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D-SEQUENCE EDGE BINOMIALS, AND REGULARITY OF POWERS OF

BINOMIAL EDGE IDEALS OF TREES

MARIE AMALORE NAMBI AND NEERAJ KUMAR

Abstract. We provide the necessary and sufficient conditions for the edge-binomials of the tree

forming a d-sequence in terms of the degree sequence notion of a graph. We study the regularity of

powers of the binomial edge ideals of trees generated by d-sequence edge binomials.

1. Introduction

Let S = k[x1, . . . , xn, y1, . . . , yn] be a polynomial ring over a field k. Let G be a finite simple

graph on [n] vertices. Given an edge {i, j} in G, associate a polynomial fij = xiyj − xjyi in S. We

call fij an edge binomial . Denote by JG ⊂ S the binomial edge ideal generated by edge binomials.

The binomial edge ideal naturally arises in commutative algebra, algebraic geometry, and sta-

tistics. For instance, Herzog et al. noticed that the binomial edge ideal appears in the study of

conditional independence ideals suitable to investigate robustness theory in the context of algebraic

statistics (cf. [7]). The notion of binomial edge ideal associated with a finite simple graph was coined

by Herzog et al. in [7] and independently by Ohtani in [18]. There is a one-to-one correspondence

between the binomial edge ideal of a finite simple graph and set of 2-minors of 2 × n matrix of

indeterminates. Diaconis, Eisenbud, and Sturmfels studied the ideal generated by all the adjacent

2-minors of a 2×n generic matrix (cf. [3]). One can see that the binomial edge ideal of path graphs

coincides with the ideal of adjacent minors of a 2 × n matrix of indeterminates. In [3] the authors

also studied corner minors of a 2 × n matrix of indeterminates which coincides with the binomial

edge ideal of star graphs. If G is a complete graph, then S/JG can be visualized as a Segre variety

given by the image of Segre product P1 × P
n−1 of projective spaces.

In [23], Villarreal proved that edge ideals are of linear type if and only if the graph is a tree or

has a unique cycle of odd length. The binomial edge ideal of paths (ideal of adjacent minors) is

generated by regular sequences (cf. [5, 19]). The binomial edge ideal of star graphs (ideal of corner

minors) is generated by d-sequence (cf. [12]). Since complete intersection ideal =⇒ d-sequence

ideal =⇒ ideal of linear type (cf. [8]), the binomial edge ideal of paths and star graphs are of linear

type. It is natural to ask for combinatorial characterization of linear type binomial edge ideals. Note

that there is a strict inclusion among the family of ideals, that is, almost complete intersection ideal

=⇒ d-sequence ideal =⇒ ideal of linear type (cf. [8, 10], [9, p. 341]).

The notion of d-sequence was introduced by Huneke in [8] (see Definition 2.1). An ideal is said

to be generated by d-sequence if there is a generating set that forms a d-sequence. In an attempt to

find linear type binomial edge ideals, Jayanthan et al. in [12] characterized graphs whose binomial

edge ideals are almost complete intersection ideals, a subfamily of linear type ideals. They proposed

the following.
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Conjecture 1.1. [12, Conjecture 4.17] If the given graph is a tree or a unicyclic graph, then the

binomial edge ideal is of linear type.

In [15], Kumar characterized linear type binomial edge ideal for closed graphs, namely JG is of

linear type if and only if G is a K4-free graph. In this article, we classify all trees (in terms of degree

sequence) whose edge binomials form a d-sequence. Our first main result is the following.

Theorem 1.1. Let G be a tree on vertices x1, . . . , xn. Let S = k[x1, . . . , xn, y1, . . . , yn] be a polyno-

mial ring. Then the edge binomials of G form a d-sequence in S if and only if G has degree sequences

of the following form:

(i) (1, 1);

(ii) (m, 2, . . . , 1) or (m, 1, . . . , 1), where 2 ≤ m < n;

(iii) (m, 3, 2, . . . , 1) or (m, 3, 1, . . . , 1) such that the vertex of degree m and 3 are adjacent in G

with 3 ≤ m < n.

Moreover, the binomial edge ideal JG is of linear type.

The above theorem is significant for at least two reasons: Firstly, it provides a positive answer to

a Conjecture 1.1 to some extent; secondly, the d-sequence notion plays a vital role in studying the

regularity of powers of an ideal.

The second part of this article is dedicated to applying d-sequence theory to study the Castelnuovo-

Mumford regularity of the binomial edge ideals and their powers. Several authors have studied the

regularity of the binomial edge ideal of various classes (see, [6, 13, 15, 16, 20, 21, 24] for a partial list).

Several researchers have explored the regularity of the product of monomial ideals (for instance, see

[1] and the reference of this paper). As part of a technical step, we obtained the regularity of the

product of binomial edge ideals of disjoint union of paths and a complete graph in Theorem 4.1. The

study of regularity and its combinatorial interpretation for the index of stability is a central research

topic in combinatorial commutative algebra. It is well known that the regularity of powers of any

homogeneous ideal is a linear function, see [2, 14]. It is also known that if an ideal is generated by a

d-sequence of t forms of the same degree r, then for all s ≥ t+ 1, reg(Is) = (s− t− 1)r + reg(It+1),

in [2]. Thus computing the regularity of Is, where I is generated by a d-sequence and s > 1, boils

down to computing reg(It+1). Moreover, if an ideal I ⊂ S generated by a d-sequence u1, . . . , un,

and set u0 = 0 ∈ S, then one has ((u0, u1, . . . , ui−1) + Is) : ui = ((u0, u1, . . . , ui−1) : ui) + Is−1, for

s ≥ 1 and i = 1, . . . , n (see, [22, Observation 2.4]).

A subset U of V (G) is said to be clique if G[U ] is a complete graph. A vertex v of G is said

to be a free vertex in G if v is contained in only one maximal clique. A vertex of G is called an

internal vertex if it is not a free vertex of G. Given a tree whose edge binomials form a d-sequence,

we express the regularity of Js
G in terms of s and the number of internal vertices of G. The second

main result is below.

Theorem 1.2. Let G be a tree on vertices x1, . . . , xn. Let S = k[x1, . . . , xn, y1, . . . , yn] be a poly-

nomial ring and let JG be the binomial edge ideal. Let i(G) denote the number of internal vertices

of G.

(i) If G has a degree sequence (m, 2, . . . , 1) or (m, 1, . . . , 1), then regS/Js
G = 2s + i(G) − 1, for

all s ≥ 1, and m ≥ 2.

(ii) If G has a degree sequence (m, 3, 2, . . . , 1) or (m, 3, 1, . . . , 1) such that the vertex of degree

m and 3 are adjacent in G, then regS/Js
G = 2s+ i(G) − 1, for all s ≥ 1 and m ≥ 3.
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Note that the stability index is one for each case in the above theorem. In the case of binomial

edge ideals, a few results are known in the literature about the reg Js
G for s > 1. To our knowledge,

some results known in this direction are the following. In [11], the authors have computed the

regularity of powers of binomial edge ideals of cycles and star graphs and obtained the bound for

trees and unicycle whose JG is an almost complete intersection ideal. In [22], the authors obtained

the precise bound for the regularity of Js
G for an almost complete intersection ideal. Ene et al.

studied the regularity of Js
G for closed graphs, in [6]. We expect that the techniques developed in

this article will stimulate further research interest among combinatorial commutative algebraists to

study the regularity of powers of the ideal.

This paper is organized as follows. The following section recalls definitions, notations, and known

results. Section 3 characterizes trees, where edge binomials form a d-sequence. In Section 4, we

compute the regularity of the product of binomial edge ideals of a disjoint union of paths and a

complete graph. Section 5 studies the regularity of powers of binomial edge ideals of trees whose

edge binomials form a d-sequence.

Acknowledgement. The first author is financially supported by the University Grant Commission,

India. The second author is partially supported by the Mathematical Research Impact Centric

Support (MATRICS) grant from Science and Engineering Research Board (SERB), India.

2. Preliminaries

Basic notions from graph theory. Let G be a simple graph on the vertex set V (G) = [n] and

edge set E(G). The degree of a vertex v ∈ V (G), denoted by degG(v), is the number of edges

incident to v. A degree sequence of a finite simple graph is a non-increasing sequence of its vertex

degrees. The complete graph on [n] is denoted by Kn. Let Cn (and Pn) denotes the cycle (path)

on [n] vertices respectively. The length of a path or cycle is its number of edges. A graph with

precisely one cycle as a subgraph is called a unicyclic graph. If a connected graph does not contain

a cycle, it is called a tree. A star graph on m+1 vertices, denoted by K1,m, is the graph with vertex

set V (K1,m) = {v} ⊔ {u1, . . . , um} and edge set E(K1,m) = {{v, ui} | 1 ≤ i ≤ m}, and we call the

vertex v the center of K1,m. A vertex v is said to be a pendant vertex if degG(v) = 1. The distance

between two vertices in a connected graph is the shortest length of a path between two vertices.

Definition 2.1. [10, Definition 1.1] Let S be a commutative ring. Set a0 = 0. A sequence of elements

a1, . . . , am in S is said to be a d-sequence if it satisfies the two conditions: a1, . . . , am is a minimal

system of generators of the ideal I = (a1, . . . , am); and ((a0, . . . , ai) : ai+1aj) = ((a0, . . . , ai) : aj) for

all 0 ≤ i ≤ m− 1, and j ≥ i+ 1.

Remark 2.1. There are graphs for which edge binomials do not form a d-sequence, but some other

minimal generating sets of the binomial edge ideal JG form a d-sequence in S. For instance, let

G be a unicyclic graph obtained by attaching a path to each vertex of C3. Then JG is generated

by d-sequence [12, Theorem 4.4]. However, the edge binomials of G do not form a d-sequence [12,

Remark 4.12].

Notation 2.1. Let G be a simple graph on [n]. For an edge e′ in G, G \ e′ is the graph on the

vertex set V (G) and edge set E(G) \ e′. An edge e′ is called a bridge if c(G) < c(G \ e′), where c(G)

is the number of components of G. For a vertex v,

NG(v) = {u ∈ V (G) | {u, v} ∈ E(G)}
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denotes the neighborhood of v in G. Let e = {i, j} /∈ E(G) be an edge in G∪ {e}. Then Ge (cf. [17,

Definition 3.1]) is the graph on vertex set V (G) and edge set

E(Ge) = E(G) ∪ {{k, l} : k, l ∈ NG(i) or k, l ∈ NG(j)} .

We recall some results from the literature relevant to this article. Due to Mohammadi and

Sharifan, the following results describe the colon ideal operation on the binomial edge ideal.

Remark 2.2. [17, Theorem 3.4] Let G be a simple graph. Let e = {i, j} /∈ E(G) be a bridge in

G ∪ {e}. Then JG : fe = JGe .

Remark 2.3. Note that for a simple graphG, if e = {i, j} /∈ E(G) with 1 ≤ degG∪e(i),degG∪e(j) ≤ 2

then Ge = G, since | NG(i) |≤ 1 and | NG(j) |≤ 1.

Lemma 2.1. [22, Observation 2.4] Suppose that u1, . . . , un form a d-sequence in S and I =

(u1, . . . , un) is the ideal in S. Set u0 = 0. Then, one has

((u0, u1, . . . , ui−1) + Is) : ui = ((u0, u1, . . . , ui−1) : ui) + Is−1,

for s ≥ 1 and i = 1, . . . , n.

Definition 2.2. Let S be a standard graded polynomial ring over a field k. Let M be a finitely

generated graded S-module. Let F• be a minimal graded S-free resolution of M :

F• : Fn
φn
−→ Fn−1 −→ · · · −→ F1

φ1
−→ F0 −→ 0.

Here, Fi = ⊕jS(−j)βi,j , where S(−j) denotes the graded free module of rank 1 obtained by shift-

ing the degrees in S by j, and βi,j denotes the (i, j)-th graded Betti number of M over S. The

Castelnuovo-Mumford regularity or simply regularity of M over S, denoted by regS M , is defined as

regS M := max{j − i | βi,j 6= 0}.

For convenience, we shall use regM instead of regS M . We state the following regularity lemma

[4, Corollary 20.19].

Lemma 2.2 (Regularity lemma). Let 0 → M → N → P → 0 be a short exact sequence of finitely

generated graded S-modules. Then the following holds.

(a) regN ≤ max{regM, reg P}. The equality holds if regM 6= regP + 1.

(b) regM ≤ max{regN, reg P + 1}. The equality holds if regN 6= regP .

(c) regP ≤ max{regM − 1, regN}. The equality holds if regM 6= regN .

Remark 2.4. Let G be a new graph obtained by gluing finitely many graphs at free vertices. Let

G = H1 ∪ · · · ∪Hk be a graph satisfying the properties:

(a) For i 6= j, if Hi ∩Hj 6= ∅, then Hi ∩Hj = {vij}, for some vertex vij which is free vertex in

Hi as well as Hj;

(b) For distinct i, j, k,Hi ∩Hj ∩Hk = ∅.

Then regS/JG =
∑k

i=1 regS/JHi
[13, Corollary 3.2].

Remark 2.5. Let G be a finite simple graph and JG be its binomial edge ideal in S.

(a) [20, Theorem 2.1] If G = Kn, then reg(S/JG) = 1, for any n ≥ 3.

(b) [24, Theorem 27] [13, Corollary 3.4] Let i(G) be the number of internal vertices of G. If G has

a degree sequence either (m, 2, . . . , 1) or (m, 1, . . . , 1), then regS/JG = i(G) + 1.
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A graph G is called a block graph if every block of G is a complete graph. A flower graph (cf.

[16, Definition 3.1]) Fh,k(v) is a connected block graph constructed by joining h copies of the cycle

graph C3 and k copies of the bipartite graph K1,3 with a common vertex v, where v is one of the

free vertices of C3 and of K1,3, and cdeg(v) ≥ 3. If G has no flower graphs as induced subgraphs,

then G is called flower-free.

Remark 2.6. [16, Corollary 3.2] Let G be a connected block graph that does not have an isolated

vertex. If G is a flower-free graph, then regS/JG = i(G) + 1, where i(G) is the number of internal

vertices of G.

Remark 2.7. [19, Theorem 1] Let G be a graph. Then JG is a complete intersection if and only if

each component of G is a path.

3. d-sequence edge binomials

This section characterizes trees for which edge binomials form a d-sequence.

The following lemma would describe a characterization for a tree if the corresponding edge bino-

mials of the tree were to form a d-sequence. This characterization will play an important role in

exploring the colon ideal operation of edge binomials in the form of graph deformation.

Lemma 3.1 (Technical Lemma). Let G be a tree on [n+1]. Assume that a1, . . . , an are d-sequence

edge binomials of G, where ak corresponds to an edge {αak , βak} ∈ E(G). Let Ji denote the ideal

generated by (a1, . . . , ai). Let Hi denote the graph associated with a1, . . . , ai.

(a) If Ji : ai+1 = Ji for all i ≥ 1, then edge binomials a1, . . . , an correspond to a path.

(b) If there exists a smallest integer i such that Ji : ai+1 6= Ji, then {αai+1 , βai+1} ∩ {αaj , βaj} 6=

∅, for all j > i + 1. In particular, for all j > i + 1, one has {αai+1} ∩ {αaj , βaj} 6= ∅ or

{βai+1} ∩ {αaj , βaj} 6= ∅. (Intersection property).

Proof. (a) The proof follows from Remark 2.7.

(b) If i = n − 1, then proof follows immediately. Assume that i < n − 1. Since Ji : ai+1 6= Ji,

implies that there exists fkl ∈ Ji : ai+1, where {k, l} ∈ NHi
(αai+1) or {k, l} ∈ NHi

(βai+1), by

Remark 2.2. If {k, l} ∈ NHi
(αai+1) then clearly {k, l} /∈ NHi

(βai+1), otherwise G has a cycle. So one

can further assume that {k, l} ∈ NHi
(αai+1). Suppose there exists an edge binomial aj such that

{αai+1} ∩ {αaj , βaj} = ∅, and {βai+1} ∩ {αaj , βaj} = ∅. We have Ji : ai+1aj = Ji : aj by hypothesis.

This implies that flk ∈ Ji : aj. Since fkl /∈ Ji implies that {k, l} ∈ NHi
(αaj ) or {k, l} ∈ NHi

(βaj ). In

both cases, G has a cycle; this contradicts the fact that G is a tree. For instance if {k, l} ∈ NHi
(αaj )

the edges {αai+1 , k}, {αai+1 , l}, {αaj , k}, {αaj , l} forms a cycle. Thus {αai+1} ∩ {αaj , βaj} 6= ∅ or

{βai+1} ∩ {αaj , βaj} 6= ∅, for all j > i+ 1. Hence the proof is complete. �

Example 3.1. Let G be a tree on [7] with edge set

E(G) = {{1, 2}, {1, 3}, {1, 4}, {i, j}, {i1 , j1}, {i2, j2}}.

Let a1 = f12, a2 = f13, a3 = f14, a4 = fij, a5 = fi1j1 , a6 = fi2j2 be a sequence of edge binomials of

G. One can see that (J2 : a3) 6= J2, since f23 ∈ (J2 : a3). Suppose the sequence a1, a2, a3, a4, a5, a6
form a d-sequence, then the sequence must satisfy the following condition J2 : a3a4 = J2 : a4.

Since a4 is a bridge, we can conclude that either {2, 3} ∈ NH2(i) or {2, 3} ∈ NH2(j). Assume that

{2, 3} ∈ NH2(i).

Case (i). If i = 1 then it is obvious that {1} ∩ {i, j} 6= ∅.
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Case (ii). If i 6= 1 then {1, 2}, {2, i}, {i, 3}, {3, 1} form a cycle in G. That is not possible since G

is a tree. Therefore, we may conclude that {1} ∩ {i, j} 6= ∅.

Notation 3.1. Let Tm denote the class of graphs having degree sequence in either of the forms

(m, 2, . . . , 1) or (m, 1, . . . , 1), where m ≥ 2.

Equivalently, one can describe G ∈ Tm in terms of a vertex set and edge set as below:

V (G) = {k0, p1,1, . . . , p1,s(1)+1, p2,1, . . . , p2,s(2)+1, . . . , pm,1, . . . , pm,s(m)+1}

with s(i) ≥ 0 for all 1 ≤ i ≤ m, and edge set

E(G) = {{k0, pi,1 | i = 1, . . . ,m} ∪
m⋃

i=1

{pi,j, pi,j+1 | j = 1, . . . , s(i)}}.

Let P be an induced subgraph of G on V (G)\k0. We call P as paths of G and the vertex k0 as the

center of G. Let ℓ denote the number of vertices of degree 2 in G. Notice that i(G) =
∑m

i=1 s(i) +1,

for all m ≥ 2.

The degree sequence presentation helps us to visualize the graph and the second description is

helpful for proving results from the notation point of view. For illustration purpose, a graph G1 ∈ T5
having degree sequence (5, 2, 2, 2, 1, 1, 1, 1, 1) is shown in Figure 1.

k0

p1,1

p1,2

p2,1

p2,2

p3,1

p4,1

p4,2

p5,1

Figure 1. The tree G1 with degree sequence (5, 2, 2, 2, 1, 1, 1, 1, 1).

Theorem 3.1. Let G be a Tm graph on [n]. The edge binomials of G form a d-sequence.

Proof. Set d0 = 0 ∈ S. We claim G is generated by the d-sequence d1, . . . , dn−1, where the first

n−m−1 elements are edge binomials of P (edge binomials of paths of G with respect to any order)

and

di = xk0ypi−(n−m−1),1 − xpi−(n−m−1),1yk0 , for n−m− 1 < i ≤ n− 1.

Then for all 0 ≤ i ≤ n−m+ 1, and for all j ≥ i+ 1,

(d0, d1, . . . , di) : di+1dj = ((d0, d1, . . . , di) : di+1) : dj

= (d0, d1, . . . , di),

also

(d0, d1, . . . , di) : dj = (d0, d1, . . . , di),

where the equality follows from Remark 2.3, since the graphs associated to the binomial edge ideal

(d0, d1, . . . , di, di+1) and (d0, d1, . . . , di, dj) are disjoint union of paths. Also for all n −m+ 1 < i ≤

n− 2, and for all j ≥ i+ 1,

(d0, d1, . . . , di) : di+1dj = ((d0, d1, . . . , di) : di+1) : dj

= (d0, d1, . . . , di) + (fkl | {k, l} ∈ N(k0)),
(3.1)
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and moreover,

(3.2) (d0, d1, . . . , di) : dj = (d0, d1, . . . , di) + (fkl | {k, l} ∈ N(k0)),

where the equality in (3.1) and (3.2) follows from Remark 2.2 and Lemma 3.1. Thus, we get

(d0, d1, . . . , di) : di+1dj = (d0, d1, . . . , di) : dj , for all 0 < i ≤ n− 2, and for all j ≥ i+ 1. Therefore,

the edge binomials of G form a d-sequence. �

Corollary 3.1. Let G be a Tm graph on [n]. Then JG is of linear type.

Proof. The proof follows from [8, Theorem 3.1]. �

Notation 3.2. LetHm be a class of trees having a degree sequence in either of the form (m, 3, 2, . . . , 1)

or (m, 3, 1, . . . , 1) such that the vertex of degree m and 3 are adjacent, where m ≥ 3.

Equivalently, one can describe G ∈ Hm in terms of a vertex set and edge set as below:

V (G) = {k0, k1, p1,1, . . . , p1,s(1)+1, p2,1, . . . , p2,s(2)+1, . . . , pm+1,1, . . . , pm+1,s(m+1)+1}

with s(i) ≥ 0 for all 1 ≤ i ≤ m+ 1, and edge set

E(G) ={{k0, pi,1 | i = 1, . . . ,m− 1} ∪ {k0, k1} ∪ {k1, pi,1 | i = m,m+ 1}

m+1⋃

i=1

{pi,j, pi,j+1 | j = 1, . . . , s(i)}}.

For illustration purpose, a graph G2 ∈ H4 having degree sequence (4, 3, 1, 1, 1, 1, 1) is shown in

Figure 2. Notice that i(G) =
∑m+1

i=1 s(i) + 2, for all m ≥ 3.

k0

p1,1
p2,1

p3,1

k1

p5,1 p4,1

Figure 2. The tree G2 with degree sequence (4, 3, 1, 1, 1, 1, 1).

Theorem 3.2. Let G be a Hm graph on [n]. The edge binomials of G form a d-sequence. In

particular, JG is of linear type.

Proof. Consider the following edge binomial sequence d1, . . . , dn−1, where the first n−m−1 elements

are edge binomials of P, where P denotes an induced subgraph of G on V (G) \ k0 (independent of

order),

di = xk0ypi−(n−m−1),1
− xpi−(n−m−1),1

yk0 ,

for n−m− 1 < i ≤ n− 2, and

dn−1 = xk0yk1 − xk1yk0 .

The rest of the proof is similar to the proof of Theorem 3.1. �

We recall a couple of definitions from [22]. A graph G is of T -type graph if G is obtained by

adding an edge between an internal vertex of a path and a pendant vertex of another path. A graph

G is said to be a H-type graph if G is obtained by adding an edge between two internal vertices of

two distinct paths.
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Remark 3.1. The authors in [12, Theorem 4.3.] have characterized trees whose binomial edge

ideals are almost complete intersections. Also, the authors proved that almost complete intersection

binomial edge ideals are generated by a d-sequence. Shen and Zhu [22] classified almost complete

intersection binomial edge ideals into two types of graphs called T -type and H-type. One can see

that the T -type graph is an induced subgraph of Tm graph, and the H-type graphs are an induced

subgraph of Hm graph.

Proposition 3.1. If edge binomials of a tree form a d-sequence, then the tree is either a path P2

or a graph in Tm ∪Hm.

Proof. Let G be tree on [n] such that edge binomials d1, . . . , dn−1 of G form a d-sequence. Let

Hk be a tree associated with edge binomials d1, . . . , dk for k = 1, . . . , n. Suppose there exists the

smallest integer i such that Ji : di+1 6= Ji, then from Remark 2.2 it follows that Hi+1 has a vertex

of degree 3. Let k0 be a vertex of degree 3 in Hi+1. From Remark 2.7 it follows that Hi is a disjoint

union of paths. From Lemma 3.1(b) it follows that edges associated with edge binomials dj for all

i + 2 ≤ j ≤ n − 1, intersect with k0. This implies that degG(k0) = n − i + 1. Set m = n − i + 1.

Since G is a tree, G can be obtained by identifying one free vertex of each path with a free vertex

of K1,m. Now we consider all the possible ways in the following cases:

Case 1. If one free vertex of each path is identified with distinct pendant vertices of K1,m, then G

is isomorphic to a graph in Tm.

Case 2. Let k1 be a pendant vertex of K1,m. Suppose the vertex k1 is identified with two free

vertices of two distinct paths. One free vertex from each path is identified from the remaining paths

with distinct pendant vertices of K1,m \ k1. In that case, G is isomorphic to a graph in Hm.

Case 3. If three (or more) pendant vertices of three (or more) distinct paths are identified with a

pendant vertex of K1,m then it contradicts the choice of the smallest integer i.

Case 4. Let k1 and k2 be two pendant vertices of K1,m. Let dp = fk0k1 and dq = fk0k2 be edge

binomials, where p, q > i. Suppose the vertex k1 is identified with two free vertices of two distinct

paths and k2 is identified with two free vertices of another two distinct paths, then Jp−1 : dpdq 6=

Jp−1 : dq, where p < q, by Remark 2.2. Therefore, in this case, any sequence of edge binomials of G

does not satisfy the d-sequence condition.

If no such i exists, then from Lemma 3.1(a) it follows that G is a path. �

As an immediate consequence, we have the following:

Corollary 3.2. Let G be a tree. If G has at least two vertices with degrees greater than or equal

to 4 or G has at least three vertices with degrees greater than or equal to 3, then any sequence of

edge binomials of G does not form a d-sequence.

Corollary 3.3. Let G be a tree. If there exists u, v ∈ V (G) such that deg(u),deg(v) ≥ 3 and

d(u, v) ≥ 2. Then any sequence of edge binomials of G does not form a d-sequence.

Conclusion. The proof of Theorem 1.1 follows from Theorems 3.1, 3.2 and Proposition 3.1.

4. Regularity of the product of a disjoint union of paths and a complete graph

In this section, we state the regularity of the binomial edge ideals of d-sequence graphs. The

results of this section will be used in Section 5.

Lemma 4.1. Let G be a tree. If G ∈ {Tm,Hm} graph, then regS/JG = i(G) + 1.
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Proof. Observe that any G ∈ {Tm,Hm} is a flower-free block graphs. Thus the result follows from

Remark 2.6. �

Notation 4.1. Let n ≥ 3, and m ≥ 1. Cn,m be a graph on [n+m] such that

V (Cn,m) = {v0, v1, . . . , vn−1, k1, . . . , km},

and edge set

E(Cn,m) = {{vi, vj | 0 ≤ i < j ≤ n− 1}, {v0, ki | 1 ≤ i ≤ m}}.

The C3,2 graph is illustrated in Figure 4.

v0

k1 k2

v1 v2

Figure 3. The graph C3,2.

Lemma 4.2. Let G be a Cn,m graph. Then regS/JG = 2, for any m ≥ 1 and n ≥ 3.

Proof. The proof follows from Remark 2.6. �

Next, we obtain the regularity of the product of binomial edge ideals of the disjoint union of paths

and a complete graph.

Theorem 4.1. Let H = {P ′
1, . . . , P

′
t} be a disjoint union of paths and Km be a complete graph on

[m] such that:

(a) For any i, if Km ∩ P ′
i 6= ∅, then V (Km) ∩ V (P ′

i ) = vi, for some vi which is free vertex in P ′
i ;

(b) V (Km) ∩ V (P ′
i ) ∩ V (P ′

j) = ∅, for all distinct i and j.

Let n be the number of edges in H. Then, for any n ≥ 1 and for any m ≥ 2, we have

reg
S

JHJKm

= 2 + n.

Proof. Let E(H) = {e1, . . . , en} be the edges of the disjoint union of paths. First, we claim

(JHJKm) = (JH) ∩ (JKm). Clearly the inclusion (JHJKm) ⊆ (JH) ∩ (JKm), holds.

For other side inclusion, let x /∈ (JHJKm) and x ∈ JH . Then x =
∑n

i=1 qifei, where qi ∈ S. Now

suppose x ∈ JKm and qj /∈ JKm , where j = 1, . . . , n. Then from [17, Theorem 3.7] it follows that

there exists a path from αj to βj in Km, where {αj , βj} = ej . This is not possible by hypothesis

(a) and (b). Therefore, qj ∈ JKm this implies that x ∈ (JHJKm) which is a contradiction. Similarly,

let x /∈ (JHJKm) and x ∈ JKm . Then x =
∑

ki∈JKm
riki, where ri ∈ S. Now, suppose x ∈ JH and

ri /∈ JH . Then from [17, Theorem 3.7] it follows that there exists a path from αi to βi in H, where

{αi, βi} is an edge associated with an edge binomial ki for any i. This is not possible by hypothesis

(a) and (b). Therefore, ri ∈ JH this implies that x ∈ (JHJKm) which is a contradiction. Hence,

(JHJKm) ⊇ (JH) ∩ (JKm), holds.

Consider the following short exact sequences:

(4.1) 0 −→
S

(JH ∩ JKm)
−→

S

JH
⊕

S

JKm

−→
S

(JH + JKm)
−→ 0.
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From Remark 2.4 and Remark 2.5 it follows that regS/JH = n and regS/JKm = 1. From Remark

2.4 and Remark 2.6 it follows that regS/(JH +JKm) = n+1, since the graph H ∪Km is flower-free.

Applying Lemma 2.2(b) to the short exact sequence (4.1) we get

regS/(JH ∩ JKm) = regS/(JHJKm) = n+ 2.

�

5. Regularity of powers of d-sequence binomial edge ideal

In this section, we obtain precise expressions for the regularity of powers of the binomial edge

ideals of d-sequence graphs.

The authors in [13] computed the regularity of binomial edge ideals of Tm graphs. We now

calculate the regularity of powers of such binomial edge ideals.

Theorem 5.1. Let G be a Tm graph on [n + 1]. Let d1, . . . , dn be a sequence of edge binomials of

G such that d1, . . . , dn forms a d-sequence. Set d0 = 0 ∈ S. Then, for all s ≥ 1, and m ≥ 2, and

i = 0, 1, . . . , n − 1, we have

reg
S

(d1, . . . , di) + Js
G

= 2s+

m∑

j=1

s(j),

where s(j) as defined in Notation 3.1. In particular, regS/Js
G = 2s+

∑m
j=1 s(j), for all s ≥ 1.

The edge binomials of Tm graph form a d-sequence, and we take d1, . . . , dn to be in the same order

as in Theorem 3.1. To complete the proof of Theorem 5.1, we need to prove a couple of lemmata.

Lemma 5.1. Under the assumption in Theorem 5.1, and for any i = 0, 1, . . . , n− 1, we have

reg
S

(d1, . . . , di) + J2
G

= 4 +
m∑

j=1

s(j).

Proof. Consider the following short exact sequence

(5.1) 0 −→
S

(d1, . . . , dn−1) : dn
(−2) −→

S

(d1, . . . , dn−1)
−→

S

(d1, . . . , dn)
−→ 0.

From Remark 2.2, it follows that ideal ((d1, . . . , dn−1) : dn) is binomial edge ideal of graph obtained

by gluingKm and paths at free vertices. Thus from Remark 2.4 it follows that regS/((d1, . . . , dn−1) : dn) =

1+
∑m

j=1 s(j). From Remark 2.5(b) it follows that regS/JG = 2+
∑m

j=1 s(j). Applying Lemma 2.2(a)

to the exact sequence (5.1), yields that

reg
S

(d1, . . . , dn−1)
≤ 2 +

m∑

j=1

s(j).

Now, the proof of the lemma is by descending induction on i. For i = n − 1, Consider the short

exact sequence

(5.2) 0 −→
S

(d1, . . . , dn−1) : d2n
(−4) −→

S

(d1, . . . , dn−1)
−→

S

(d1, . . . , dn−1, d2n)
−→ 0.

Since sequence of edge binomials d1, . . . , dn form a d-sequence, one has (d1, . . . , dn−1) : d2n =

(d1, . . . , dn−1) : dn. As reg
S

(d1,...,dn−1):d2n
(−4) = 5+

∑m
j=1 s(j) > reg S

(d1,...,dn−1)
, it follow from Lemma

2.2(c) that

reg
S

(d1, . . . , dn−1) + J2
G

= reg
S

(d1, . . . , dn−1) + d2n
= 4 +

m∑

j=1

s(j).
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Assume that the assertion holds for j. Consider the short exact sequence

0 −→
S

((d1, . . . , dj−1) + J2
G) : dj

(−2) −→
S

(d1, . . . , dj−1) + J2
G

−→
S

(d1, . . . , dj) + J2
G

−→ 0.

(5.3)

From Lemma 2.1, it follows that ((d1, . . . , dj−1) + J2
G) : dj = ((d1, . . . , dj−1) : dj) + JG. From

Remark 2.2, ((d1, . . . , dj−1) : dj) + JG = JG + (flk | {l, k} ∈ NHi
(αdi+1

) or {l, k} ∈ NHi
(βdi+1

)),

is the binomial edge ideal of graph obtained by gluing Cn,m−n+1 and paths at free vertices, where

n < m. Thus, from Lemma 4.2, and Remark 2.4, it follows that regS/(((d1, . . . , dj−1) : dj) + JG) =

2+
∑m

j=1 s(j). By the induction hypothesis conclude that regS/((d1, . . . , dj) + J2
G) = 4+

∑m
j=1 s(j).

Then by applying Lemma 2.2(a) to (5.3), we get

S

(d1, . . . , dj−1) + J2
G

= 4 +
m∑

j=1

s(j),

as desired. �

Lemma 5.2. Under the assumption in Theorem 5.1, and for all s > 1, we have

reg
S

(d1, . . . , dn−1) + dsn
= 2s+

m∑

j=1

s(j).

Proof. Consider the following short exact sequence of graded modules:

(5.4) 0 −→
S

(d1, . . . , dn−1) : dsn
(−2s) −→

S

(d1, . . . , dn−1)
−→

S

(d1, . . . , dn−1) + dsn
−→ 0.

Since d1, . . . , dn form a d-sequence, one has (d1, . . . , dn−1) : d
s
n = (d1, . . . , dn−1) : dn. From Lemma

5.1, we know the regularity of modules S/((d1, . . . , dn−1) : dn) and S/(d1, . . . , dn−1). Then from

Lemma 2.2(c) it follows that regS/((d1, . . . , dn−1) + dsn) = 2s+
∑m

j=1 s(j). �

Proof of Theorem 5.1. The proof is by induction on s. For s = 1, the statement follows from

Remark 2.5(b). We may assume that the assertion holds for s− 1. The proof for the statement s is

by descending induction on i. For i = n− 1, the statement holds by Lemma 5.2. Next, assume that

the assertion holds for i+ 1. Consider the short exact sequence

0 −→
S

(d1, . . . , di) + Js
G : di+1

(−2) −→
S

(d1, . . . , di) + Js
G

−→
S

(d1, . . . , di+1) + Js
G

−→ 0.

(5.5)

By the induction hypothesis on i that regS/(d1, . . . , di+1) + Js
G = 2s +

∑m
j=1 s(j). By Lemma 2.1

one has ((d1, . . . , di) + Js
G) : di+1 = ((d1, . . . , di) : di+1) + Js−1

G . By Remark 2.2, it follows that

((d1, . . . , di) : di+1) + Js−1
G = (d1, . . . , di) + Js−1

G + (flk | {l, k} ∈ NHi
(αdi+1

) or {l, k} ∈ NHi
(βdi+1

)).

Note that (flk | {l, k} ∈ NHi
(αdi+1

) or {l, k} ∈ NHi
(βdi+1

)) = JKn , for some n < m, by Lemma 3.1.

Set I = (d1, . . . , di) + Js−1
G and J = JKn . Consider the two cases:

Case 1. If ((d1, . . . , di) : di+1) + Js−1
G = I, then from the induction hypothesis on s, it follows

that regS/I = 2(s − 1) +
∑m

j=1 s(j). Now, using Lemma 2.2(a) to the short exact sequence (5.5)

yields

reg
S

(d1, . . . , di) + Js
G

= 2s+

m∑

j=1

s(j).
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Case 2. If ((d1, . . . , di) : di+1) + Js−1
G = I + J , then from the following short exact sequence

(5.6) 0 −→
S

I ∩ J
−→

S

I
⊕

S

J
−→

S

I + J
−→ 0,

one has,

reg
S

I + J
= max{reg

S

I
, reg

S

J
, reg

S

I ∩ J
− 1},

if regS/(I ∩ J) 6= max{regS/I, regS/J}. From the induction hypothesis on s, it follows that

regS/I = 2(s − 1) +
∑m

j=1 s(j). Since J is a complete graph, from Remark 2.5(a) it follows that

regS/J = 1.

Claim 5.1. I ∩ J = J · (xk0 , yk0 , JP), where P denotes the paths of G and k0 denote the center of

G.

For I ∩ J ⊇ J · (xk0 , yk0 , JP ) inclusion, it is enough to show that {flkxk0 , flkyk0} ∈ I for all

flk ∈ J , since JP ⊂ I. For any flk ∈ J we have flk0 = di1 and fkk0 = di2 , for some i1, i2 < i.

This implies that {flk0 , fkk0} ∈ I. Then xlfkk0 − xkflk0 = xk0flk and ylfkk0 − ykflk0 = yk0flk, as

desired. For other side inclusion, for i < n− 1, let H1 be a graph associated to binomials d1, . . . , di,

H2 be a graph associated to binomials di+1, . . . , dn, and H3 be a graph such that E(H3) = {k, l}

where {k, l} ∈ NH1(αdi+1
) or {k, l} ∈ NH1(βdi+1

). Notice that Hr1 ∩Hr2 = ∅ where r1, r2 ∈ {1, 2, 3},

I = JH1 + Js−1
H2

and J = JH3 .

Assume that x /∈ J · (xk0 , yk0 , JP ) and x ∈ J . Thus, x =
∑

gi∈JH3
rigi, where ri ∈ S. Now,

suppose x ∈ I, then ri ∈ I for all i, since (E(H1) ∪ E(H2)) ∩ E(H3) = ∅. Therefore, x ∈ IJ , but

IJ ⊂ J · (xk0 , yk0 , JP ), which is a contradiction. Thus x /∈ I. In particular, x /∈ I ∩ J . Now, assume

that x /∈ J · (xk0 , yk0 , JP ) and x ∈ I. Thus, x =
∑

gi∈JH1
rigi +

∑
hk∈JH2

s−1 tkhk,where ri, tk ∈ S.

Suppose x ∈ J , then ri, tk ∈ J for all i and k, since (E(H1) ∪ E(H2)) ∩ E(H3) = ∅. Therefore,

x ∈ IJ , but IJ ⊂ J · (xk0 , yk0 , JP ), which is a contradiction. Thus x /∈ J .

From Theorem 4.1 it follows that regS/(I ∩ J) = 2+
∑m

j=1 s(j). Then applying regularity lemma

to the short exact sequence (5.6) yields that for all s > 2,

regS/(I + J) = 2(s − 1) +

m∑

j=1

s(j),

i.e.

reg
S

(d1, . . . , di) + Js
G : di+1

= 2(s − 1) +

m∑

j=1

s(j).

Thus from Lemma 2.2(a) we obtain that regS/((d1, . . . , di) + Js
G) = 2s+

∑m
j=1 s(j), for s > 2. And

for s = 2 the statement follows from Lemma 5.1. This completes the proof. �

Remark 5.1. Note that the path graphs and star graphs are Tm graphs, for suitable s(i) and m.

Using Theorem 5.1, we derive the following results.

a) [11, Theorem 3.5] Let G = K1,n be a star graph for n ≥ 3. Then, regS/Js
G = 2s for all s ≥ 1.

b) [11, Observation 3.2] Let G = Pn be a path graph for n ≥ 2. Then, regS/Js
G = 2s+ n− 3 for all

s ≥ 1.

Remark 5.2. Note that T -type graphs discussed in Shen and Zhu [22] are special case of Tm graphs.

Hence we obtain [22, Theorem 4.7] as a particular case of Theorem 5.1.

Now, we focus on the regularity of powers of the binomial edge ideal of Hm graphs.



D-SEQUENCE EDGE BINOMIALS, AND REGULARITY OF POWERS OF BINOMIAL EDGE IDEALS OF TREES13

Theorem 5.2. Let G be a Hm graph on [n+ 1]. Let d1, . . . , dn be a sequence of edge binomials of

G such that d1, . . . , dn forms a d-sequence. Set d0 = 0 ∈ S. Then, for any i = 0, 1, . . . , n − 1, and

for any m ≥ 3, and for all s ≥ 1, we have

reg
S

(d1, . . . , di) + Js
G

= 2s +

m+1∑

j=1

s(j) + 1,

where s(j) as defined in Notation 3.2. In particular, regS/Js
G = 2s+

∑m+1
j=1 s(j) + 1, for all s ≥ 1.

Proof. The proof is by induction on s. For s = 1, the statement follows from Lemma 4.1. We

may assume the statement for s ≥ 2, and the assertion holds for s − 1 (take d1, . . . , dn to be in

the same order as in Theorem 3.2). Now, the proof for the statement s is by descending induction

on i. For i = n − 1 the statement holds by Lemma 5.3. Next, assume that the assertion holds

for i + 1. Consider the short exact sequence (5.5). By induction hypothesis on i it follows that

regS/((d1, . . . , di+1) + Js
G) = 2s+

∑m+1
j=1 s(j)+1. By the similar argument as in Theorem 5.1 we get

((d1, . . . , di) : di+1) + Js−1
G = (d1, . . . , di) + Js−1

G + JKn , for some n < m. Set I = (d1, . . . , di) + Js−1
G

and J = JKn . Consider the two cases:

Case 1. If ((d1, . . . , di) : di+1) + Js−1
G = I, then from induction hypothesis on s it follows that

regS/I = 2(s− 1)+
∑m+1

j=1 s(j)+1. Applying Lemma 2.2(a) to the short exact sequence (5.1) yields

that

reg
S

(d1, . . . , di) + Js
G

= 2s +

m+1∑

j=1

s(j) + 1.

Case 2. If ((d1, . . . , di) : di+1) + Js−1
G = I + J . Consider the short exact sequence (5.6). By

induction hypothesis that regS/I = 2(s − 1) +
∑m+1

j=1 s(j) + 1. Since J is a complete graph, from

Remark 2.5(a) it follows that regS/J = 1.

Claim. I ∩ J = J · (xk0 , yk0 , JP ), where P denotes an induced subgraph of G on V (G) \ k0 and k0
denote the center of G. The proof is similar to the proof of Claim 5.1 in Theorem 5.1. Now, From

Theorem 4.1 we obtain that regS/(I ∩ J) = 2 +
∑m+1

j=1 s(j). Then, from the short exact sequence

(5.6) it follows that regS/(I + J) = 2(s− 1) +
∑m+1

j=1 s(j) + 1, for all s ≥ 2. Thus, applying Lemma

2.2(a) to the short exact sequence (5.1) yields

reg
S

(d1, . . . , di) + Js
G

= 2s +
m+1∑

j=1

s(j) + 1, for s ≥ 2.

�

To complete the proof of the Theorem 5.2, we need to prove the following lemma.

Lemma 5.3. Under the assumption in Theorem 5.2, and for all s ≥ 2, we have

reg
S

(d1, . . . , dn−1) + dsn
= 2s+

m+1∑

j=1

s(j) + 1.

Proof. From Lemma 4.1 it follows that regS/JG = 2 +
∑m+1

j=1 s(j) + 1. By using Theorem 3.2 and

Remark 2.4 one can obtain that regS/(d1, . . . , dn−1) = 2 +
∑m+1

j=1 s(j). The rest of the proof is

similar to the proof of Lemma 5.2. �

Remark 5.3. Note that H-type graphs discussed in [22] is a particular case of graphs we considered

in Theorem 5.2. Hence we obtain [22, Theorem 4.7] as one specific case of Theorem 5.2.
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Conclusion. The proof of Theorem 1.2 follows from Theorems 5.1 and 5.2.

We conclude the article with the following question:

Question 5.1. Classify all finite simple graphs such that their edge binomials form a d-sequence.
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