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We formulate the N point vortex problem in a doubly-periodic rectangle with a constant background
vorticity using the hydrodynamic Green'’s function. We derive an explicit formula for the hydrodynamic
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problems. A non-zero sum of vortex strengths leads to a constant background vorticity. We derive
a Hamiltonian structure for the equations and show that the two-vortex problem is integrable,
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strengths. We find equilibria arranged in doubly-periodic rectangular and parallelogram lattices
consisting of N = 1, 2, 3, 4 vortices per fundamental lattice.

Keywords:

Point vortex dynamics

Lattice equilibria
Doubly-periodic domain
Hydrodynamic Green’s function
Schottky-Klein prime function

© 2023 Elsevier B.V. All rights reserved.

1. Introduction

Doubly-periodic boundary conditions are commonly used in
numerical studies of two-dimensional, incompressible, homoge-
neous and isotropic turbulent fluid flows. It is observed in such
simulations that a lattice of coherent vortices dominates the
flow at intermediate time scales [1,2]. To understand the inter-
action of these coherent vortex structures, we can approximate
them as point vortices. The relation between the Euler equa-
tion, point vortices, and statistical theories of two-dimensional
turbulence on the flat torus is discussed in the recent article
by Geldhauser and Romito [3]. On the other hand, Feynman'’s
(and Onsager’s) prediction of the presence of quantized vortices
in superfluid Helium [4] inspired Tkachenko [5] to study rotating
lattice structures. The review by Newton and Chamoun [6] dis-
cusses the relation between vortex lattices and different physical
phenomena such as superconductivity and superfluidity.

The equations of motion for point vortices in a doubly periodic
domain have been derived by many authors. Tkachenko [5] stud-
ied rotating vortex equilibria by considering a single point vortex
in a period window and studied the minimum energy vortex lat-
tice. Benzi and Legras [7] discuss the interaction of a continuous
background vorticity field with point vortices in a doubly periodic

* Corresponding author.
E-mail addresses: vikas.sk@math.iith.ac.in (V.S. Krishnamurthy),
sakajo@math.kyoto-u.ac.jp (T. Sakajo).

https://doi.org/10.1016/j.physd.2023.133728
0167-2789/© 2023 Elsevier B.V. All rights reserved.

domain. O'Neil [8] derives the equations of motion for N point
vortices in a period parallelogram and shows that the equations
admit a Hamiltonian structure. He further gives a count of the
number of relative equilibria in the case of some special domains
with particular symmetry; also see O'Neil [9]. The equations of
motion for N point vortices in a square doubly periodic domain
were derived in terms of elementary functions by Weiss and
McWilliams [10]. They also discuss the Hamiltonian structure of
the equations and study the ergodicity properties of the dynamics
of six-point vortices. Kilin and Artemova [11] discuss two, three
and four vortex motion in a square domain using the formulas
from Weiss and McWilliams [10].

In order to derive the equations of motion for the point vor-
tices in a doubly-periodic domain, one can start with the Weier-
strass zeta-function [12]. Tkachenko [5] then considers a rotating
lattice, which requires the point vortex velocities to be quasi-
periodic, and a special point has to be chosen as the origin
of coordinates. The velocity of the point vortices is expressed
in terms of the Weierstrass zeta-function by noting that this
function is analytic in the period window except for a simple
pole singularity. This gives the velocity field due to a single
point vortex in the period window up to an arbitrary analytic
function which is determined based on the requirement that the
point vortex velocity is quasi-periodic. O'Neil [8] considers N
point vortices in the period window with arbitrary circulations
and in order to have doubly-periodic point vortex velocities, he
introduces a rotating frame of reference whose angular velocity
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is coupled to the sum of vortex strengths. The velocity field
itself is then found to be doubly periodic only if the sum of
the vortex strengths vanishes. Stremler and Aref [13] start with
the Weierstrass zeta-function, but instead of moving into a ro-
tating frame of reference, they assume that the sum of vortex
strengths is zero, and then use a mathematical argument to
obtain a doubly-periodic velocity field, and hence doubly-periodic
point vortex velocities. Crowdy [14] specializes in a rectangular
domain and uses a conformal mapping approach together with
the Schottky-Klein prime function [15] to derive the equations
of motion.

The sum of the N point vortex circulations in a period window,

N
y=y Tk (1)
k=1

plays an important role in the theory. Stremler and Aref [13] de-
rive the equations of motion for N point vortices with vanishing
total circulation (y = 0), and show that the three-vortex problem
is integrable in this case. Stremler [16] discusses the equilibria
and integrable dynamics of two and three point vortices. For
the two-vortex problem with y # 0, the phase portraits of an
appropriate Hamiltonian are given for a few chosen lattices, as
viewed from a rotating frame of reference. The dynamics of the
two vortices is non-trivial but integrable when y # 0, whereas
only relative equilibrium solutions exist when y = 0. Crowdy
[14] considers y = 0 in his derivation of the equations in a
rectangular doubly-periodic domain. Modin and Viviani [17] dis-
cuss the integrability of the N-vortex problem in various domains
using symplectic reduction theory.

In this paper, we start by considering the hydrodynamic
Green’s function for a doubly-periodic rectangular domain con-
taining N point vortices with arbitrary strengths and without
any constraints on their sum (Section 2). Due to the compact
nature of the doubly-periodic domain, a constant background
vorticity naturally arises in the Green’s function on such a domain
when y # 0. The previous papers consider a rotating frame of
reference in the general case when y # 0. We simply write
down the expression for this Green’s function in terms of the
Schottky-Klein prime function employing the same conformal
mapping approach as used by Crowdy [14]. In Section 3, we use
standard methods [18,19] to derive the Hamiltonian for the N
vortex problem, and hence the equations of motion for the point
vortices. The velocity field as well as the equations of motion for
the point vortices naturally come out to be doubly periodic in all
cases, even when y # 0. We also discuss the integrability of the
Hamiltonian system and compare our equations with previous
results [8,13,14], finding that our equations are consistent with
them when y = 0. We discuss the two-vortex problem in detail
in Section 4 and describe several classes of stationary lattice
configurations for general N in Section 5. We summarize our
results and present a discussion of future work in Section 6.

2. Hydrodynamic Green’s function and stream function

Consider a doubly-periodic rectangular domain in the com-
plex z-plane with the lattice defined by the fundamental pair
of periods 27 and —logp for p € R, 0 < p < 1. Let us
denote the planar Laplacian operator by V2 = 48222, where
an overbar denotes the complex conjugate. The Hydrodynamic
Green’s function G(z, w;z, w) on this domain is defined as the
unique real-valued function for arguments z, w € C such that

the following three conditions hold.
1. G(z, w; z, w) has a logarithmic singularity at z = w and
satisfies the equation
1

4326 =8, — —,
z Y area(D,)

(2)
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where §,, is the Dirac measure and area(D,) = —2x log p >
0 is the area of the fundamental domain D, of the rect-
angular lattice. The area term in (2) is required by the
Gauss divergence theorem due to the compact nature of
the domain. Equivalently, this implies the existence of a
function G(z, w; z, w) regular in D,:

Gz, w; Z, W) = Gz, w; Z, W) — % log |z — w|, 3)
and which satisfies
492G = m. (4)
2. G(z, w; z, w) is doubly-periodic in both arguments, i.e.
G(z 4+ 2mm — inlog p, w; Z + 2mm + inlog p, w)
= G(z, w; z, w), (5a)
G(z, w 4+ 2mm —inlog p; z, w + 2mx + inlog p)
= G(z, w; z, w), (5b)
forallm,n € Z.
3. G(z, w; Z, w) satisfies the reciprocity property
Gz, w;z, w) = G(w, z; w, Z). (6)

Next, we introduce an auxiliary ¢-plane and a conformal map

z(¢) = —ilog¢ (7)

from the ¢-plane to the z-plane (see Fig. 1). The annulus D, =
{ceC:p<|t] <1,0 <arg(¢) < 27} maps to the fundamental
domain D,. The Laplacian transforms according to

4
2 _ % a2 242
405 = 2P agc 4\z| 8{{.
We denote the hydrodynamic Green’s function in the annulus by
G(¢,v; ¢, V), where §,v € Dy are the pre-images of z, w € D,
respectively. G(¢, v; ¢, V) satisfies the conditions

4|§|Zalc=av+;, (8a)

¢¢ 27 log p
G(p"¢, p™v; p"z, P™0) = G(¢, v; ¢, D) foralln,m e Z, (8b)
and G(£,v;¢.V)=G(v,¢:7,8). (8c)

Note that under ¢ — p"¢ = p"el?m7¢, we have z — z 4 2mm —
inlog p. We can define a regular function G(¢, v; ¢, V) by

-~

_ _ 1
G(Z,v;C,V)=G(C,v;C,V)—Eloglé/\)—ll, 9)
where we have used

log|z — w| = log|z(¢) — z(v)| = log |2'(v)(¢ — v)| + O(]¢ — v])
= log|z/v — 1]+ 0(1)

to identify the singular part of G(¢, v; £, V). Then the regular
function G(¢, v; ¢, V) satisfies

292 & 1
41¢| affG_anog,o' (10)

We now construct a hydrodynamic Green's function
G(¢, v; ¢, V) in terms of the Schottky-Klein prime function for an
annulus. This latter function is essentially the P-function defined
by (60). A function G(¢, v; ¢, ) which satisfies the conditions (8)
and (10) is

- 1 1
G, vi £, v) = o 10g|P(¢ /v, /p)l = —log ¢ /v]

1 2
+ m(lOgK/VD . (11)
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Fig. 1. The conformal map z(¢) = —ilog¢ takes the cut annulus in the ¢-plane to the fundamental domain D, in the z-plane.

The hydrodynamic Green’s function is then given up to an ar-
bitrary harmonic function by (11). Note that G depends only
on the ratio ¢/v; using (7) we have ¢/v = e*=*) showing
that the hydrodynamic Green’s function (11) is independent of
the definition of the origin in the z-plane. Although the Green’s
function has been derived for the ¢-plane, we can write it for the
z-plane by simply making the substitution ¢ /v = el*=¥),

From the definition of the P-function (60), it is clear that
G(z, v; ¢, V) has a logarithmic singularity at ¢ = v and is regular
in D; \ {v}. In fact, the expression

1 1 1
—log |P(¢ /v, - —1 ——1 -1
57 108IP(C/v. /)l = —log ¢ /v] — o—log ¢ /v — 1]
is harmonic in D, with respect to . We therefore calculate

1 2\
drlog p (log ¢ /vD) ) =

_ satisfied. The reciprocity property

v, £) is easily verified, since using (63) we

202 7~ _ 202
41¢19% G = 41¢| agc( (12)

2w logp’
showing that (10) is
G(&,v; &, V) =Gy, ¢;
have

1 1
EIOg“)(V/L NI EIOgW/U
1 1
= log| — v/ -P(¢/v, /o)l — ym log|v/¢|
1 1
= Elogﬂ)({/l}, P — . log[¢/vl.

The doubly-periodic nature (8b) of G(¢, v; ¢, V) is confirmed in
Appendix B.

2.1. The stream function

If u — iv is the complex velocity field for an incompressible
flow in the z-plane, then a stream function ¥ (z, Z) exists and the
velocity field is defined via

Iy

u—iv=2i—. 13

o7 (13)
The vorticity w(z, z) and the stream function are related through
w=—V?y. (14)

If the flow consists of a set of N point vortices in D, located
at wy, with circulations I, together with a constant background
vorticity 262, then the stream function satisfies the equation

N
Vi = — Z T8y, — 282. (15)
k=1

The double-periodicity of the flow coupled with the fact that D,
is a compact domain means that the area integral of the total
vorticity in D, vanishes. This translates into a condition between
the background vorticity and the sum of point vortex strengths:

_ |4
47 logp’

(16)

RN tdz=0 — // wdA=0 —
0D, Dz

Here dA is an area element in D, and 0D, is the boundary of D,.
Note that the background vorticity vanishes if and only if y = 0,
i.e. the sum of point vortex strengths vanishes.

Under the conformal map (7), (15) transforms into an equation
for the stream function in the ¢-plane, ¥ (¢, ¢),

N
APy == ) Iidy — 292, (17)
k=1

where vy are the pre-images of the point vortices: wy, = z(v) =
—ilogw, k = 1,..., N. The solution to (17) is given in terms of
the hydrodynamic Green'’s function (11),

N
V(£ T)=— Y TG(&, v T, V). (18)

k=1

It is easily verified by direct substitution that (¢, ¢ ) satisfies (17)
under the condition (16). The solution (18) is unique up to an
arbitrary harmonic stream function.

The velocity field (13) transforms under (7) into

d
u—iv=—202Y (19)
9
Substituting (18) and using (11) in (19), we find the velocity field
to be

N
. 1 y logl¢//pl
—v=— I K _
u—iv zﬂ; K& /e /O)+ 5
N
1
- T log |y (20)
anogpkg;

We note (using (64)) that the above velocity field is loxodromic,
i.e., unchanged under ¢ — p¢, and it is therefore doubly-periodic
even when y # 0.
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3. Hamiltonian structure and equations of motion

The equations of motion for the point vortices in (15) admit a
Hamiltonian structure with the Hamiltonian #(v, v) given by

N N
1 o~
= __ 2 L= —
M. 9) = = D GG, v 31 = 5 3 T Glvks vis Wi, )
Jk=1 k=1
i<k
(21)
Here we use v as a shorthand for v, ..., vy and v for vy, ..., Uy.

Note that due to the presence of the background vorticity, the
Hamiltonian (21) is not the real part of an analytic function of v;
unlike the case of N-point vortices in an unbounded plane.

The Hamiltonian (21) is obtained using the standard proce-
dure. That is to say, we define the N modified stream functions

~ — I; .
U5, ©) = Y&, )+ 5 loge /vy — 11, for j=1,...,N; (22)
each @(;, ) is regular at ¢ = v;. The equations of motion for the
point vortices then follow from (19):

aw __, 2%
dt 9 |,_
=vj
9 N
=2t [Z’ [VG(¢, v T, W) + TG(& v ;,vj)} (23)
é- k=1 ¢=vj
where in the second step we have used (9) and (18), and the

prime on the sum means that we omit the term k = j. Now, if the
Hamiltonian is given in the z-plane, then the equations of motion
for the point vortices are

forj=1,...,N. (24)

Under the conformal map (7), these equations can be written in
terms of variables in the ¢-plane as

dw OH .
nd—t1=—2vja—w, forj=1,...,N. (25)
Substituting (21) into (25), and comparing with (23), we can
verify that (21) is indeed the Hamiltonian,

The regular function of one-variable G(g‘ ¢:¢,¢)in (21) is
known as the Robin function [20]. We now show that the Robin
function in our case is a constant independent of its argument.
Using (11) in the definition (9), along with the definition (60) of
the P-function, we get

—~ —_ 1
G(¢,v; ¢, V)= —log
2

]_[(1 —/OkC/V)U—PkV/é')‘

k

- floglé“/VI t 41000 (10g|§/VI) (26)

which leads to

(27)

d
—G(vj, v; v, V) forj=1,...,N. (28)
ij
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Using (11), and after some algebra, we obtain the equations of
motion for the point vortices:
N
dw; 1
]= Z T K(vj /v, /) — Z/Fk
k=1
1 N
P S I log|vi/vg| forj=1,...,N. 29
+2nlog2 i log |vj/ve| for j = (29)

The point vortex velocities depend only on the ratios v;/vg, and
thus only on the inter-vortex distances. The derivative operator
Vji— a is loxodromic, i.e., invariant under ¢ + p¢. This means that
the velocities are loxodromic; it can also be verified directly that
(29) are invariant under v; > pv, and v — pv;.

3.1. Conserved quantities and integrability

The Hamiltonian system (29) has three conserved quantities
in general. These are the Hamiltonian (21) itself, and the two
components of the linear impulse

N N
Q+iP =) Nuj=—iY Ijlogy; (30)
=1 j=
N
We show that Q —iP = Zl}wj is conserved. From (29) we have
j=1

Z T K(vi/vi, /D) — —Z Il

Jok= J.k=1

i dw]_
= ’clt_z
1

+ o 027 Z 3T log v/ vl (31)
The first sum on the right hand side of (31) consists of pairs of
terms like

LK (vi/ v, /) + Tl K (vi /vy, /) = TT, (32)

where we have used (64). The last sum on the right hand side of
(31) consists of pairs of terms that add up to zero:

I log |vi/vi| + T log v /vj| = 0. (33)

Thus (31) simplifies to

=5 Z Jrk——z I3 = 0. (34)

j=1 ]k<—kl Jk=1

We now turn to a discussion of Liouville integrability for the
N-vortex system considered here. Let the cartesian coordinates
of the vortices in the z-plane be given by w; = x; + iy;. Then the
canonically conjugate variables for the point vortex system are x;
and [jy; forj=1,..., N. For two arbitrary functions f and g, the
Poisson bracket is defined as

1 (9f og  og of
0= 25 (G~ o) =

Employing the change of variables (x;, y;) — (wj, wj), this Poisson
bracket can be rewritten (after some algebra) as

1 af 9 ag o
{fg}—ZIZ (—f—g——f—f), (36)

ow; dw;  dwj dwj
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further, in terms of the coordinates v; in the ¢-plane (using w; =
—ilogv;) we get

N _
. viv; ([ Of 0g og of
gl =2 Vi _ ) 37
{f g} I,Z 1—} (81)] 3l)j BV] 3\)j ( )
J=1

The time evolution of any function f is governed by the equa-
tion

df

— = {f, H}. 38
ar {f, #H} (38)
Since Q and P are constants of motion, we immediately get

Q. H}={P,H}=0. (39)

Thus we always have at least two integrals in involution, and
hence the two-vortex problem is always integrable. A qualitative
analysis of the two-vortex problem is provided in Section 4. When
the background vorticity vanishes, i.e., y = 0, we find that only
relative equilibrium solutions are possible. But when y # 0,
we find relative equilibria as well as non-equilibrium solutions.
We provide a complete characterization of the trajectories of the
point vortices based on the Hamiltonian phase portrait for N = 2.

Turning to the three-vortex problem, we first note that the
conserved quantities Q and P are not always in involution. From
(30) we get

2Q=—i) Ijlogy+i

J

N
[jlog v

1 j=1
N N

and 2iP = —iZFjlogvj — iZFjlogij,
j=1 j=1

from which we compute

0Q il 0Q il oP 17;

v 2y dy 2y 9y 2

oP  11;

8l)j_ 21)]‘7

giving us

{Q.P}=vy. (40)

For the case of y = 0 when the background vorticity vanishes,
{Q, P} = 0. Hence we have three integrals in involution, namely
Q, P and H. The three-vortex problem in this case is integrable
and has been discussed in detail by Stremler and Aref [13].
In the general case when the background vorticity is non-zero,
the motion may not be integrable since we do not have three
integrals in involution. Kilin and Artemova [11] investigate three-
vortex motion in a square domain with y # 0 (as viewed from a
rotating frame of reference) and provide numerical evidence that
it is not integrable.

3.2. Comparison with previous results

The equations of motion (29) can be rewritten in different

forms. We have
N N N
Y hi=y—10, ) Tidogly/vl =" Iilog /v
k=1 k=1 k=1

= ylog|vj| + P, (41)
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using which (29) can be written as

— N
dwj 1 , 1_} Y 10g|vj/ﬁ|
2 T K(v; /vy, 2o, X eIV
at 27 ; KO/ Y+ ot S oes
" (42)
2w logp’

These equations take on a particularly simple form when the sum
of circulations vanishes (y = 0):

d,
dt

i

N
1
= Rk D)+ (43)
k=1

47 2mwlogp’

Let Z(z) be the Weierstrass zeta-function in the z-plane; it is
related to the K-function in the ¢-plane via the identity [14]

1 . Z(m)
K(l/v,«/ﬁ)z5—1<Z(Z—w)—T(2—w)>. (44)
Using this identity in (43), we obtain after some algebra

_ N
dwj 1 , Z(”) :
—_— = — I Z(w; — P)+ ——, (45
dc 27 2w —w)+ 5 5 QAP+ o s (9

k=1
which is identical to the equation (2.19) in Stremler and Aref
[13] when we remember that area(D,) = —2m logp. Eq. (43)
is identical to the equation (19) in Crowdy [14] except for the
important term [}/4mw. We have naturally obtained this term
using the hydrodynamic Green’s function approach. We will show
later in Section 5 that the presence of this constant term captures
important equilibrium configurations that are otherwise left out
of the theory.

4. Two-vortex problem

In the planar (non-periodic) two-vortex problem, the only pos-
sible solutions are rotating or translating equilibria. Translating
equilibria are obtained when the sum of vortex strengths is zero;
rotating equilibria are obtained otherwise. Notably, no stationary
equilibrium configuration of two point vortices exists. Non-trivial
dynamics of the vortices is first seen in the three-vortex problem,
which is integrable due to the presence of three integrals in
involution, namely, the two components of linear impulse and the
Hamiltonian.

When we consider the two-vortex problem in a doubly-
periodic rectangular domain with vanishing background vorticity
(y = 0), we find that the vortices can form translating equilibria
as well as stationary equilibria. In the presence of a background
vorticity (y # 0), the two vortices undergo non-trivial but inte-
grable dynamics. A qualitative discussion of solutions is provided
here, based on the Hamiltonian phase portrait for the two-vortex
problem. See Stremler [16] for a previous discussion of the two-
vortex problem using the Weierstrass zeta-function, including
the two-vortex problem in a parallelogram domain, which is not
included in our formulation.

The Hamiltonian (21) for the two-vortex problem simplifies to

H=—-I11 G(U], Va; V1, 52) ~+ const., (46)

since the G's in (21) are constants. Thus the following function of
n = vy/v, (and 7) is a constant of motion:

1 1 1

,7) = — log |P(n, -1 — 2,
f(n,7m) 5 og |P(n, /Pl o 0g|n|+4ﬂlogp (log [n])
(47)

The other constant of motion, Q + iP, can be written as (using
V1 = 1nvy)

Q +iP = —iylogv, — il logn. (48)
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If the sum of circulations vanishes, then from (48) we get
n = const., which then implies that f = const.; the only possible
solutions are therefore relative equilibria. Since both || and
arg(n) are constant, rotating equilibria are ruled out in our model.
The velocities of the point vortices are given by (29), which in this
case simplify to

dw I F 1

w1 _ —K (n, J/5) — I, I logn|

de 271 logp’

dw, I F1 log|1/n|
— = —K 1 - — .
dt (1/n. ¥/p) 271 log p

Usingy =TIt + 1> =0and (64) we can show from the second
equation above, that dd% = 5~ as expected from the preceding
arguments. Stationary equilibria are obtained by solving for the
zeros of

_ 1 10g|7]|
=K, J/p)— = + =

Although the domain of 7 is the annulus p < |n| < 1/p, since we
have g(n, ) = —g(1/n, 1/7), we only need to consider zeros of g
in the fundamental domain p < |n| < 1. Further, if n = v /v, is
a zero of g, then 1/ = v, /v represents the same zero but with
the vortices relabeled. It is readily verified using (68) that there
are three solutions, n = —1, £,/p, in the fundamental annulus.
These are the only three possible solutions. For all other values
of n € D;, we obtain translating equilibria.

When there is a non-zero background vorticity, the two vor-
tices need not necessarily be in relative equilibrium. In this case,
from the conservation of linear impulse, we get
dw, __Iydwn (49

dt I, de

The stationary equilibria for this system is the same as in the case
ofy =0,ie,n = —1,%,/p.Itis clear from (49) that there cannot
be any translating equilibria in this case since Iy # —1I5%. The
Hamiltonian is given by (47), and a contour plot of the function
f(n,n) in the W-plane, where W = w; — w, and W = —ilogn,
is shown in Fig. 2. The stationary equilibria in the W-plane are
W =7, W = —3jlogp, and W = 7 — ;logp. Here we
have chosen two values of p, first, p = exp(—2m) which results
in a square domain (Fig. 2(a)), and second, p = exp(—3m/2)
which results in a rectangular domain (Fig. 2(b)). In the case of
the square domain, there is a heteroclinic separatrix connecting
W =m withW = ——logp, and W = 7 — 5 log p is a center. The
remaining three heterocllmc orbits seen in F1g 2(a) are the same
by the double-periodicity. Thus, there are two regimes of motion,
the corresponding vortex trajectories are shown in Fig. 3.

In the case of the rectangular domain, there are three ho-
moclinic orbits, one connecting W = n with itself, and two
connecting W = —% log p with itself. There is also a center at
W =umnx— %log p. There are thus three regimes of motion in
this case, and the corresponding vortex trajectories are shown in
Fig. 4.

5. Stationary equilibrium lattice configurations

A stationary equilibrium of N point vortices is a configuration
in which each vortex is completely stationary. In this case, the N
conditions
N

Z LK (vj/ v /0 Z H—Z Tlog /v =0

k=1 k
for j=1,...,N, (50)

obtained from (29), need to be satisfied. It is clear from (50)
that the vortex strengths can be scaled freely. In what follows,
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we consider equilibria with integer vortex strengths. We find
equilibria both with and without background vorticity. The sum
of vortex strengths vanishes when the background vorticity is
zero, ie. y = Y p_, I = 0, and the N conditions to be satisfied
can be written in a simpler form using (43):

I;
+

5] =0 for j=1,...,N. (51)

N
Z ! Iy K(l)j/l)k, ﬁ) =+

p log p

Given the vortex positions, the constant of motion P can be ob-
tained from (30). We will use both forms of these conditions (50)
and (51).

Consider N point vortices located at the vertices of a polygon
in the annulus D,. The vortex positions can be written as vy =
remik=U/N 1 <k < N, with p < r < 1. For k = 1, there is a
vortex 51tuated atvy =r.If N = 2mis even (m € N.g), then there
is a vortex at vy, = —r and there are m — 1 pairs of vortices on
the circle |¢| = r, appearing as complex conjugate pairs. On the
other hand, if N = 2m — 1 is odd (m € N.g), then there are
simply m — 1 pairs of vortices on the circle |¢| = r, appearing
as complex conjugate pairs. The properties (65), (66), (67), and
(68) of the K-function can then be applied to prove that various
configurations of vortices are in equilibrium, as we will show in
this section. These properties can be applied to pairs of vortices
with identical circulations and at complex conjugate positions,
because then the sums in (50) and (51) consist of pairs of terms
of the form K(¢, \/p) + K(¢, /p) with [¢] = 1, [¢| = /p or
¢l =1//p.

It is important to note the difference between the shape of
the domain and the lattice structure of a vortex equilibrium. The
former is fixed to be a rectangular domain whereas we find both
rectangular and parallelogram lattices. Increasing the number of
vortices in the fundamental domain may be thought of as being
equivalent to rescaling the size of the domain. Here, we present
results valid for any number of vortices in a fundamental domain
of fixed size, while also pointing out the particular cases which
are equivalent to rescaling the domain. In our formulation, we
can rescale the domain multiple times horizontally, but only once
vertically.

5.1. Single-layered lattices

Consider N vortices of identical strength 41 arranged on a
polygon in D, as discussed above. The stationary conditions (50)
for this case are

N

/ N_] .
> K/ ﬁ)—T =0 for j=1,...,N. (52)

k=1

It must be noted that the first term in (52) arises from the mutual
interaction of the point vortices, whereas the second term is the
contribution of the background vorticity. Due to the rotational
symmetry of the polygon in D,, to show that the configuration
is stationary, it is sufficient to confirm that the point vortex at v,
is stationary.

We consider the cases when N is even and when N is odd
separately. When N is even, i.e. N = 2m with m € N, there exist
m — 1 point vortices on both sides of the circle || = r between
vy and vp4q. The condition (52) for j = 1 is then satisfied since

using vi =71, Vpq1 = —1, and vy_—2) = Vi we get
m
2m—1
Z K (r/vi, /P +I((r/vk,f] -1, /p)—
k=2
—(m 1)+1 2m—-1
- 2 2 7
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Fig. 2. Phase portraits for the Hamiltonian given by (47) in the two-vortex problem. (a) A square domain results from choosing p = exp(—27w). The red contours
are the heteroclinic separatrices that divide the square into two regimes, marked I and II. The corresponding point vortex trajectories are shown in Fig. 3. (b) A
rectangular domain resulting from the choice p = exp(—3w/2). There are three homoclinic separatrices, marked in red, which separate the rectangle into three
domains, marked I, I, and IIl. Regime II is further divided into IIA and IIB, but the only difference between these two regimes is that the direction of the vortex
motion is reversed between them. The corresponding point vortex trajectories are shown in Fig. 4. Note that the origin is a singularity (along with the three other

corners) corresponding to wy = wy.

—logp

—%logpf

—logp

—%logpf
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2w

& 2

i o

(b)

Fig. 3. Vortex trajectories in a square domain with the Hamiltonian phase portrait given by Fig. 2(a). The blue and red trajectories correspond to the two vortices,
whose initial positions are marked by the disks. The arrows mark the direction of motion. (a) The two vortices chase each other in a counter-clockwise direction
on the same path in the case of the trajectories of regime I. (b) The trajectories of regime II follow distinct paths, with both the vortices moving in a clockwise

direction in this case.

on using (65) and (68) and keeping in mind that |r/v,| = |r/Vk| =
1. See Figure Fig. 5(a) for the case of N 4. For odd N
2m — 1 (m € N.), there are m — 1 point vortex pairs at complex
conjugate positions on the circle || = r, along with the vortex
at vy = r. We can show using (65) that (52) is again satisfied for
j=1:

m+1
> [KG/ves /) + K(r /B, /)] — (m = 1)
k=2

m—1)—-(m-1)=0.

Thus the right hand side of (52) vanishes for any N, and the
polygonal ring configuration is a stationary equilibrium. Since
wy = —ilogv, = 2w (k— 1)/N —ilogr, the N point vortices form
a single-layered lattice configuration in D,, equally spaced along
the line Imz = —logr.

Next, consider an alternating ring of N = 2m point vortices,
m € N.g, such that m vortices have strengths +1 and m vortices
have strengths —1. Let the N vortices be equally spaced along the
circle [¢| = rin D, p < r < 1, with alternating positive and
negative strengths. That is to say, the locations and strengths of
the point vortices are given by

27i(k—1)/m 2mi(2k—1)/2m

Iy =+1,
k=1,..

Vok—1 =TE€
Iy =—1,

Vo =T€

., m. (53)
The total circulation vanishes, i.e., y = 0, and hence the back-
ground vorticity also vanishes. By the rotational symmetry of
the configuration in D; and the invariance of the equations of
motion (29) with respect to t — —t and {I}} — —{[}}, itis
sufficient to confirm that the point vortex at v; with strength
I'y = +1 is stationary. The point vortices of strength, 4+1 as well
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logp logp

—3logp —3logp
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Fig. 4. Vortex trajectories in a rectangular domain with the Hamiltonian phase portrait given by Fig. 2(b). Trajectories of regimes I (panel (a)) and III (panel (c))
show similar behavior as in the case of the square domain (Fig. 3). Trajectories of regime II are shown in panel (b). In this case, the two vortices move on open
paths and in opposite directions, further, there is a vortex exchange with a neighboring period window when either vortex reaches the boundary of the rectangle.
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—logp |f-----mcfprmm 1 —logp p----mm b 1

—logr X —logr ® @
0 7 ™ & o 0 7 ™ & 27

(a) (b)

Fig. 5. Single-layered lattice equilibria of point vortices shown here for N = 4 in the fundamental rectangle. The cross represents a point vortex of strength +1, while
the filled disk represents a point vortex of strength —1. (a) Homogeneous equal strengths with y # 0, and (b) mixed strengths +1 with y = 0. The fundamental
lattice is marked by solid lines.

as —1, appear in complex conjugate pairs. When m is even, there positions with strength +1, 2 pairs of vortices off the real axis at
are mT’Z pairs of vortices off the real axis at complex conjugate complex conjugate positions with strength —1, and one vortex at
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—r with strength +1. The condition (51) is satisfied since (note
that P = —y logr = 0):
1

> 2+K( l,ﬁ)+2—
See Figure Fig. 5(b) for the case of m = 2. Similarly for odd
m, there are ™=! vortices at complex conjugate positions with
strength +1, % vortices at complex conjugate positions with
strength —1, so that for the point vortex at v; we have (us-
ing (51))
m—1 m 1 0
2 2 T =0
Hence, the configuration (53) is a fixed equilibrium. In D,, the
point vortices with the strengths +1 are arranged alternately
along the line Imz = —logr with the equal distance 7 /m be-
tween successive vortices, forming an alternating single-layered
lattice.

m—2 m

5.2. Double-layered lattices

Let us now arrange N = 2m point vortices equally along two
circles in D;, such that there are m point vortices with strengths
+1 along |¢| =11, /P < 11 < 1, and m vortices with strengths
+1along [¢] = 1, p < 12 < /p. We take the ratio between
the two radii to be fixed according to r;/r; = ./p. The reason
for choosing this value of the ratio is that || = ,/p is a circle of
symmetry and appears in the second argument of the Schottky-
Klein prime function, thus allowing us to use the properties in
Appendix A to describe equilibria. The locations of these point
vortices are specified by

vé}{) L =n eZni(k—l)/m’ Fz(lj)1 =1, vgi) r eZni(k—l)/m’
2) _ —
Iy'=1 k=1,....m (54)

Here the superscript (1) refers to vortices on the circle |{| = r;
and the superscript (2) refers to vortices on the circle |{| = 5.
Due to the rotational symmetry in D,, it is sufficient to show that
the point vortices at vi = r; and v, = r; are stationary. Note that
the two layers of vortices are unstaggered with respect to each
other.

The left hand side of (50) for the vortex at vy is

Z/K(Vl/VZk—lv V)
k=1

N -1 T
_ 1 , 55
3 + oz p ,?:1 og(r1/12) (55)

+ Y K(v1/vak, /)

k=1

and for the vortex at v, is

m
Y K(va/va 1, /)
k=1

N -1

2

+ ) K(va/vak, /)

k=1
_1 m
— 3 . 56
+1ogp,; og(r,/11) (56)

The arguments for equilibria are similar to those in Section 5.1.
We proceed by separating the cases of even m and odd m. Let
m = 2p, p € N.q. For the vortex at vy, we find from (55)

(p—1)+K( 1f+2 —1)+1<(1/¢,5,¢,5)
+ K(=1//p. /P) —

on using (65), (67) and (68). For the vortex at v,, Eq. (56) becomes
49 -1

1
N+-—

2p-0+(p — 5

+p=0,
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on using (65), (66) and (68). Turning to the case of odd m, for
m=2p — 1, p € N.y, Egs. (55) and (56) respectively give
49p-3 2p-—1
(p—D+2p—1)+1— p2 - p2
4p—-3 2p—1
+ =0,

2 2
where we have used (65)-(68). The N point vortices in config-
uration (54) are thus in a stationary equilibrium. They form a
two-layered configuration in D, with m vortices in one layer
arranged on the line Im(z) = —logr; and m other vortices
arranged on the line Im(z) = —logr, , as shown in Fig. 6(a). The
two layers of vortices are unstaggered with respect to each other,
and successive vortices in each layer are separated by 2w /m.

Let us now arrange N = 2m point vortices along two circles in
D, but with the strength of the vortices on the second circle all
equal to —1. The locations and strengths of these point vortices
are
vyl =re
rY=-1, k=1,..,m (57)

In this case, the sum of the vortex strengths vanishes, i.e., y = 0.
Due to the rotational symmetry in D,, it is sufficient to show that
the point vortices at v; = r; and v, = r;, are stationary. We first
calculate

rp m
logp  logp
The left hand side of condition (51
respective forms of

m

=0

and (p—1)—

zm(kq)/m’ Fz(ljll =1, vﬁ) — rzez”i(k’”/m,

(logry —lognr,) =

< N.\s

for v; and v, then takes the

m
1 m
ZK v1/Vak, \/5)4‘5 +5,

K(v1/vai—1. /P
=1

.i

m

3

, 1 m
- ; I<(V2/V2k7«/7))""{2_]:1((”2/”%—17«/7))_ 3 + 3
When m = 2p, p € N. g, these sums give
1 1
(p—1)+5—2(p—1)—1—1+5+p=0
and ( 1) L 1-1— =0
p 573 p=
as desired. When m = 2p — 1, p € N.g, the counting gives
2p—1
p—1)—20p —1)—1+ + 3 =0
2 —1
and —(p—l)—f—i- 4 =0,

2

again, as desired. Thus the vortices form a stationary equilibrium.
The configuration (57) in D, is equivalent to a double-layered
lattice in D,, in which m point vortices with strength +1 are
equally spaced along the line Imz = — log ry, and m point vortices
with strength —1 are equally spaced along Imz = —logr,, such
that the two layers are not staggered with respect to each other,
as shown in Fig. 6(b).

We can also arrange N = 2m = 4p point vortices with
strengths 41 alternately on each circle, so that we have two
concentric single-layered alternating layers (see Section 5.1). The
vortex strengths and positions in this case are

vg}{),l = rye2mik-1/p, Fz(;il -1 v;}() = rye2mi2k=1/2p, Fz(::) -1,
VﬁL _ rzeZni(k—l)/p’ Fz(’i] =41, Ug() — r2e2rri(2k—1)/2p7 Fz(lf) =¥1,
(58)

for k = 1,...,p. There is a vortex with strength I’(1 =1at
vi” = ry; we can either have a vortex of strength F(z) 1at
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Fig. 6. Double-layered lattice equilibria with (a) homogeneous equal strengths with y # 0, and (b), (c), (d) mixed strengths with y = 0. The cross represents a point
vortex of strength +1 while the filled disk represents a point vortex of strength —1. The fundamental lattice is marked by solid lines.

vgz) rp or a vortex of strength F](z) = —1 there. The sum of

vortex strengths on each circle is zero and we thus have y = 0,
which leads to P = 0. When p = 2n, n € N.o, we count the
contributions from (51) for the vortex at vﬂl) as

1 1
SHED T (=12 (=)= 120+ T4 145 =0,

when F1(2) =+1, and

1 1
S HED (=D =12 (= )12 1= 14 o =0,

when Fl(z) = —1. The calculations for the vortex at v§2) as well

as for the case p = 2n — 1, n € N., are similar and we omit
the details. In all these cases the conditions (51) are satisfied.
Hence, the alternate double-layered lattice is a fixed equilibrium
for any N and ry,r, with r, = ,/pr;. These configurations are
equivalent to two layers of 2m point vortices with alternating
strengths 41 arranged along the lines Imz = — logr; and — logr,
in D, , as shown in Figs. 6(c) and (d). The fundamental lattice is a
rectangular lattice in (a), (b), and (d), and a parallelogram lattice
in (c). The lattices in (a) and (b) can be interpreted as the lattices
in Fig. 5 but on a domain of reduced size [0, 27)x [0, —% log p). In
fact, lattices with N = 2m identical vortices on D, can be thought
of as lattices with a single vortex on the domain [0, 7/m) x
[0, —% log p). We thus see that the fundamental lattice in (a)
contains one point vortex. The fundamental lattices in (b), (c),

10

and (d) contain two point vortices; these are the three two-vortex
equilibria obtained in Section 4 for the case y = 0.

We also consider staggered double-layered lattices in each of
the four types of equilibria studied above. If each layer in D,
contains m point vortices, and further if the stagger between
the two layers is 7 /m, then we can show that the configura-
tion is an equilibrium configuration. In the examples shown in
Figs. 7(a) and (b), the fundamental lattices are parallelogram
lattices, whereas in Figs. 7(c) and (d), they are taken to be rect-
angular lattices containing interior vortices. In these examples,
there is one vortex in (a), and two vortices of equal and opposite
sign in (b) and (d), contained in the fundamental domain. These
two-vortex equilibria are discussed in Section 4 (the case y = 0).
The example in (c) consists of a four-vortex equilibrium in the
fundamental domain.

5.3. Double-layered lattices with defects

Consider the following configuration consisting of N = 3m,
m € N, point vortices in D,.

2rilk=nzm - pM —q k=1,...,2m,

=-2 k=1..m

1
v,i)zr]e

) rzezm(k—l)/m’

: (59)
Yk
where p <1, < /p, /p <11 < 1withr, = ,/pr;. In the funda-
mental domain D,, 2m point vortices with strength +1 each are
arranged along the line Imz = — logry, with successive vortices
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Fig. 7. Double-layered staggered lattice equilibria with (a) homogeneous equal strengths (y # 0), and (b), (c), (d) mixed strengths (y = 0). The cross represents a
point vortex of strength +1 while the filled disk represents a point vortex of strength —1. The fundamental lattice is marked by solid lines.

separated by w/m, whereas m point vortices with strength —2
each are arranged along the line Imz = — log r,, with successive
vortices separated by 27 /m. The resulting configuration is a
double-layered lattice structure but with point vortices absent

from the sites ¢ = r,e?7ik=D/2m for = 1, ..., m along the line
Imz = —logr,, in other words the lattice structure has periodic
“defects”.

Since the total circulation vanishes, the vortices need to satisfy
(51) to be in equilibrium. We can calculate the last term in (51)
to be

P J—
logp  logp

(2mlogr; — 2mlogry) = m.

Consider the vortex at v; = ry. There are always an even
number of vortices on || = 1y, so that the contribution to the
left hand side of (51) from these vortices is % + (m — 1). The
remaining vortices contribute —4-(p—1)—2—2 when m = 2p, and
—4-(p—1)—2whenm =2p—1, p € N.. Accordingly, Eq. (51)
gives

1 1
§+(2p—1)—4-(p—1)—2—2+§+2p=0
when m is even, and when m is odd we get

1 1
5+(2P—2)—4-(P—1)—2+5+2p—1=0,

11

which shows that the vortex at vi)” is stationary. A similar calcula-
tion shows that the vortex at ng is also stationary. By rotational
symmetry in D;, the double-layered lattice with defects at ¢ =
rpe2mik=1/2m o — 1 . mis a fixed equilibrium. An example
configuration is shown in Fig. 8(a). The fundamental lattice here is
a face-centered rectangular lattice, in which two vortices of equal
strengths +1 and one vortex of strength —2 are contained.

We can also consider two other configurations of N = 3m vor-
tices in a double-layered configuration with defects. These con-
figurations consist of an alternating layer of vortices of strength
1 and —2 on |¢| = r; and a layer with defects on |{| = r;. The
layer with defects can be either staggered or unstaggered. The
vortex locations and circulations for the two configurations are

V;L),] _ r1e2’”("*')/m, ka =1, ng) — r]e27ri(2k—1)/2m’ Fk(l) =2,
v,EZ) = rye?ritk=D/m Fk(z) =1, k=1,....m,

and

vé}f_] — rye2ritk=1/m Fk(U =2, v;L) — rye2rik=1)/2m 1—~k(1) =2,
v = perikim P — 1 k=1,...,m

where p < 1, <, /p <11 < 1withr, = /pr;. In both cases,
the total circulation vanishes. The proof that these configurations
are equilibria has similar counting as before and we omit the
details here. Example configurations are shown in Figs. 8(b) and
(c) with the fundamental lattices being face-centered and face-
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Fig. 8. Double-layered lattice equilibria with defects and y = 0. A point vortex with strength +1 is represented by a cross, and a point vortex with strength —2 is

represented by a gray disk. The fundamental lattice is marked by solid lines.

and body-centered rectangular lattices respectively. Each of these
is an equilibrium consisting of three vortices in the fundamental
lattice with y = 0.

6. Summary and future directions

We have derived the equations of motion for N point vortices
in a rectangular doubly-periodic domain using the hydrodynamic
Green’s function. All of our equations are found to be consistent
with previously known results in the literature when the sum
of vortex strengths vanishes. The effect of a non-zero-sum of
vortex strengths appears as a constant background vorticity in
our theory. Previous authors [5,8] have invoked a rotating frame
of reference in which the background vorticity term disappears.
In our formulation there is no preferred origin and hence a
lack of rotational symmetry in the physical plane, which in
particular means that rigidly rotating lattice equilibria are not
covered here. We have explicitly shown that the two-vortex
problem is Liouville integrable for any sum of vortex strengths,
and provide a classification of dynamics based on the Hamiltonian
phase portrait. We also show that the three-vortex problem is
Liouville integrable when the sum of vortex strengths is zero,
but it may not be integrable when the sum of vortex strengths
is non-zero. We find several equilibrium lattice structures for

12

arbitrary N, including lattices with defects and inhomogeneous
vortex strengths. Although the conformal mapping we use maps
the annulus to a rectangular domain, the lattice structure need
not be rectangular and we find parallelogram as well as face and
body centered rectangular lattices. The lattices for larger N can be
rescaled and hence interpreted as lattices with N = 1, 2, 3,4 in
a domain of reduced size. In particular, the N = 4 example that
we present in Fig. 7(c) appears to be new. The lattice equilibria
obtained here are all fixed equilibria.

Vortex equilibria and dynamics on a curved torus can be
considered by means of a stereographic projection to an annulus
where a Green's function can be constructed [21]. In order to
obtain the hydrodynamic Green’s function which satisfies the
reciprocity condition on this domain, it is found that an additional
term is required [22]. A numerical method is used to obtain rela-
tive equilibria on a curved torus with a constant background vor-
ticity in Sakajo [23]. The hydrodynamic Green’s function obtained
in the present paper differs from all these preceding Green'’s
functions.

We can consider a non-constant background vorticity in the
doubly-periodic domain. Recent work suggests that a Liouville-
type vorticity, which is exponentially related to the stream func-
tion, is a good candidate for such a background vorticity. Large
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families of solutions called ‘Liouville chains’ have been con-
structed recently in the case of the unbounded plane [24,25]. A
one-way interaction model with point vortices in a Liouville-type
background on a curved torus was studied recently by Sakajo
[23],Sakajo and Krishnamurthy [26]. To the best of the authors’
knowledge, no previous work has considered a Liouville-type
equation in a doubly-periodic domain, although there are results
on vortices described by the sinh-Poisson equation [27].

O’Neil [28] numerically investigated the collapse of point vor-
tex lattices in a rotating frame of reference. Although there are
several papers dealing with finite-time collapse in the unbounded
plane, collapse in a doubly-periodic domain is much less studied.
The equations of motion derived here could be used to study
collapsing orbits of point vortices with a constant background
vorticity. Another future direction is to consider the dynamics
of vortex patches in the doubly-periodic domain and to derive
the contour dynamics for the Euler equations making use of the
explicit Green’s function available here [29,30].
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Appendix A. Schottky-Klein prime functions

The Schottky-Klein prime function is a special function de-
fined on multiply-connected circular domains [15]. The prime
function defined on the annulus D, = {¢ € C|p < [¢] < 1},
is essentially the P-function given by the infinite product

P, p) =1 =) ](1 = p*e)1 = p/0).

k=1

Note that P(¢, ./p) has a simple zero at ¢ 1 in D,;. The
K-function defined in terms of the logarithmic derivative of

P(¢, /p) is

P(¢,
K(E. /p) = M

Here, the prime denotes the derivative with respect to the first
argument, thus P'(¢, /p) = %’;‘/ﬁ). We can deduce the infinite

series formula
o*/¢ )
1—pk/¢

(60)

(61)

—pk¢

; o0
K(¢, =——+ +
€ VP) =75 ;(1_/),{{

C%l—‘rO() as§—>1,

showing that K(¢, ./p) has a simple pole singularity at ¢ = 1.
The P-function satisfies the following properties

P(p¢, /p) = —(1/5)P(¢, /P)
and P(1/¢,/p)=—(1/¢)P

(62)

(&, Vo). (63)
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It can be verified from the above definitions that the K-function
satisfies the useful identity:

K(pt./P)=K(£./p)— 1= —K(1/¢. /). (64)
A consequence of the second equality in (64) is

K(¢, V/P)+K(E, J/p)=1 on [¢]=1, (65)
since on |¢| = 1 with ¢ = 1/¢. We also have

K(¢. /P)+K(&, /P)=0 on [¢]=/p, (66)
K(¢./p)+K(EZ. /p)=2 on [¢|=1//p. (67)

To prove (66), note that Eq. (64) can also be written as K(p/¢, ./p)
= —K(¢, /p). Similarly, it can also be written as K(p?¢, JP) =
K(pt¢,/p)—1=K(, /p)—2=—K(1/p¢, \/p), which leads to
(67). Setting ¢ = 11in (65), ¢ = £,/p in (66),and ¢ = £1/,/p in
(67) gives us the useful formulae:

—1.Jp) = 1/2. K(£/p.v/p) =0,
and K(£1//p, /p)=1.

We finally mention that for numerical computations, the above
special functions are all evaluated using a rapidly convergent
Laurent series for the prime function in the annulus, see Crowdy
[15,31] for details.

(68)

Appendix B. Double periodicity of the Green function
G(¢, v;5 8, v)

We first check the following formulae of P(¢, \/p) forn > 1
by induction.

1
P(p"¢, /p) =

)"7
pn(n 1)/2 ;-n

P(¢, /p).

For n = 1, from the definition, it is easy to see that

P(pt, /p)=(1—pO)[ J(1 = p"™"2)(1 = p"'(1/¢))

n>1

_ -1 _ P& vp)
= G TV =
P(c/p./p)=(1=¢/p) [ J(1 = p"

n>1

P(Z.\/p). P(/p". /P)

é-n

pn(n+1 /2

('3

o)1 - p™(1/2))

¢
= —2P(Z. /D).

Assume that they hold for n — 1. Then we have

("', \/P)

)7«/5)_ -

P(p-(p"'¢

L
"¢
P(¢, /p)

/2§n1

_%P( f—l ’
ot \p

— _i . (_-l)nf‘l
Pt P
é-n
pn (n+1)/2 P(§ f)

They are expressed in one formula for n € Z.

1
P(p"¢, /p) = P(¢, /).

) pn(n 1)/2 g—n

gnl

n(n—1)/2

P(¢, \/p)

= (-1'"—5

(69)
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For convenience, we introduce a parameter A = —% log p in
what follows. It follows from (69) that we obtain

1 ¢
—log|P [ p"=,
5 108 <p 5 ﬁ)
1 v\" ¢
—_— — n— —_— —
= eoe |V g (5) (57
nn—1) n ¢ g
= ——A— —log|=|+ —log|P| = . 70
5 A2nogv‘+ og (vﬁ (70)
For n € Z, it is easy to confirm that
¢ n 1 4
—l "— =—A+—log|=> 71
27 08P FA+ g log (71)
1 cN\?
= — -2 log |~
47110gp( ) 87r2A( A+ log v)
= 52 (4n2n2A2 — 4mnAlog %
2
+ (log £>
v
n? n ¢
= —— A+ —log|>
2A+2ﬂ og‘ ‘
¢ 2
+——\log|=|] . (72)
47 log p v

Hence, owing to (69), (71) and (72) yield, we have the doubly-
periodic nature (8b). Forn,m € Z and ¢, v € D,

i)

- 1
G(p"E. p"vi ", p"V) = o log
T

1 N\
| - I n—m>
4r o8 |° +4nlogp<0gp v>
m—mn—-—m-—1) n—m e
= —_ l —_
2 A 2 08 %
n—m
+ —log P(%,\/ﬁ>'+ A
1 ¢ (n—my ¢
. log || — log | =
4 °8 v 2 At 2 08 v
1 2
log £
47 log p v
=G, v; ¢, V)
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