vs
4
e o oo (aXpn + @®W,,,) sin ax sin By
53(/?;) > = (1 Z Z (6Ymn + BoWinn) sin acz sin Sy
5%) m=1n=1 | —(BX;n + aYn + 2a6W,,,,) cos aux cos By
\ Vs
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5 Numerical Examples

5.1 Preliminary comments

In this section we present several examples of the analytical solutions obtained in this study.
Navier’s solution is obtained using 100 terms in the series for uniformly distributed load.
Both bending and free vibration solutions are presented for each problem. The following
three examples are considered:

(1) Isotropic plates with following material properties E = 30 x 10 Mpa, v = 0.3, a = 10
mm, ¢y = 1, and p = 1, and subjected to a uniformly distributed transverse load of
intensity qo.

(2) Antisymmetric cross-ply (0°/90°/0°/90°) laminated plates.

(3) Antisymmetric angle-ply (30°/ — 30°/30°/ — 30°) laminated plates.

For all examples the thickness of all layers are equal and each layer is orthotropic with
following material properties: F; = 175 x 10® MPa, Fy = 7 x 10® MPa, G5 = 3.5 x 10 MPa,
Glg = 3.9 X 103 MP&, G23 =1.4x 103 MP&, Vig = 025, Vi3 = 025, Vo1 = (EQ/El)I/lg, and
a = 20 mm. The following notations are used for deflection and frequency namely: @™ is the
dimensionless maximum deflection with nonlocal effect; w?® is the dimensionless maximum
deflection with surface effect; w™* dimensionless maximum deflection with nonlocal and sur-
face effect. @™ dimensionless fundamental frequency with nonlocal effect; @® dimensionless
first mode frequency with surface effect. ©™* dimensionless fundamental frequency with non-
local and surface effect. For the isotropic plate example, the dimensionless maximum center
deflection, fundamental frequency, respectively, are obtained as w = wqy X (Eh?®/qoa®) x 10,
w = why/p/G. For all the laminated plate examples, the maximum center deflection, and
fundamental frequency are dimensionless as w = w X (Exh?/qoa*) x 10? and @ = wh/p/G13,
where a,b, and h are the length, width and thickness of the plate, respectively; ¢y is the
intensity of the uniformly distributed transverse load and p is the material density; £ and
G are Young’s and shear moduli, respectively. The dimensionless stress measures used are

e =0(533) () on=owl333) (5

(00 ) (05 ()
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Table 1: Comparison of dimensionless maximum deflection, stresses, and fundamental fre-
quency considering nonlocal and surface effects.

a/b a/h p 7 (N/m) w @ fo . Tyy Tyz Tos

1 10 0.0 3.12158 4.67311 0.28817 0.28817 0.45601 0.45601
1.7 3.12158 4.67311 0.28817 0.28817 0.45600 0.45600
3.4 3.12157 4.67312 0.28816 0.28816  0.45600 0.45600
6.8 3.12157 4.67312 0.28816 0.28816  0.45600 0.45600
0.0 2.33344 5.50767 0.32446 0.32446  0.99054 0.99054
0.0 1.70051 7.17679 0.39105 0.39105 2.05960 2.05960
0.0 1.40336 8.84591 0.45954 0.45954 3.12866 3.12866
1.7 2.33344 5.50765 0.32447 0.32447 0.99054 0.99054
3.4 1.70051 7.17678 0.39108  0.39108  2.05960 2.05960
6.8 1.40335 8.84592 0.45955 0.45955 3.12866 3.12866

0.0 6.02405 4.49614 0.28749 0.288171 0.46252 0.46252
1.7 6.02405 4.49615 0.28749 0.287488 0.45252 0.45252
3.4 6.02405 4.49616 0.28749 0.287489 0.46252 0.46252
6.8 6.02406 4.49617 0.28749 0.28749  0.46252 0.46252
0.0 4.50309 5.30811 0.32345 0.32346 1.00854 1.00854
0.0 3.28214  6.93205 0.39539 0.39539  2.10057 2.10057
0.0 2.70821 8.55599 0.46733 0.46733 3.12606 3.12606
1.7 4.50308 5.30812 0.32346 0.32346 1.00854 1.00854
3.4 3.28214 6.93206 0.39539 0.39539  2.10057 2.10057
6.8 2.70821 8.55600 0.46733 0.46733 3.12605 3.12605

)

—_
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Figure 1: (a)Deflection ratio @™ /w versus a/h for various values of y and 7° = 0. (b)
Deflection ratio versus a/h for various values of 7% and p = 0.
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5.2 Isotropic plates

A simply supported isotropic square plate subjected to a uniformly distributed transverse
load is considered. Both static bending and free vibration analysis has been performed.
Table 1 shows the nondimensional maximum values of deflections, stresses and fundamental
frequency. Two different aspect ratios of a/h = 10 and a/h = 20 are considered. The nonlo-
cal parameter u and surface effect parameter 7° are varied. It is observed that the maximum
values of the dimensionless deflection increases with increase in nonlocal parameters p and
7%. The dimensionless frequency decreases with an increase in nonlocal parameters. For a
fixed nonlocal parameter an increase in surface parameter has a stiffening effect and there is
a decrease in the maximum deflection and increase in the frequency as given in Table 1. The
rate of change in the solutions for the surface effect is quite small; the change is not seen in
some cases unless additional decimal places are reported.

Figure 1 (a) shows the variation of deflection ratio @w™ /w (ratio of dimensionless max-
imum deflection with nonlocal effect to the dimensionless maximum deflection with out
nonlocal effect) with increasing values of a/h. Figure 1(b) shows variation of deflection ratio
w* /w with increasing values of a/h where w?®/w is the ratio of dimensionless maximum de-
flection with surface effect to the dimensionless maximum deflection with out surface effect.
It is observed that the ratio increases as the value of a/h increases.

Figure 2 (a) shows the variation of deflection ratio @w™*/w with increasing values of a/h.

Figure 2(b) shows the variation of frequency ratio i.e @™/ with increasing values of a/h

where @™ /& is the ratio of dimensionless fundamental frequency with nonlocal effect to the
dimensionless fundamental frequency without the nonlocal effect.

Figure 3(a) shows the variation of frequency ratio @w®/w with increasing values of a/h
where @®/w is the ratio of dimensionless fundamental frequency with surface effect to the
dimensionless fundamental frequency without the surface effect. Figure 3(b) shows the vari-
ation of frequency ratio @™*/@ with increasing values of a/h where &"* /& is the ratio of
dimensionless fundamental frequency with surface and nonlocal effect to the dimensionless
fundamental frequency with no surface and nonlocal effects. As stated earlier, the rate of
change in the solutions for the surface effect is quite small.

Figure 4(a), Figure 4(b), Figure 5(a), Figure 5(b) respectively shows the variation of .,
TyysTyz Tz With thickness coordinate z/h for various values of nonlocal parameter p. The

plot clearly indicates that the nonlocal parameter has a significant effect on the stresses.

5.3 Antisymmetric cross-ply (0°/90°/0°/90°) laminated plates

A simply supported square antisymmetric cross ply laminated plate subjected to a uniformly
distributed transverse load is considered. Both static bending and free vibration analysis
has been performed. Table 2 shows the dimensionless maximum deflections, stresses and
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Figure 2: (a)Deflection ratio versus a/h for various values of 1 and 7°,(b) Frequency ratio
versus a/h for various values of y and 7% = 0
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Figure 3: (a)Frequency ratio versus a/h for various values of 7% (b) Frequency ratio versus
a/h for various values of p and 7°
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Table 2: Dimensionless maximum deflections and stresses in simply supported antisymmetric
cross-ply laminate (0/90/0/90) under sinusoidally distributed transverse load

a/b a/h p 7 (N/m) w @ fo . Tyy Tyz Tos

1 10 0.0 1.05268 0.02440 0.74527 0.69058  0.62303  0.62303
1.7 1.05271 0.02440 0.74529 0.69060 0.62303  0.62303
3.4 1.05273  0.02440 0.7453 0.69062 0.62303  0.62302
6.8 1.05276 0.02440 0.74534 0.69066 0.623022 0.62302
0.0 1.05314 0.01824 0.74546 0.69086 0.62471 0.62471
0.0 1.05405 0.01329 0.74585 0.69141 0.62808  0.62808
0.0 1.05496 0.01097 0.74624 0.69196 0.62145 0.62145
1.7 1.05316 0.01824 0.74548 0.69088 0.62470  0.62470
3.4 1.05409 0.01330 0.74589 0.69144 0.62807  0.62808
6.8 1.05504 0.01097 0.74632 0.69203 0.62144 0.62143

0.0 0.86949 0.01235 0.73810 0.69693 0.63228 0.63228
1.7 0.86963 0.01235 0.73830 0.69705 0.63227 0.63227
3.4 0.86976 0.01235 0.73840 0.69718 0.63227 0.63226
6.8 0.86003 0.01235 0.73870 0.69742 0.63225 0.63225
0.0 0.86959 0.00923 0.73825 0.69700 0.63273 0.63273
0.0 0.86979 0.00673 0.73837 0.69713 0.63364 0.63364
0.0 0.86999 0.00555 0.73850 0.69727 0.63454 0.63454
1.7 0.86972 0.00923 0.73838 0.69712 0.63273 0.63272
3.4 0.87006 0.00672 0.73863 0.69726 0.63345 0.63362
6.8 0.87053 0.00550 0.73902 0.69776 0.63451 0.63450

)
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first mode frequency for aspect ratio of a/h = 10 and a/h = 20 with nonlocal and surface
effects. The dimensionless stresses are computed as before except 7, is now computed at
h/4. The nonlocal parameter p and surface effect parameter 7° are varied. It is observed
that the maximum values of the dimensionless deflection increases with increase in nonlocal
parameter. The dimensionless frequency decreases with increase in nonlocal parameter.
For a fixed nonlocal parameter an increase in surface parameter there is a increase in the
maximum deflection and decrease in the frequency as given in Table 2.

Figure 6(a), Figure 6(b), Figure 7(a), Figure 7(b) respectively shows the variation of .,
Oz, Tyz, and 7,, with thickness coordinate z/h for various values of nonlocal parameter f
clearly indicating the dependence of stresses on nonlocal parameter.

5.4 Antisymmetric angle-ply (30°/ — 30°/30°/ — 30°) plates

An simply supported square antisymmetric angle-ply laminated plate subjected to a uni-
formly distributed load is considered for static bending and free vibration analysis. Ta-
ble 3 shows the dimensionless maximum deflections, stresses and first mode frequency for
a/h = 10,20 with nonlocal and surface effects. The nonlocal parameter p and surface effect
parameter 7° are varied. It is observed that the maximum values of the dimensionless deflec-
tion increases with increase in nonlocal parameter. The dimensionless frequency decreases
with increase in nonlocal parameter. For a fixed nonlocal parameter an increase in surface
parameter there is a increase in the maximum deflection and decrease in the frequency as
given in Table 3.

Figures 8(a), 8(b), 9(a), and 9(b), respectively, show the variation of &, 044, Ty-, and
Tz» with thickness coordinate z/h for various values of the nonlocal parameter .

6 Conclusions

In this work, we have presented analytical solutions for laminated composite plates using the
Reddy nonlocal third-order shear deformation theory considering the surface stress effects.
The nonlocal theory considers the size effect by assuming that stress at a point depends
on the strain at that point as well as on strains at the neighbouring points. Analytical
(Navier’s) solutions of bending and vibration of a simply supported composite laminated
and isotropic plates are developed using this theory to illustrate the effect of nonlocality
and surface stress on deflection and vibration frequencies for various span-to-thickness (a/h)
ratios. The results indicate that the maximum center deflections increase with an increase
in the nonlocal parameter ;1 and surface stress parameter 7°, latter having relatively less
effect. The opposite is observed for frequencies. The difference in solutions between the two
theories decreases as the value of a/h increases. Thus, the parameters associated with the
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Table 3: Dimensionless maximum deflections, fundamental frequencies, and stresses in simply
supported (SS-2) antisymmetric angle-ply laminates (30/ — 30/30/ — 30) under sinusoidally
distributed transverse load

a/b a/h p 7 (N/m) w w T Tyy Tyz Tx

1 10 0 0.0 0.74203 0.16985 0.36808 0.14231 0.64644 0.887065
0 1.7 0.74204 0.16985 0.368085 0.14231 0.64644 0.887064

0 3.4 0.74205 0.16985 0.36809 0.14231 0.64644 0.887061

0 6.8 0.74206 0.16985  0.3681  0.14232 0.64644 0.887059

1 0.0 0.74956 0.12696 0.36951 0.14280 0.75265 1.01536

3 0.0 0.76463 0.09254 0.37238 0.14379 0.96506 1.27196

) 0.0 0.77970 0.07635 0.37525 0.14477 1.17746 1.52856

1 1.7 0.74957 0.12696 0.36952 0.14280 0.75265 1.01535

3 3.4 0.76465 0.09254 0.37239 0.14379 0.96505 1.27195

) 6.8 0.77973 0.07636 0.37528 0.14478 1.17745 1.52855

20 O 0.0 0.55072  0.08552 0.32459 0.12745 0.58790 0.95253
0 1.7 0.55077 0.08552 0.32463 0.12746 0.58789  0.95253

0 3.4 0.55083 0.08552 0.32466 0.12748 0.58787 0.95254

0 6.8 0.55094 0.08552 0.32473 0.12750 0.58784  0.95254

1 0.0 0.55213 0.06393 0.32471 0.12752 0.61420 0.98801

3 0.0 0.55494 0.04659 0.32496 0.12768 0.66679 1.05897

) 0.0 0.55775 0.03845 0.32521 0.12783 0.71938 1.12993

1 1.7 0.55218 0.06393 0.32475 0.12754 0.61419 0.98802

3 3.4 0.55505 0.04659 0.32503 0.12771 0.66676 1.05898

) 6.8 0.55796 0.03845 0.32535 0.12789 0.71931 1.12995
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nonlocal formulation have the softening effect. Finite element models of the theory developed
here can be developed to bring out the nonlocal effects on the bending and free vibration
response of plates with non-rectangular geometries and boundary conditions that do not
admit analytical solutions.

A Appendix

Zu] [0+ h) + bbb+ 28 (G + 22 £ (b + D)
Zn| = |ef)(a+h) +elah + ) (15 + 22 + 75(a + h) (67)
I3 0
UhO7s 2 2 s s 0 1 3 2 3 5 4 s
L) [ (S ) w0 [ ) (5 ) 2 (18|
= vh87s 2w 2w s s 0 1 3 ah? 3 5 ah? s
= (5 )+ e+ ) [aah+ e (5 + )+ (5 +2) |+ ()
L3, 0
(68)
v 47_3 2 2 s s 0 3 1 5 4 3 7 6 s
0| [ (5 )+ o0 [0 (5 ) 2 (5 )] 0
= vhirs 2w 2w s s 0) ah3 1 5 ah* 3 7 ah® s
o = i (5 ) v e e el (54 o) v (85 4 ) £ o e )
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(69)
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