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A B S T R A C T

The mechanical behavior of an adhesively bonded single scarf joined Carbon fiber reinforced polymer
(CFRP) laminates under tensile loading is studied. An energy-based analytical model is developed to capture
the static response of adhesively bonded single scarf joint specimens. This is a high-fidelity and highly
accurate alternative to 3D finite element models commonly employed in the literature. The derived governing
differential equations (GDEs) are solved using the finite difference scheme. The numerical results for the global
response of the adhesively bonded joints provided by the analytical model are compared and successfully
validated with the experimental and FE results. For this purpose, the experimental whole-field technique of
2D digital image correlation (DIC) is used to capture the strain and displacement field over the specimen
surface. A qualitative agreement of the field distributions is observed since the analytical model is a reduced-
order model. Parametric studies are also undertaken to demonstrate the influence of design parameters, such
as scarf angle, adhesive thickness, and adhesive modulus. These results provide quick solutions for the design
space of adhesively bonded scarf joints. Therefore, a reliable model for the adhesively bonded single scarf
joints is established, acting as a cost-effective and time-saving alternative solution.
1. Introduction

Composite structures are ubiquitous in aerospace, mechanical, civil,
and marine industries, among several others. This is owed to their
excellent mechanical properties such as high strength-to-weight ratio,
stiffness, corrosion resistance, thermal resistance, and fatigue resis-
tance [1,2]. These components experience damage during their service
life, commonly due to impact (e.g., bird strike) or by an accident
during maintenance (e.g., tool drops) [3–5]. Damage in composite
structures degrades the mechanical properties and negatively effects
their performance. Therefore, it is crucial to devise methodologies to
repair these damages and restore their structural integrity. Existing
options for repair are, either by replacing or reinforcing the damaged
area [6,7]. In the latter approach, the damaged area is reinforced
with an additional patch to restore the strength and stiffness of the
damaged composite laminates. However, the additional reinforcement
adds a penalty to the weight of the parent structure, thereby effecting
the dynamic performance of the parent structure [8]. This is unlike
the alternative, where the damaged zone is replaced with a healthy
composite patch, with no significant modifications to the weight of
the parent structure. More clearly, the damaged zone is cut out, and
a replacement patch is joined with the parent structure [4]. This can
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be achieved in several ways, using techniques such as bonded, bolted,
and riveted joints. Among these, the bolted and riveted joints attach the
replacement patch to the parent structure using mechanical fasteners.
In comparison to this, adhesively bonded joints employ an adhesive to
join the components. While the former approach is easier to implement
as compared to the adhesively bonded joints, they introduce high
stress concentrations at the point of joining that leads to the failure
of the joints predominantly [1]. Further, among the existing joining
techniques, adhesively bonded joints offer several advantages over its
alternatives. This includes a uniform stress distribution at the overlap
region, joining with dissimilar materials, greater corrosion and fatigue
resistance [9–18].

An adhesive joint connects the adherends (parent structure) via
an adhesive layer. There are numerous possible configurations of ad-
hesively bonded joints. Common examples include a simple-lap, butt,
scarf, and stepped joint configurations [19]. These configurations differ
in the manner the adherends are connected by the adhesive. More
clearly, these configurations differ in the manner an overlap region
is defined for the adherends and connected by the adhesive layer. It
must be noted that these configurations allow the mechanical load to
be transferred across the joint by different mechanisms. For instance,
vailable online 24 March 2023
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higher stress concentration occurs in the stepped-lap joint as compared
to the scarf joint [20]. Also, the scarf joint provides a higher surface
area for adhesive contact which in turn enhances the strength of the
joint [21,22]. This renders the joint interface to be a critical region after
the repair of the parent structure, making it prone to failure [23,24].
Clearly, this observation highlights the importance of their design and
analysis. Before undertaking a detailed study of the design of adhesively
bonded joints, it is required to develop accurate models for predicting
the mechanical behavior of adhesively bonded joints as it will provide
a quick and reliable solution from the design point of view.

The two methods that have been preferred by researchers for the
design of adhesively bonded joints are analytical and finite element
(FE) modeling approaches [20,25,26]. Several researchers have investi-
gated the tensile behavior of an adhesively bonded scarf joint specimen
subjected to a static tensile loading using FE modeling [21,26–31]. It
is observed that the stresses are high at the overlap edges of the joints.
The strength prediction and failure behavior of an adhesively bonded
scarf joint are also analyzed experimentally and numerically [32,33].
Further, parametric studies are conducted using linear FE analysis to
analyze the effect of scarf angles, laminate thickness, adhesive thick-
ness, and stacking sequences over the behavior of adhesively bonded
scarf joints. The influence of these parameters on average and peak
stresses at the bond line is also studied [29–31,34–37]. The cohesive
zone modeling (CZM) is used to analyze the failure behavior of the
adhesive interface in the composite joints [32,38,39]. These studies
noted fiber failure for adhesively bonded joints with smaller scarf
angles (𝜃 < 15◦), while cohesive shear failure is observed in the case of
arger scarf angles (𝜃 >15◦) [30].

Several experimental studies are conducted over predicting the
echanical behavior of adhesively bonded joints mainly focusing on

he estimation of their stiffness and strength [22,32,40]. Linear (ap-
roximately) load–displacement response has been observed for smaller
carf angles (𝜃 < 8.13◦), and the lap shear strength is nearly constant
or larger scarf angles (𝜃 > 8.13◦) [22]. Ridha et al. analyzed the failure
ehavior of the damaged, undamaged, and repaired panels considering
ifferent cohesive law to investigate the failure behavior of the compos-
te joints [41]. They observed that the exponential traction–separation
aw is insensitive to the assumed adhesive strength, while the linear
nd trapezoidal cohesive models are sensitive to both adhesive strength
nd toughness in the case of the repaired panel. Later, an improved
umerical methodology has been proposed to characterize the failure
nitiation, interaction, and progression in the bonded scarf joints [42].
learly, the mechanical behavior of the adhesive scarf joint depends
n the geometric and material properties of the adhesive and the
dherends. For instance, Refs. [27,28,43] noted that the strength of the
dhesive joint is higher for smaller scarf angles. Further, the stacking
equence also influences the strength of the scarf joint because of the
on-uniform stress and strain field along the bond line. A lower joint
trength is observed for the stacking sequence of [0∕45∕ − 45∕90]2𝑠 due
o the effect of the corner singularities than [90∕45∕−45∕0]2𝑠 laminate.
hese observations facilitated the development of an improved design
ethodology by adopting the strain-based failure criteria for different

carf angles [34,35].
The tensile failure behavior of the scarf-repaired composite is in-

estigated experimentally and numerically [24]. They noted that the
amage initiation occurred at the interface of 0◦ plies and propagated
hroughout the scarf area [24]. Further, the effects of the various
arameters on the joint behavior, such as surface preparation, adhesive
roperties, joint configurations, and environmental factors are also
tudied [11]. It is noted that the surface preparation influences the
oint strength because of the surface integrity presence on the adherend
nd adhesive layer [11]. The damage tolerance behavior of the scarf
oint with bond line flaws under various environmental, geometric,
2

nd support conditions has been studied [44]. The geometry of the
scarf joint introduces a singularity near the overlap edges of the joints
and the crack gets initiated due to the sharp edges of the joints [45].
Finally, optimization studies are conducted to design a tapered scarf
and stepped-lap joints for composite patch repair application [20].
Further, the multi-functional optimization is carried out mainly to
reduce the stress concentration in the adhesive layer [46].

The above literature is mainly focused on experimental and numer-
ical studies of the mechanical behavior of adhesively bonded joints.
Similarly, an analytical approach to model the adhesively bonded
joints has been explored earlier [47–49]. The analytical approach is
preferred for the parametric study and optimal design of the joint [50].
The extended shear-lag model has been proposed to analyze the scarf
and stepped-lap joints behavior [51]. This work is later extended
considering the adhesive plasticity, effects of adherend stiffness, and
thermal-mismatch [47]. Later, the mechanical behavior of adhesively
bonded CFRP scarf joint specimens is studied using the mechanics of
material approach [48,49]. A modified semi-analytical model has been
proposed for the single scarf joined CFRP laminates [52]. It must be
pointed out that the analytical models developed previously are based
on an equilibrium approach [38,48,49,53]. While powerful, it is not
trivial to extend this approach to complex geometries and configura-
tions. So, in order to alleviate this gap, an analytical model is proposed
for predicting the mechanical behavior of adhesively bonded scarf
joints following an energy-based approach. This approach facilitates
in extending the existing analytical models to complex adhesive joint
configurations in a straightforward manner. In this work, the governing
differential equations of equilibrium are developed in Section 2. The
examples of UD [0]16 and quasi-isotropic [+45∕ − 45∕0∕90]2𝑠 CFRP ad-
herends are considered. Section 3 will provide details on the numerical
model developed here based on the finite difference method (FDM).
Section 4 gives details on specimen fabrication and testing. Section 5
covers the finite element modeling aspect. Section 6 pertains to results
and discussions.

2. Problem formulations

In this section, the analytical model is developed for the adhe-
sively bonded scarf joined CFRP UD and quasi-isotropic laminates. The
analytical approach developed here is a one-dimensional model for
predicting the mechanical response of an adhesively bonded scarf joint
when subjected to axial loading. The governing differential equations
are obtained here using the energy approach for the single scarf joint
configuration.

Fig. 1a depicts the schematic for the single scarf joined CFRP quasi-
isotropic laminates. Further, Fig. 1b represents the domain of the single
scarf joint for analytical modeling. The Cartesian coordinate system is
defined such that the origin is at the left end of this domain along the
mid-plane, and the 𝑧-axis is defined along the thickness as illustrated
in Fig. 1a. Here, ℎ, 𝐴11, and 𝐴55 denote the thickness, and stiffness
in axial and shear directions, respectively, of the adherend. Further,
𝐸3, 𝐺3, and ℎ3 are the elastic modulus, shear modulus, and thickness
of the adhesive layer. The expression for 𝐴11 and 𝐴55 in terms of the
adherend properties are described in the next section. The length of the
complete structure (adherends + adhesive) is taken as 𝐿, and the length
of the joint is 𝐿𝑠 (also referred to as the bond length). The length along
the scarf angle is referred to as the bond line and its projection along
the 𝑥-axis is simply the bond length. The longitudinal and transverse
displacement are denoted by 𝑢 and 𝑤, respectively. Here, the model is
considered to be a 1D and the degrees of freedom at each grid point
are as depicted in Fig. 1c. In this figure, 𝑢1, and 𝑤1 represent the
displacement of the left adherend in the axial and transverse directions,
respectively, and 𝑢2 and 𝑤2 represent the displacements of the right

adherend.
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Fig. 1. Adhesively-bonded single scarf joined CFRP quasi-layup: (a) schematic diagram, (b) domain for the analytical modeling, and (c) degree of freedom at grid points.
2.1. Stress–strain relations

The stress–strain relation for the 𝑘−th lamina in the quasi-isotropic
specimen is given in terms of the layup angle (𝜃𝑙) as follows [54]:
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where,

𝑄
𝑘
11 = 𝐶𝑘

11 = 𝑄11 cos4 𝜃𝑙 + 2(𝑄12 + 2𝑄66) sin
2 𝜃𝑙 cos2 𝜃𝑙 +𝑄22 sin

4 𝜃𝑙

𝑄
𝑘
55 = 𝐶𝑘

55 = 𝑄55 cos2 𝜃𝑙 +𝑄44 sin
2 𝜃𝑙

Here, 𝑄
𝑘
11 and 𝑄

𝑘
55 are the reduced transformed stiffness matrix in axial

and shear directions, respectively. These stiffness matrices are related
to the elastic properties in the principal material coordinate system.

The membrane or extensional stiffness in the axial and shear direc-
tions for the tapered adherends are expressed as:

𝐴11 =
𝑁𝑙
∑

𝑘=1
∫

ℎ𝑘2

ℎ𝑘1

𝑄
𝑘
11 d𝑧, 𝐴55 =

𝑁𝑙
∑

𝑘=1
∫

ℎ𝑘2

ℎ𝑘1

𝑄
𝑘
55 d𝑧 (2)

where, 𝐴11 and 𝐴55 are the extensional and shear stiffness matrix,
respectively. Here, ℎ𝑘1 and ℎ𝑘2 are the coordinates of the bottom and
top surface for 𝑘−th lamina along 𝑧-axis. 𝑁𝑙 is the index of the lamina
at the tapered surface. Note that the adhesive joint is a geometrically
heterogeneous structure with varying thicknesses along the length.
Therefore, the index 𝑁𝑙 and thereby the stiffness 𝐴11 and 𝐴55 are
function of length coordinates.

2.2. Governing equations using energy approach

In this section, the governing equation is derived for the adhesively
bonded joint following the principle of minimum potential energy. The
statement for minimum potential energy (𝛱) of the scarf joint (domain
is in Fig. 1b) is expressed in terms of the total deformation energy (𝑈 )
and work done by the external forces (𝑊 ) as:

𝛿𝛱 = 𝛿𝑈 − 𝛿𝑊 (3)

The potential energy is given by:

𝛱 = 1
2 ∫𝑣

𝜎𝑖𝑗𝜖𝑖𝑗 d𝑣 − ∫𝑣
𝑓𝑖𝑢𝑖 d𝑣 (4)

Here, 𝜎𝑖𝑗 and 𝜖𝑖𝑗 are the stress and strain tensor, respectively. The
force and displacement vectors are denoted by 𝑓 and 𝑢 respectively.
3

𝑖 𝑖
The subscript 𝑣 in above equation denotes the domain of the joint.
Before proceeding with the derivation of GDEs following the energy
approach, the deformation energy of the adherends, adhesive, and the
work done by the externally applied forces need to be evaluated. In
the subsequent sub-section, the deformation energy of the adherends
of a quasi-isotropic layup is formulated. The deformation energy for
the UD is a special case of the above-mentioned derivation. Later, the
deformation energy for the adhesive layer is also derived. The total
deformation energy of the joint will be given by a sum of these energies.

2.2.1. Deformation energy of adherends
The normal and shear stress resultants in the adherends can be

expressed as:

𝑁𝑥 = 𝐴11
d𝑢
d𝑥

, 𝑄𝑥𝑧 = 𝐴55

( d𝑤
d𝑥

+ d𝑢
d𝑧

)

(5)

In this study, the average stress across the thickness is assumed to
be constant and it is uniformly distributed for points away from the
taper joint, therefore d𝑢

d𝑧 = 0 over the bond line.
Now, the deformation energy of each of the adherends is evaluated

when subjected to axial loading. Note that there are two adherends, and
each of these is subjected to axial and transverse shear deformations
caused by this axial loading and evaluating each of these energies
individually. The variation of the internal energy of the left adherend
corresponding to axial deformation is given as:

𝛿𝑈𝑢1 = 1
2 ∫

𝐿𝑠

0
𝐴(1)
11 𝛿

(

d𝑢1
d𝑥

)2
d𝑥 (6)

Also, variation in the axial deformation energy of the right adherend
is given as:

𝛿𝑈𝑢2 = 1
2 ∫

𝐿𝑠

0
𝐴(2)
11 𝛿

(

d𝑢2
d𝑥

)2
d𝑥 (7)

Similarly, the variation in the deformation energy corresponding to
transverse shear deformation of the left and right adherends is:

𝛿𝑈𝑤1
= 1

2 ∫

𝐿𝑠

0
𝐴(1)
55 𝛿

(

d𝑤1
d𝑥

)2
d𝑧, 𝛿𝑈𝑤2

= 1
2 ∫

𝐿𝑠

0
𝐴(2)
55 𝛿

(

d𝑤2
d𝑥

)2
d𝑧 (8)

Using integration by parts for 𝑈𝑢1 , we get:

𝛿𝑈𝑢1 = 1
2 ∫

𝐿𝑠

0

(

𝐴(1)
11

d2𝑢1
d𝑥2

+
d𝐴(1)

11
d𝑥

d𝑢1
d𝑥

)

𝛿𝑢1d𝑥

−
(

𝐴(1)
11

d𝑢1
d𝑥

(

𝛿𝑢1(𝐿𝑠) − 𝛿𝑢1(0)
)

)

(9a)
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In the above equation, the second expression provides the boundary
conditions for the left adherend along the axial direction.

𝛿𝑈𝑤1
= 1

2 ∫
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0
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11
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−
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)

)

(9b)

In Eq. (9b), the second expression provides the boundary conditions
for the left adherend along the transverse direction. Similarly, the de-
formation energy for the right adherend along the axial and transverse
directions can be expressed as:

𝛿𝑈𝑢2 = 1
2 ∫
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0

(

𝐴(2)
11

d2𝑢2
d𝑥2

+
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(9c)

𝛿𝑈𝑤2
= 1

2 ∫

𝐿𝑠

0

(
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d2𝑤2
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𝛿𝑤2(𝐿𝑠) − 𝛿𝑤2(0)
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(9d)

The cross-section area of the left adherend at a point 𝑥 is denoted as
1 and that of the right adherend is 2. These areas are functions of
𝑥 (see Fig. 1b), and can be expressed as:

1 = (ℎ − 𝑥 tan 𝜃)𝑏, 2 = (𝑥 tan 𝜃)𝑏 (10)

Following the definitions given in Eq. (2) and the above results, the
extensional stiffness for the left and right adherends are given as
follows:

𝐴(1)
11 =

(𝑁𝑙
∑

𝑖=1
𝐶 𝑖
11

𝑖
1

)

, 𝐴(2)
11 =

( 𝑁𝑙
∑

𝑖=𝑁𝑡

𝐶 𝑖
11

𝑖
2

)

(11a)

where 𝐶 𝑖
11 is the elastic modulus of the 𝑖−th lamina in axial direction.

𝑖
1 and 𝑖

2 are the cross-section area of the 𝑖−th lamina for the left
and right adherends, respectively. Here, 𝑖 = 1 is the lamina at the
bottom surface (𝑧 = −ℎ∕2) and 𝑖 = 𝑁𝑡 is the lamina at the top surface
(𝑧 = ℎ∕2). Note that the lamina at the tapered surface (of the left and
right adherends) is denoted by 𝑁𝑙. Clearly, 𝑁𝑙 is a variable along the
length of the lamina, and it is equal to 1 at the top surface of tapered
lamina. For instance, for the left adherend, 𝑁𝑙 = 𝑁𝑡 at 𝑥 = 0, and 𝑁𝑙 = 1
for points close to 𝑥 = 𝐿𝑠. Similarly, for the right adherends, 𝑁𝑙 = 1 at
points close to 𝑥 = 0, and 𝑁𝑙 = 𝑁𝑡 for 𝑥 = 𝐿𝑠. The expressions for the
shear stiffness can also be derived in a similar manner as follows:

𝐴(1)
55 =

(𝑁𝑙
∑

𝑖=1
𝐶 𝑖
55

𝑖
1

)

, 𝐴(2)
55 =

( 𝑁𝑙
∑

𝑖=𝑁𝑡

𝐶 𝑖
55

𝑖
2

)

(11b)

The following expressions are derived that are present in Eq. (9a):

d𝐴(1)
11

d𝑥
= 𝐶𝑁𝑙

11 𝑏(− tan 𝜃),
d𝐴(2)

11
d𝑥
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55 𝑏(− tan 𝜃),
d𝐴(2)

55
d𝑥

= 𝐶𝑁𝑙
55 𝑏(tan 𝜃)

(12a)

Substituting the above expressions in Eq. (9a), the deformation energy
can be simplified as follows:

𝛿𝑈𝑢1 =
𝑏
2 ∫
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(
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)

)

(13a)

Repeating the above steps for the remaining terms in the deformation
energy for the left and right adherend along the axial and transverse
directions, the following results are obtained:

𝛿𝑈𝑤1 =
𝑏 𝐿𝑠

(

𝐴(1) d2𝑤1 − 𝐶𝑁𝑙 tan 𝜃
d𝑤1

)

𝛿𝑤1 d𝑥
4

2 ∫0 55 d𝑥2 55 d𝑥
Fig. 2. Free body diagram of an Adhesive layer.
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)

)

(13c)

𝛿𝑈𝑤2 =
𝑏
2 ∫

𝐿𝑠

0

(

𝐴(2)
55

d2𝑤2

d𝑥2
+ 𝐶𝑁𝑙

55 tan 𝜃
d𝑤2
d𝑥

)

𝛿𝑤2 d𝑥

−
(

𝐴(2)
11

d𝑤2
d𝑥

(

𝛿𝑤2(𝐿𝑠) − 𝛿𝑤2(0)
)

)

(13d)

Note that in the above expressions, 𝐴(1)
11 , 𝐴(2)

11 , 𝐴(1)
55 , and 𝐴(2)

55 are variables
along 𝑥, as seen from Eq. (11). The variation of the total deformation
energy of the adherend is:

𝛿𝑈𝑎𝑑ℎ𝑒𝑟𝑒𝑛𝑑 = 𝛿𝑈𝑢1 + 𝛿𝑈𝑤1
+ 𝛿𝑈𝑢2 + 𝛿𝑈𝑤2

(14)

Further, the above expression provides the variation of the defor-
mation energy for quasi-isotropic adherends. For the study on the UD
adherends, simply consider 𝑁𝑡 = 1. This ensures only a single lamina
is considered here, and therefore also enforces 𝑁𝑙 = 1 throughout
the joint. The expressions for axial and shear stiffness in Eq. (2)
remain unchanged. This choice provides the deformation energy for the
adhesively bonded UD adherends.

2.2.2. Deformation energy of adhesive
Fig. 2 shows the free body diagram of the adhesive layer which rep-

resents the normal and shear stresses developed on it. The expression
for the stresses and strains along axial and transverse directions will be
obtained from the free-body diagram of the adhesive layer.

The total deformation energy for the adhesive layer (𝑈𝑎𝑑ℎ𝑒𝑠𝑖𝑣𝑒) is sum
of the deformation energy along axial (𝑈𝑎) and shear (𝑈𝑠) directions as
given below:

𝑈𝑎𝑑ℎ𝑒𝑠𝑖𝑣𝑒 = 𝑈𝑎 + 𝑈𝑠 (15)

In the subsequent discussion, the analytical expression is derived for
𝑈𝑎 and 𝑈𝑠. The expression for strain component along axial and shear
directions within the adhesive layer are given as:

𝜖𝑎 =
1
ℎ3

(𝛥𝑢 sin 𝜃 − 𝛥𝑤 cos 𝜃), 𝜖𝑠 =
1
ℎ3

(𝛥𝑢 cos 𝜃 + 𝛥𝑤 sin 𝜃) (16)

where, 𝛥𝑢 = 𝑢2 − 𝑢1, and 𝛥𝑤 = 𝑤2 − 𝑤1, here, subscripts 1 and 2
denote the left and right adherends, respectively. The above expressions
are obtained from the schematic in Fig. 2 and are also available in
Ref. [38]. The expression for the normal and shear stress components
can be expressed as:

𝜎𝑎 =
𝐸3
ℎ3

(𝛥𝑢 sin 𝜃 − 𝛥𝑤 cos 𝜃), 𝜎𝑠 =
𝐺3
ℎ3

(𝛥𝑢 cos 𝜃 + 𝛥𝑤 sin 𝜃) (17)

Here, the adhesive layer is considered an isotropic material. The defor-
mation energy of the adhesive due to axial and shear deformations are



Composite Structures 314 (2023) 116950H. Sonwani et al.

t
r

𝑈

e

𝑈

T
t

2

a
T

𝑈

i

𝑊

o
0

𝛿

C
𝛿
a

𝐴

𝐴

𝐴

𝑥

𝑎

w

𝑎

𝑏

d

given by:

𝑈𝑎 =
1
2 ∫𝑣𝑎𝑑ℎ

𝜎𝑎𝜖𝑎 d𝑣, 𝑈𝑠 =
1
2 ∫𝑣𝑎𝑑ℎ

𝜎𝑠𝜖𝑠 d𝑣, (18)

In the above expression, the subscript 𝑣𝑎𝑑ℎ is a domain corresponding to
he adhesive layer. Substituting Eqs. (14) and (17) gives the following
esults:

𝑎 =
1
2 ∫𝑣𝑎𝑑ℎ

𝐸3

ℎ23
(𝛥𝑢 sin 𝜃 − 𝛥𝑤 cos 𝜃)2 d𝑣 (19)

𝑈𝑠 =
1
2 ∫𝑣𝑎𝑑ℎ

𝐺3

ℎ23
(𝛥𝑢 cos 𝜃 + 𝛥𝑤 sin 𝜃)2 d𝑣 (20)

Substituting the above results in Eq. (15) and, one gets the following
xpression for the adhesive as shown in Fig. 2:

𝑎𝑑ℎ𝑒𝑠𝑖𝑣𝑒 = ∫

𝐿𝑠

0

{ 𝑏
2

(

𝐸3
ℎ3

sin 𝜃 tan 𝜃 +
𝐺3
ℎ3

cos 𝜃
)

𝛥𝑢2

+ 𝑏
2

(

𝐸3
ℎ3

cos 𝜃 +
𝐺3
ℎ3

sin 𝜃 tan 𝜃
)

𝛥𝑤2

+
(

−𝐸3
ℎ3

sin 𝜃 +
𝐺3
ℎ3

sin 𝜃
)

𝛥𝑢𝛥𝑤
}

d𝑥

(21)

he above expression corresponds to the total deformation energy in
he adhesive layer of a single scarf joint specimen configuration.

.2.3. GDEs for the adhesively bonded single scarf joint
In the above discussion, the deformation energy for the adherends

nd the adhesive is derived when the joint is subjected to an axial load.
he total deformation energy of the single scarf joint is given by:

= 𝑈𝑎𝑑ℎ𝑒𝑟𝑒𝑛𝑑 + 𝑈𝑎𝑑ℎ𝑒𝑠𝑖𝑣𝑒 (22)

Finally, the work done by an externally applied axial load as shown
n the schematic (Fig. 1) is:

= 𝐹𝑥1𝑢1|𝑥=𝐿𝑠
+ 𝐹𝑥2𝑢2|𝑥=𝐿𝑠

(23)

Substituting these results in Eq. (4) gives the total potential energy
f the joint. Applying the principle of minimum potential energy (𝛿𝛱 =
) gives rise to:

𝛱 = d𝛱
d𝑢1

𝛿𝑢1 +
d𝛱
d𝑤1

𝛿𝑤1 +
d𝛱
d𝑢2

𝛿𝑢2 +
d𝛱
d𝑤2

𝛿𝑤2 = 0 (For equilibrium)

(24)

ollecting the variation of the individual degree of freedoms (𝛿𝑢1, 𝛿𝑤1,
𝑢2, 𝛿𝑤2), one can get the following GDEs for the left and right
dherend along axial and transverse directions:

(1)
11

d2𝑢1
d𝑥2

+ (−𝐶𝑁𝑙
11 tan 𝜃)

d𝑢1
d𝑥

+
(

𝐸3
ℎ3

sin 𝜃 tan 𝜃 +
𝐺3
ℎ3

cos 𝜃
)

𝛥𝑢

+
(

−
𝐸3
ℎ3

sin 𝜃 +
𝐺3
ℎ3

sin 𝜃
)

𝛥𝑤 = 0 (25a)

(1)
55

d2𝑤1

d𝑥2
+ (−𝐶𝑁𝑙

55 tan 𝜃)
d𝑤1
d𝑥

+
(

𝐸3
ℎ3

sin 𝜃 −
𝐺3
ℎ3

sin 𝜃
)

𝛥𝑢

+
(

−
𝐸3
ℎ3

sin 𝜃 −
𝐺3
ℎ3

sin 𝜃 tan 𝜃
)

𝛥𝑤 = 0 (25b)

(2)
11

d2𝑢2
d𝑥2

+ (𝐶𝑁𝑙
11 tan 𝜃)

d𝑢2
d𝑥

+
(

−
𝐸3
ℎ3

sin 𝜃 tan 𝜃 −
𝐺3
ℎ3

cos 𝜃
)

𝛥𝑢

+
(

𝐸3
ℎ3

sin 𝜃 −
𝐺3
ℎ3

sin 𝜃
)

𝛥𝑤 = 0 (25c)

𝐴(2)
55

d2𝑤2

d𝑥2
+ (𝐶𝑁𝑙

55 tan 𝜃)
d𝑤2
d𝑥

+
(

−
𝐸3
ℎ3

sin 𝜃 +
𝐺3
ℎ3

sin 𝜃
)

𝛥𝑢

+
(

𝐸3
ℎ3

cos 𝜃 +
𝐺3
ℎ3

sin 𝜃 tan 𝜃
)

𝛥𝑤 = 0 (25d)
5

c

Note that the above equations are coupled linear ordinary differen-
tial equations (ODEs) subjected to the following boundary conditions:

𝑥 = 0 ∶ 𝑢1(0) = 0, 𝑤1(0) = 0, 𝑢2(0) = 0, 𝑤2(0) = 0
(26a)

= 𝐿𝑠 ∶ 𝑢1(𝐿𝑠) = 𝑢𝑥, 𝑤1(𝐿𝑠) = 0, 𝑢2(𝐿𝑠) = 𝑢𝑥, 𝑤2(𝐿𝑠) = 0
(26b)

As mentioned earlier, the GDEs are developed for quasi-isotropic
adherends. Following certain choices for a number of laminae and their
material properties (as discussed earlier), these GDEs can be reduced
for UD adherends. This is a straightforward derivation, hence skipped
here for the sake of brevity. Therefore, in this section, the governing
differential equations are derived for the adhesively bonded single scarf
joint in Eq. (25) along with the boundary conditions given in Eq. (26).
Solving this system of equations will present the elastic response of the
same.

2.3. Stresses in the adhesive layer

Before proceeding to the discussion on the numerical method em-
ployed here, the derivation for stresses in the adhesive layer is pro-
vided. These stresses deserve special focus given their importance in
the design of adhesive joints. The normal and shear stresses in the
adhesive layer are obtained by resolving the displacements along global
coordinate axes as illustrated in Fig. 2. More clearly, the relative
displacement in 𝑥- and 𝑧-directions, and their associated strain and
stresses along normal and shear directions are evaluated. Finally, the
normal and transverse shear stresses in the adhesive layer are estimated
using Eq. (17).

3. Numerical method

The governing differential equations in Eq. (25) can be recast as
following:

𝑎1
d2𝑢1
d𝑥2

+ 𝑏1
d𝑢1
d𝑥

+ 𝑐1𝛥𝑢 + 𝑑1𝛥𝑤 = 0 (27a)

𝑎2
d2𝑤1

d𝑥2
+ 𝑏2

d𝑤1
d𝑥

+ 𝑐2𝛥𝑢 + 𝑑2𝛥𝑤 = 0 (27b)

3
d2𝑢2
d𝑥2

+ 𝑏3
d𝑢2
d𝑥

+ 𝑐3𝛥𝑢 + 𝑑3𝛥𝑤 = 0 (27c)

𝑎4
d2𝑤2

d𝑥2
+ 𝑏3

d𝑤2
d𝑥

+ 𝑐4𝛥𝑢 + 𝑑4𝛥𝑤 = 0 (27d)

here,

1 = 𝐴(1)
11 , 𝑏1 = −𝐶𝑁𝑙

11 tan 𝜃, 𝑐1 =
(

𝐸3
ℎ3

)

sin 𝜃 tan 𝜃 +
(

𝐺3
ℎ3

)

cos 𝜃,

𝑑1 =
(

−
𝐸3
ℎ3

)

sin 𝜃 +
(

𝐺3
ℎ3

)

sin 𝜃, 𝑎2 = 𝐴(1)
55 , 𝑏2 = −𝐶𝑁𝑙

55 tan 𝜃,

𝑐2 =
(

𝐸3
ℎ3

)

sin 𝜃 −
(

𝐺3
ℎ3

)

sin 𝜃, 𝑑2 =
(

−
𝐸3
ℎ3

)

cos 𝜃 −
(

𝐺3
ℎ3

)

sin 𝜃 tan 𝜃,

𝑎3 = 𝐴(2)
11 , 𝑏3 = −𝑏1, 𝑐3 = −𝑐1, 𝑑3 = −𝑑1, 𝑎4 = 𝐴(2)

55 ,

4 = −𝑏2, 𝑐4 = −
(

𝐸3
ℎ3

)

sin 𝜃 +
(

𝐺3
ℎ3

)

sin 𝜃, 𝑑4 = −𝑑2

The governing differential equations derived here for displacement
field variables (𝑢1, 𝑢2, 𝑤1, and 𝑤2) are solved using the finite differ-
ence method (FDM). FDM is simpler, solves the strong form, and is
less computationally less expensive to solve equations via the finite
difference method. By this method, the ODEs in Eq. (27) are converted
to a system of algebraic equations and then boundary conditions are
applied as given in Eq. (26) are employed. In this work, 300 uniformly
istributed grid points are taken along the bond length of the joint. This
hoice has been verified based on convergence studies as demonstrated
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Table 1
Dimensions of the single scarf joined CFRP UD and quasi-isotropic laminates.

Parameters Quasi-Layup UD-Layup

Length of the specimen, 𝐿 (mm) 210 210
Width of the specimen, 𝑏 (mm) 20 20
Thickness of the specimen, ℎ (mm) 4.3 4.6
Bond length of adhesive layer 𝐿𝑠 (mm) 41.00 43.77
Thickness of the adhesive layer, ℎ3 (mm) 0.46 0.48
Scarf angle, 𝜃 (degree) 6 6

Table 2
Material properties for the adherends and adhesive layer [38].

Material Properties Values

Adherends:
Longitudinal modulus, 𝐸11 (GPa) 105.68
Transverse modulus, 𝐸22 = 𝐸33 (GPa) 4.64
In Plane Poisson’s ratio, 𝜈12 = 𝜈13 (–) 0.36
Out of Plane Poisson’s ratio, 𝜈23 (–) 0.49
In Plane Shear modulus, 𝐺12 = 𝐺13 (GPa) 3.34
Out of Plane Shear modulus, 𝐺23 (GPa) 1.55
Adhesive Layer:
Elastic modulus, 𝐸3 (GPa) 1.68
Poisson’s ratio, 𝜈3 (–) 0.4

in Section 6.3. In the present study, the central finite difference scheme
is employed at all the mid-grid points, while boundary conditions are
applied at the boundary grid points. Applying the finite difference
scheme to the governing differential equations which is recasted as:

𝑟𝑎1𝑢
(𝑖+1)
1 + 𝑟𝑏1𝑢

(𝑖)
1 + 𝑟𝑐1𝑢

(𝑖−1)
1 + 𝑑1𝑤

(𝑖)
2 − 𝑑1𝑤

(𝑖)
1 = 0 (28)

where, 𝑟𝑎1 =
(

𝑎1
𝛥𝑥2

+ 𝑏1
2𝛥𝑥

)

, 𝑟𝑏1 =
(

−2𝑎1
𝛥𝑥2

− 𝑐1
)

, 𝑟𝑐1 =
(

𝑎1
𝛥𝑥2

− 𝑏1
2𝛥𝑥

)

The coefficients 𝑎1, 𝑏1, 𝑐1, and 𝑑1 are provided in Eq. (27).

𝑎2𝑤
(𝑖+1)
1 + 𝑟𝑏2𝑤

(𝑖)
1 + 𝑟𝑐2𝑤

(𝑖−1)
1 + 𝑐2𝑢

(𝑖)
2 − 𝑐2𝑢

(𝑖)
1 + 𝑑2𝑤

(𝑖)
2 = 0 (29)

here, 𝑟𝑎2 =
(

𝑎2
𝛥𝑥2

+ 𝑏2
2𝛥𝑥

)

, 𝑟𝑏2 =
(

−2𝑎2
𝛥𝑥2

− 𝑑2
)

, 𝑟𝑐2 =
(

𝑎2
𝛥𝑥2

− 𝑏2
2𝛥𝑥

)

𝑎3𝑢
(𝑖+1)
2 + 𝑟𝑏3𝑢

(𝑖)
2 + 𝑟𝑐3𝑢

(𝑖−1)
2 − 𝑐3𝑢

(𝑖)
1 + 𝑑3𝑤

(𝑖)
2 − 𝑑3𝑤

(𝑖)
1 = 0 (30)

here, 𝑟𝑎3 =
(

𝑎3
𝛥𝑥2

+ 𝑏3
2𝛥𝑥

)

, 𝑟𝑏3 =
(

−2𝑎3
𝛥𝑥2

+ 𝑐3
)

, 𝑟𝑐3 =
(

𝑎3
𝛥𝑥2

− 𝑏3
2𝛥𝑥

)

𝑎4𝑤
(𝑖+1)
2 + 𝑟𝑏4𝑤

(𝑖)
2 + 𝑟𝑐4𝑤

(𝑖−1)
2 + 𝑐4𝑢

(𝑖)
2 − 𝑐4𝑢

(𝑖)
1 − 𝑑4𝑤

(𝑖)
1 = 0 (31)

here , 𝑟𝑎4 =
(

𝑎4
𝛥𝑥2

+ 𝑏4
2𝛥𝑥

)

, 𝑟𝑏4 =
(

−2𝑎4
𝛥𝑥2

+ 𝑑4
)

, 𝑟𝑐4 =
(

𝑎4
𝛥𝑥2

− 𝑏4
2𝛥𝑥

)

.

The set of algebraic equations over all the grid points chosen along
he length of the adhesive bond can be expressed in a matrix form:
[

𝑃
] {

𝑋
}

=
{

𝑄
}

(32)

here
[

𝑃
]

is the weighting coefficient matrix,
{

𝑋
}

is the vector of
nknown displacement at the grid-points.

. Experimental work

The mechanical behavior of the composite structure is studied
xperimentally for the sake of validation of the analytical model de-
eloped here. The experimental work consists of the following steps:
i) fabrication of the CFRP laminate, (ii) machining for obtaining the
carf geometry, (iii) adhesive bonding of the adherends, (iv) testing
f the single scarf specimen, and (v) post-processing of the acquired
mages using VIC-2D software. These steps will be discussed in detail
n the subsequent subsections. The dimensions of the single scarf joint
or experimental studies are given in Table 1.

.1. Specimen fabrication

The specimen is an adhesively bonded single scarf joint. Two CFRP
6

dherends are bonded using the adhesive Araldite 2015. The single scarf s
joined CFRP laminates are fabricated for both UD and quasi-layups. A
CFRP dry fabric weighing 230 GSM is placed layer-wise to prepare the
laminates. The matrix material contains an epoxy resin (CY 230) and
hardener (HY 951) taken in a weight ratio of 10:1. The CFRP laminates
of 300 × 240 mm2 are fabricated using the hand lay-up process under
acuum bagging process which is cured at room temperature for 24
ours as shown in Fig. 3(a). The laminates are then machined in the
NC milling machine to get a tapered scarf geometry of the required
imensions as shown in Fig. 3(b). The two adherends are bonded using
dhesive and then cured in vacuum bagging at room temperature for 24
ours. The material properties of the CFRP adherends and the adhesive
ayer chosen for the experiment are provided in Table 2 which is taken
rom Ref. [38]. The bond layer surface is roughened before the bonding
sing an emery paper and later cleaned using acetone. These steps are
ndertaken to enhance the bond strength of the joints. The rectangular
crylic strips seen in Fig. 4(a) are used to create a mold for holding the
FRP adherend that constrains the movement of the adherends. The
old dimension is the same as that of the specimen. Wax is applied

ver the cavity which helps in removing the specimen after curing. As
een in Fig. 4(b), aluminum tabs are bonded over the specimen at the
ree ends for providing a better grip during the loading.

The random speckle pattern generated over the specimen surface
sing an air brush is depicted in Fig. 4(c). The specimen surface is
oated using white flat paint and then the random speckle pattern is
enerated with the help of an air brush.

.2. Experimental setup and test procedure

The single scarf joint specimen is tested using a computer-controlled
TS Landmark™ servo-hydraulic machine of 100 kN capacity. The

pecimens are subjected to tensile loading under displacement control
ode and the tests are carried out at the rate of 0.1 mm/min. Hydraulic

rips are used to prevent the slippage of the specimen. The load
nd displacement data are collected from the data acquisition system
onnected to the universal testing machine. For the strain analysis,
D digital image correlation (DIC) setup is used to obtain the whole
ield displacement and strain fields over the specimen surface. In this
echnique, the random speckle pattern is generated on the surface of
he specimen. A charge-coupled device (CCD) camera is used to capture
he speckle images upon loading during the experiment. The images
re captured over the thickness face of the specimen. The load and
isplacement values of every image are stored in the system and the
ommercial software VIC-Snap software is employed for acquiring these
mages. VIC-2D software is used for post-processing of the acquired
mages in order to obtain the strain and displacement field data over
he specimen surface. Fig. 5 shows the complete experimental setup
mployed for the tensile testing of the adhesive-bonded single scarf
oined CFRP specimens.

. Finite element model

In this section, a discussion regarding FE modeling is provided
o capture the mechanical behavior of the single scarf joined CFRP
D and quasi-isotropic laminates. In this work, the commercial FE
ackage ABAQUS is used. The geometry and the material properties of
he adhesive bonded single scarf joined CFRP UD and quasi-isotropic
aminates are given in Table 1 and Table 2 respectively. The CFRP
dherends are considered as an orthotropic material, while the adhesive
ayer is isotropic. The interface between the adherend and adhesive
ayer is assumed to be perfectly bonded to each other. The applied
oad and boundary conditions of the finite element model are depicted
n Fig. 6(a). The displacement is applied over one end of the model
hereas it is constrained in all directions at the other end. In the FE
odel, an eight-noded linear brick element with reduced integration

C3D8R) is used for meshing purposes as depicted in Fig. 6(b). As clear
rom this figure, a fine mesh is employed at the joint section to capture
he sharp variations in strain and stress fields at points close to the bond

urface.
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Fig. 3. Specimen fabrication process: (a) vacuum bagging process and (b) machining of the laminate.
Fig. 4. Bonding of the CFRP adherends: (a) specimens under the vacuum bagging, (b) fabricated adhesive bonded specimens with aluminium tabs, and (c) specimens with speckle
pattern.
6. Results and discussions

Before proceeding with a detailed numerical analysis based on the
analytical model developed here, the results are presented from experi-
mental and FE analysis. In this section, the experimental and analytical
results for the single scarf joined CFRP UD and quasi-isotropic layup
sequence is discussed. For the numerical results obtained from the ana-
lytical model, a convergence study followed by validation/comparison
is discussed. For the experimental results, the structural-level response,
like the load–displacement curve, is extracted from the MTS controller.
The local field distributions of displacement and strain are deduced
from DIC technique.
7

6.1. Experimental analysis

6.1.1. Single scarf joint UD-layup
The load-deformation curve shown in Fig. 7 is obtained experi-

mentally for the single scarf joint UD specimens. Three specimens are
tested and it is observed that the load varies linearly until the peak
load and subsequently fails suddenly due to the adhesive disbond.
The stiffness in the linear elastic response is nearly the same for all
three specimens. From Fig. 7, it is clear that the nonlinear behavior
is detected just before the peak load which could be attributed to the
accumulated damage. It is noted that the analytical model proposed
here only studies the behavior of a single scarf CFRP joint within the
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Fig. 5. Experimental setup for the tensile testing of the adhesive bonded scarf joined CFRP specimen.
Fig. 6. Single scarf joint configuration of quasi-layup sequence: (a) load and boundary conditions and (b) meshed model.
elastic region. This is because the analytical model does not model
damage initiation and propagation within the adhesive joint. However,
the analytical model developed here for the linear behavior may be
extended to include the plastic effect or progressive damage following
appropriate modifications which could be a separate work by itself.

Fig. 8 shows the contour plots of the strain distributions over the
thickness face of a single scarf joined UD-layup specimen. These results
are obtained from the 2D-DIC technique estimated at a load of 8.3 kN.
This load is considered for a better representation of the contour plots
without any damage initiation over the specimen. From Fig. 7, it is clear
that no damage got initiated in the joint at this load. It is observed that
the peak strains occur along the axial directions at the locations 1 and
2 i.e. higher numerical values for strain are noted at the overlap of the
joint within the specimen.

Fig. 8(b) depicts the contour plots of the transverse shear strain
obtained over the thickness face of the specimen. It is observed that
the higher shear strains occur at the locations 3 and 4 similar to the
locations 1 and 2 in the axial strain distribution. The distributions of the
axial displacement over the thickness face of the specimen in Fig. 8(c)
8

are obtained from 2D DIC. Fig. 8(d) depicts the final failure of the UD-
layup specimen. In this figure, the adhesive layer got disbonded at the
overlap edge and the damage propagated along the bond line before
complete separation. Clearly, the damage gets initiated at the high
strain concentration zones at the overlap region, and then propagates
through/along the adhesive layer.

6.1.2. Single scarf joint quasi-isotropic layup
The above experiments are repeated for the single scarf joint made

of the quasi-isotropic adherend and the load-displacement curves are
depicted in Fig. 9. The observations seen here are very similar to those
seen for UD-layup. Linear elastic behavior is noted until the ultimate
load is followed by a sudden drop due to the disbonding of the adhesive
layer. It is observed that the slope of the load–displacement curves
is the same for all the specimens. Fig. 10 shows the contour plots
of the longitudinal strain over the thickness face of the single scarf
joint quasi-layup specimen obtained from the DIC experiment taken
at a load of 6.43 kN. This value is chosen as the peak load for the
linear elastic response of the adhesively bonded single scarf joints. It is
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Fig. 7. Experimental load–displacement curve obtained for the single scarf joined CFRP
D-layup sequence [0]16.

bserved that the peak strains along the axial directions are shown at
he locations 5 and 6 as illustrated in Fig. 10(a). This indicates a higher
train concentration at the overlap edge of the specimen. Higher shear
train magnitude is also seen at the locations 7 and 8 (at 0◦ plies) along
he bond line.

Fig. 10(c) shows the failed single scarf joined quasi-layup specimen
long the bond line.

.2. Finite element analysis

In this work, some results are presented for the mechanical behavior
f adhesive joints as obtained from the FE study. The contour plot of
xial strain (𝜖𝑥𝑥) distribution over the adhesive layer of the single scarf
oined UD and the quasi-layup specimen is depicted in Fig. 11. It is
bserved that the magnitude of axial strain is higher at the overlap
dge, while nearly constant over the mid-region in the case of the single
carf joined UD-layup specimen as seen in Fig. 11(a). In contrast to this,
he axial strain over the adhesive layer in the case of quasi-isotropic
dherends varies along the bond length. This is attributed to the varying
tiffness of the lamina bonded to the adhesive layer along the thickness
f the quasi-isotropic laminate.

Fig. 12 depicts the contour plots of shear strain (𝜖𝑥𝑧) distributions
n the adhesive layer of the single scarf joined UD and quasi-isotropic
aminates. The peak strain occurs at the overlap edge of the joint for
oth UD and quasi-layup specimens. The shear strain is approximately
onstant at the mid-section of the adhesive bond line in the case of
D-layup specimen but varies in the case of quasi-layup specimen
ecause of different stacking sequences across the thickness as depicted
n Fig. 12(b).

.3. Analytical results

Before employing the finite difference-based model for further stud-
es on the mechanical behavior of adhesive scarf joints, a convergence
tudy is conducted to zero in on the number of grid points. The 1D
odel is divided into a number of grid points and the displacement

long the axial and transverse directions is evaluated at each grid point
or the single scarf joined UD and quasi-isotropic layup case.

.3.1. Convergence study
The load–displacement curves corresponding to different choices for

he number of grid points are provided in Fig. 13. This is essential to
9

nsure convergence of numerical results following the finite difference
scheme employed here. Note that this study is important in the presence
of a very sharp corner at the overlap edges of the joints, as seen in the
case of scarf joint configuration. From the figure, it is noted that the
load–displacement curves sufficiently converged at 50 grid points for
both UD and quasi-layups. Further, the numerical results for 100, 300,
and 500 grid points are also provided there to justify the convergence.
The convergence of the axial strain distributions along a normalized
bond length for the single scarf joined UD and quasi-isotropic laminates
are depicted in Fig. 14. The structural level response, like the load–
displacement curve, got converged at 50 grid points, while the strain
distribution along the bond length is at 300 grid points. Therefore, the
300 grid points are chosen for the subsequent studies based on the finite
difference solver for the analytical model.

The shear stress distributions obtained along the normalized coor-
dinates in the adhesive layer of the single scarf joint configuration are
plotted for both UD and quasi-layup specimens and it got converged in
300 grid points is depicted in Fig. 15.

6.3.2. Validation
In this section, validation of the proposed analytical model with

experimental and FE results is carried out for the single scarf joint
configuration. Note that the model developed here is a 1D reduced-
order model representing a heterogeneous 3D structure. Therefore, one
can compare the structural level response between the 1D and 3D
models in order to establish the efficiency of the analytical model.
Further, a comparison of the strain and stress distribution across the
domain is also carried out. This is to establish a qualitative comparison
of the field distributions, but one can expect a quantitative difference
between 1D and 3D results. Because the data extracted from DIC and
FE shows a minor difference due to different choices for the selection
of the exact location of the representative line for the numerical results
when compared to the analytical model. Since the analytical model is
a 1D line, one has a single choice for the line path. This difference is
greater for quasi-isotropic adherends exhibiting greater heterogeneity
across the thickness. The load–displacement curves for the single scarf
joined CFRP UD and quasi-isotropic laminates are obtained from the
analytical model and then compared with the experimental and FE
results for each of the cases in Fig. 16. Clearly, the results present
an excellent agreement. This validates the analytical model developed
here for the adhesively bonded single scarf joint and also the numerical
method employed for its solution.

Fig. 17 depicts the shear strain distributions obtained along the
normalized coordinates for the single scarf joined UD and quasi-layup
configuration obtained from the analytical model and further, the result
is compared with DIC and FE predictions. It is observed that the
magnitude of shear strain is greater near the overlap edge of the joint
while being nearly constant over the mid-section of the normalized
coordinates in the case of UD-layup. This is in very good agreement
with a similar observation noted previously from FEM in Fig. 12. The
shear strain varies along the normalized coordinates due to different
stacking sequences in the CFRP quasi-layup specimen. This observation
is in also demonstrated by the analytical model and agrees with the
results in Ref. [52].

The strain component normal to the adhesive bond line is referred
to as the peel strain. A schematic illustration of the line is depicted
in Fig. 18(c). The peel strain distribution along the normalized coor-
dinates for the single scarf joined UD and quasi-layup specimens are
obtained from the analytical model and then compared with DIC and
FE predictions in Fig. 18. There is a good agreement between analytical
and FE/experimental predictions.

Fig. 19 depicts the axial strain distribution of the left adherend
obtained along the normalized bond length for the single scarf joined
CFRP UD and quasi-layups as predicted by the analytical model, and
later compared with predictions from DIC, and FE model. It is observed
that axial shear strain concentration is greater at the overlap edges

and is approximately constant at the mid-section of the bond length
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Fig. 8. Strain distributions over the thickness face of the specimen for the single scarf joint UD-layup configuration obtained using 2D DIC technique at 8.3 kN load: (a) axial
strain, (b) shear strain, (c) axial displacement distribution, and (d) failure along the bond line.
Fig. 9. Experimental load–displacement curve for the single scarf joined CFRP
quasi-layup sequence [45∕ − 45∕0∕90]2𝑠.

for UD and varies slowly across the lamina in the case of quasi-layup
specimens. This result emphasizes the qualitative agreement between
the analytical model prediction with the experimental and numerical
studies. As mentioned earlier, this difference is expected since the
analytical model is a 1D where one has to consider a single line path.
While the results provided above are for a left adherend (𝐿𝐴), a similar
observation may be drawn for right adherend (𝑅𝐴), and the results here
are not presented for the sake of brevity. The results obtained from
the analytical model for the single scarf joined UD-layup are good in
agreement with the literature [48].

6.4. Parametric studies

In this section, parametric studies are conducted to deduce the in-
fluence of different geometric and material properties of the adhesively
10
bonded joint over its mechanical behavior. The results are taken from
the proposed analytical model.

6.4.1. Effect of scarf angle
The load–displacement curves predicted for different scarf angles

both for the single scarf joined UD and quasi-layups are depicted in
Fig. 20. It is observed that the stiffness of the adhesively bonded
single scarf joint increases with increasing scarf angles. These results
are in good agreement with the literature [21,22]. The stiffness is
greater for larger scarf angles in both single scarf-joined UD and quasi-
isotropic laminates. In the plot, the healthy structure is defined as a
solid laminate without joints.

The normal stress distribution obtained along the normalized bond
length for the left adherend of the single scarf joined UD and quasi-
layup specimens predicted for different scarf angles are shown in
Fig. 21. It is observed that the normal stress increases with scarf angle
for both UD and quasi-isotropic laminates. This implies that a higher
stress concentration at the overlap edges develops with increasing scarf
angles, making it susceptible to adhesive layer disbond initiation at
these regions.

Fig. 22 depicts the shear stress distribution obtained along the
normalized coordinates over the adhesive in the case of the single scarf
joined UD and quasi-layups having different scarf angles. The shear
stress near the overlap edges of the joint is greater for a larger scarf
angle. The predictions are in good agreement with the literature [20].
The adhesive disbond may initiate firstly at the overlap edges for a
larger scarf angle configuration.

The peel stress distribution obtained along the normalized coordi-
nates over the adhesive layer for adhesively bonded single scarf joints
for different scarf angles is depicted in Fig. 23. It is observed that the
peel stress increases with scarf angle making them more susceptible to
failure. This is in good agreement with the literature [20,29,29,31]. The
increasing shear stress magnitude for larger scarf angles could be one of
the reasons for cohesive shear failure as observed in the experimental
study [32,38].
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Fig. 10. Strain distributions over the thickness face of the specimen for the single scarf joint quasi-layup obtained from DIC at 6.43 kN load: (a) axial strain, (b) shear strain, and
(c) final failure.
Fig. 11. Axial strain (𝜖𝑥𝑥) contour plots in the adhesive layer of the single scarf joint specimen: (a) UD-layup and (b) quasi-layup.
6.4.2. Effect of adhesive thickness
Adhesive thickness is one of the design parameters that influence

the strength and stiffness of the joints. The load–displacement curves
of the adhesively bonded single scarf joined UD and quasi-isotropic
laminates are compared for different values of adhesive thickness as
shown in Fig. 24. It is observed that the stiffness decreases with an
increase in the thickness of the adhesive. This is due to the reduction of
the overlap length for both UD and quasi-isotropic laminates as shown
in Fig. 24. The stiffness is greater for the healthy structure as compared
to the single scarf bonded UD and quasi-isotropic laminates.

Fig. 25 depicts the normal stress distribution obtained along the
normalized bond length of the adhesively bonded single scarf joined
UD and quasi-isotropic laminates for different adhesive thicknesses. It
11
is observed that the normal stresses are high at the overlap edges for
the thick adhesive case in both UD and quasi-isotropic laminates.

Fig. 26 depicts the peel and shear stress distribution along the
adhesive layer obtained in terms of the normalized coordinates for the
single scarf quasi-isotropic laminate. It is observed that the peel and
shear stress levels are greater for thin adhesive layer configurations.

6.4.3. Effect of adhesive modulus
The load–displacement curves of the single scarf joined UD and

quasi-isotropic laminates obtained for different values of adhesive mod-
ulus are depicted in Fig. 27. It is seen that the joint stiffness increases
with adhesive modulus for both UD and quasi-isotropic laminates. The
healthy structure is higher stiffness as compared to both the single
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Fig. 12. Shear strain (𝜖𝑥𝑧) contour plots over the adhesive layer of the single scarf joint specimen: (a) UD-layup and (b) quasi-layup.

Fig. 13. Convergence study based on the structural level response for the single scarf joint specimen: (a) UD-layup and (b) quasi-layup.

Fig. 14. Convergence study based on the axial strain distribution obtained along the normalized bond length in left adherend of the single scarf joint configuration: (a) UD-layup
and (b) quasi-layup.
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Fig. 15. Convergence study based on the shear stress distribution obtained along the normalized coordinates in the adhesive layer of the single scarf joint configuration: (a)
UD-layup and (b) quasi-layup.
Fig. 16. Load–displacement curves for the single scarf joint configuration: (a) UD-layup and (b) quasi-layup.
Fig. 17. Shear strain distributions obtained along the normalized coordinates over the adhesive bond in case of a single scarf joint configuration: (a) UD-layup, (b) quasi-layup,
and (c) adhesive bondline is depicted by 𝑎 − 𝑎′ in the schematic.
scarf joined UD and quasi-isotropic laminates having different adhesive
modulus.

Fig. 28 depicts the normal stress distribution obtained along the nor-
malized bond length of the single scarf joined UD and quasi-isotropic
laminates predicted for different adhesive moduli. It is observed that
the normal stress gets reduced (mildly) with increased adhesive modu-
lus for both UD and quasi-isotropic laminates. Overall, as expected the
normal stresses in the adherend are relatively insensitive to changes in
the elastic modulus of the adhesive.
13
This observation is expected as the adherends are the load-carrying
member in the joint, while adhesive acts the load transfer element be-
tween the adherends. Therefore, any change in the modulus of adhesive
does not strongly influence the stress distribution in the adherends.

The peel and shear stress distribution obtained along the normalized
coordinates predicted for the different adhesive modulus cases of the
adhesively bonded single scarf joined quasi-isotropic laminates are
shown in Fig. 29. It is seen that the peel and shear stress magnitude
are greater for the higher modulus adhesive case.
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Fig. 18. Peel strain distribution obtained along the normalized coordinates over the adhesive bond in case of a single scarf joint configuration: (a) UD-layup, (b) quasi-layup, and
(c) adhesive bondline is depicted by 𝑎 − 𝑎′ in the schematic.
Fig. 19. Axial strain distribution obtained along the normalized bond length over the left adherend (𝐿𝐴) of the single scarf joint configuration: (a) UD-layup, (b) quasi-layup, and
(c) location of bond length for the left adherend (𝑐 − 𝑐′).
Fig. 20. Load–displacement curves predicted by the analytical model for the single scarf joint configuration: (a) UD-layup and (b) quasi-layup.
From the above results obtained over a parametric study on the
effect of adhesive elastic moduli, one could observe that
(i) stiffness of the joint increased
(ii) higher stresses are noted in the adhesive making the joint suscepti-
ble to disbond with increasing elastic moduli of adhesive.

Therefore, the choice for the elastic modulus of the adhesive must
be appropriately chosen depending on the design needs.
14
7. Conclusions

In the present work, the mechanical behavior of an adhesively-
bonded single scarf joined CFRP UD and quasi-isotropic laminates
under tensile loading are studied. The stacking sequence considered
in this work is [0]16 for the UD-layup and [45∕ − 45∕0∕90]2𝑠 for the
quasi-layup. Load–displacement curves are obtained from the analytical
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Fig. 21. Normal stress distribution obtained along the normalized bond length over the left adherend of the single scarf joint configuration predicted for different scarf angles:
(a) UD-layup and (b) quasi-layup.
Fig. 22. Shear stress distribution obtained along the normalized coordinates over the adhesive layer in case of single scarf joint configuration predicted for different scarf angles:
(a) UD-layup and (b) quasi-layup.
Fig. 23. Peel stress distribution obtained along the adhesive layer in case of single scarf joint configuration predicted for different scarf angles: (a) UD-layup and (b) quasi-layup.
ormulation which is then validated with the experimental and FE
redictions. The results obtained from the analytical model are in very
ood agreement with the experimental predictions at a structural level.
15
Further, a detailed parametric study is also carried out involving adhe-
sive thickness, adhesive modulus, and scarf angle on their mechanical
behavior. The following are the important take always:
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Fig. 24. Load–displacement curves for the single scarf joint specimen predicted for different adhesive thickness: (a) UD-layup (ℎ∗
3 = 0.48 mm) and (b) quasi-layup (ℎ∗

3 = 0.46 mm).
Fig. 25. Normal stress distribution obtained along the normalized bond length over the left adherend of the single scarf joint configuration predicted for different adhesive
thickness: (a) UD-layup (ℎ∗

3 = 0.48 mm) and (b) quasi-layup (ℎ∗
3 = 0.46 mm).
Fig. 26. Stress distribution obtained along the normalized coordinates over the adhesive layer of the single scarf joined quasi-layup configuration predicted for different adhesive
thickness (ℎ∗

3 = 0.46 mm) (a) peel stress and (b) shear stress.
• From the analytical model, one could observe that the strain
concentrations are higher at the overlap edge of the specimen for
both single scarf UD and quasi-isotropic laminates. This has been
confirmed by the experimental DIC contour plots as well. This
points to the overlap edges being a probable location for failure
of the adhesive joints.

• Higher magnitude of shear strain is seen in the 0◦ ply portion,
while it is lower in the 90◦ and 45◦ plies along the adhesive bond
16
line of the single scarf joint quasi-layup. This points to a possible
disbond of the adhesive at 0◦ ply portion.

• The scarf angle has a strong influence on peel and shear stress
magnitude along the bond line, as well as the stiffness of the
adhesive joint. It is concluded that an appropriate choice for
scarf angle must be made to balance between the stiffness of the
adhesive joint and stress concentrations within the adhesive layer
at the overlap edges.
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Fig. 27. Load–displacement curves for the single scarf joint specimen predicted for different adhesive modulus (𝐸∗
3 = 1.68 GPa): (a) UD-layup and (b) quasi-layup.
Fig. 28. Normal stress distribution obtained along the normalized bond length in the left adherend of the single scarf joint configuration predicted for different adhesive modulus
(𝐸∗

3 = 1.68 GPa): (a) UD-layup and (b) quasi-layup.
Fig. 29. Peel and shear stress distribution obtained along the normalized coordinates over the adhesive layer of the single scarf joined quasi-layup specimen predicted for different
adhesive modulus (𝐸∗

3 = 1.68 GPa).
• The joint stiffness decreases with increasing adhesive thickness,
while the peel and shear stress magnitude increases with adhesive
thickness for the single scarf joined quasi-isotropic laminates.
This points to an optimal choice of the thickness for adhesive
to balance the stiffness of the adhesive joints with appropriate
stresses within the adhesive layer.
17
• Higher modulus of adhesive provides stiffer joints, but it also
introduces higher peel and shear stresses in the case of a sin-
gle scarf joined quasi-layup specimen.This points to an optimal
choice of the modulus of the adhesive to balance the stiffness of
the adhesive joints with appropriate stresses within the adhesive
layer.
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The analytical model developed here is quite accurate and correlates
closely with the experimental and FE predictions on the global re-
sponse. In the later studies, this analytical model will be expanded to
predict other joint configurations like a double scarf and stepped-lap
joints. Further, the analytical model will be expanded to include non-
linear effects caused via damage accumulation within the adhesively
bonded joint.
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Appendix. Governing equations using equilibrium approach

Previously, in Section 2, one has developed the GDEs for the ad-
hesively bonded single scarf joint following an energy-based approach.
In this section, GDEs following the force equilibrium approach is also
developed following the approach given in Ref. [49]. Thereby, one can
establish the equivalence of these two approaches for modeling the
mechanical behavior of adhesively bonded single scarf joints. Note that
this derivation is carried out for an isotropic/UD adherend, as done
previously in Ref. [38]. The energy approach allows a straightforward
extension to quasi-isotropic adherends as seen in § 2.2. In order to de-
rive the governing equations, one must consider the free-body diagram
of a representative element. Note that, the domain of the scarf joint is
of interest in this study. Therefore, the governing differential equations
are derived over this domain alone. More clearly, one can recast the
𝑥-axis such that 𝑥 = 0 coincides with the left end of the joint and
𝑥 = ℎ∕ tan 𝜃 is the right end. Although the external loads are applied
at the end of the adherends, these loads are transferred to the domain
of interest in an appropriate manner.

Fig. A.1 shows an element of the length of d𝑥 comprising the
dhesive layer, and both adherends. The free-body diagram of each
f the constituents within the element for the left adherend, right
dherend, and adhesive are depicted in Fig. A.2.

Resolving forces due to oblique stresses along the 𝑥−𝑧 direction and
hen applying the force equilibrium along the 𝑥-axis and 𝑧-axis gives the
ollowing equilibrium equations:
(

𝜎𝑥 +
d𝜎𝑥
d𝑥

)(

1 +
d1
d𝑥

)

− 𝜎𝑥1 + (𝜎 sin 𝜃 + 𝜏 cos 𝜃)𝑠 = 0 (A.1a)

(

𝜏𝑥𝑧 +
𝑑𝜏𝑥𝑧

)(

1 +
𝑑1

)

− 𝜏𝑥𝑧1 + (𝜎 cos 𝜃 − 𝜏 sin 𝜃)𝑠 = 0 (A.1b)
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d𝑥 d𝑥
(

𝜎′𝑥 +
𝑑𝜎′𝑥
d𝑥

)(

2 +
𝑑1
d𝑥

)

− 𝜎′𝑥2 − (𝜎 sin 𝜃 + 𝜏 cos 𝜃)𝑠 = 0 (A.1c)

(

𝜏′𝑥𝑧 +
𝑑𝜏′𝑥𝑧
d𝑥

)(

2 +
𝑑𝐴2
d𝑥

)

− 𝜏′𝑥𝑧2 − (𝜎 cos 𝜃 − 𝜏 sin 𝜃)𝑠 = 0 (A.1d)

n the above equations, 𝜎𝑥, and 𝜎′𝑥 are the normal stress in the left and
ight adherends, 𝜏𝑥𝑧, and 𝜏′𝑥𝑧 are the shear stress in the left and right
dherends, 1, and 2 are the cross-sectional areas of the left and right
dherends, 𝜎, and 𝜏 are the normal and shear stress in the adhesive
ayer, 𝑠 is the shear area of the adhesive layer. The expressions
or these stresses are identical to those given in Section 2. Note that
he unit width of the specimen is considered in this formulation. The
DE obtained for the left adherend along the axial direction can be
xpressed as:

(ℎ − 𝑥 tan 𝜃)
d2𝑢1
d𝑥2

+ (−𝐸 tan 𝜃)
d𝑢1
d𝑥

+
(

𝐸3
ℎ3

sin 𝜃 tan 𝜃 +
𝐺3
ℎ3

cos 𝜃
)

𝛥𝑢

+
(

−
𝐸3
ℎ3

sin 𝜃 +
𝐺3
ℎ3

sin 𝜃
)

𝛥𝑤 = 0 (A.2a)

Here, 𝐸 is the elastic modulus and 𝜃 is the scarf angle respectively.
imilarly, the GDE obtained for the left adherend along the transverse
irection can be expressed as:

(ℎ − 𝑥 tan 𝜃)
d2𝑤1

d𝑥2
+ (−𝐺 tan 𝜃)

d𝑤1
d𝑥

+
(

𝐸3
ℎ3

sin 𝜃 −
𝐺3
ℎ3

sin 𝜃
)

𝛥𝑢

+
(

−
𝐸3
ℎ3

sin 𝜃 −
𝐺3
ℎ3

sin 𝜃 tan 𝜃
)

𝛥𝑤 = 0 (A.2b)

In a similar manner, the GDEs for the right adherends along axial and
transverse directions can be expressed as:

𝐸(𝑥 tan 𝜃)
d2𝑢2
d𝑥2

+ (𝐸 tan 𝜃)
d𝑢2
d𝑥

+
(

−
𝐸3
ℎ3

sin 𝜃 tan 𝜃 −
𝐺3
ℎ3

cos 𝜃
)

𝛥𝑢

+
(

𝐸3
ℎ3

sin 𝜃 −
𝐺3
ℎ3

sin 𝜃
)

𝛥𝑤 = 0 (A.2c)

(𝑥 tan 𝜃)
d2𝑤2

d𝑥2
+ (𝐺 tan 𝜃)

d𝑤2
d𝑥

+
(

−
𝐸3
ℎ3

sin 𝜃 +
𝐺3
ℎ3

sin 𝜃
)

𝛥𝑢

+
(

𝐸3
ℎ3

cos 𝜃 +
𝐺3
ℎ3

sin 𝜃 tan 𝜃
)

𝛥𝑤 = 0 (A.2d)

he above equations can be recast as:

1
d2𝑢1
d𝑥

+ 𝑏1
d𝑢1
d𝑥

+ 𝑐1𝛥𝑢 + 𝑑1𝛥𝑤 = 0 (A.3a)

𝑎2
d2𝑤1
d𝑥

+ 𝑏2
d𝑤1
d𝑥

+ 𝑐2𝛥𝑢 + 𝑑2𝛥𝑤 = 0 (A.3b)

𝑎3
d2𝑢2
d𝑥

+ 𝑏3
d𝑢2
d𝑥

+ 𝑐3𝛥𝑢 + 𝑑3𝛥𝑤 = 0 (A.3c)

𝑎4
d2𝑤2
d𝑥

+ 𝑏3
d𝑤2
d𝑥

+ 𝑐4𝛥𝑢 + 𝑑4𝛥𝑤 = 0 (A.3d)

here,

1 = 𝐸(ℎ−𝑥 tan 𝜃), 𝑏1 = −𝐸 tan 𝜃, 𝑐1 =
(

𝐸3
ℎ3

)

sin 𝜃 tan 𝜃+
(

𝐺3
ℎ3

)

cos 𝜃,

𝑑1 = −
(

𝐸3
ℎ3

)

sin 𝜃 +
(

𝐺3
ℎ3

)

sin 𝜃, 𝑎2 = 𝐺(ℎ− 𝑥 tan 𝜃), 𝑏2 = −𝐺 tan 𝜃,

𝑐2 =
(

𝐸3
ℎ3

)

sin 𝜃 −
(

𝐺3
ℎ3

)

sin 𝜃, 𝑑2 = −
(

𝐸3
ℎ3

)

cos 𝜃 −
(

𝐺3
ℎ3

)

sin 𝜃 tan 𝜃,

𝑎3 = 𝐸(𝑥 tan 𝜃), 𝑏3 = −𝑏1, 𝑐3 = −𝑐1, 𝑑3 = −𝑑1, 𝑎4 = 𝐺(𝑥 tan 𝜃),

4 = −𝑏2, 𝑐4 = −
(

𝐸3
ℎ3

)

sin 𝜃 +
(

𝐺3
ℎ3

)

sin 𝜃, 𝑑4 = −𝑑2

Note that the above equations are coupled linear ordinary differential
equations (ODEs) subjected to the following boundary conditions:

𝑢 (0) = 0, 𝑤 (0) = 0, 𝑢 (0) = 0, 𝑤 (0) = 0 (A.4a)
1 1 2 2
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Fig. A.1. Schematic of the element of the single scarf joint which includes adhesive layer, left and right adherends.
Fig. A.2. Free body diagram of the single scarf joint: (a) left adherend, (b) right adherend, and (c) adhesive layer.
𝑢1(𝐿𝑠) = 𝑢𝑥, 𝑤1(𝐿𝑠) = 0, 𝑢2(𝐿𝑠) = 𝑢𝑥, 𝑤2(𝐿𝑠) = 0 (A.4b)

Note that the above equations correspond to adhesively bonded
single scarf joint with UD adherends. These GDEs are identical to those
given in Eq. (25) derived for quasi-isotropic adherends considering
appropriate material properties.
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