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A B S T R A C T

The present work reviews different approaches adopted for modeling the geometrical or
centrifugal stiffening of a beam due to rotation about an axis perpendicular to its longitudinal
axis. The longitudinal displacement of the beam consists of three components: the axial
displacement of the neutral axis (elastic extension), displacement associated with rotation of the
plane section and the displacement due to the foreshortening effect. A widely used approach
for modeling the geometrical stiffening is based on the foreshortening effect, which essentially
is the longitudinal shrinkage due to the transverse motion of the beam. This approach uses
nonlinear strain–displacement relations. As a result, the equations of motion and associated
boundary conditions are nonlinear. The geometric stiffening terms in the nonlinear models
are fundamentally a linear/quadratic function of the high-frequency axial elastic deformation.
Various nonlinear models are discussed and summarized based on the different approximations
of the strain–displacement relation. The solution procedure of these nonlinear models is
complicated and computationally expensive due to coupling between high-frequency axial and
low-frequency bending modes. Simplifying the model by direct linearization of the equations
of motion eliminates the geometrical stiffening term resulting in an incorrect model. Different
approaches to include geometrical stiffening terms in the linear model are discussed. One of
the approaches is linearizing the nonlinear terms arising from the coupled axial-transverse
motion around the steady-state axial solutions. The steady-state axial equilibrium equation
can be linear or nonlinear depending on the type of strain measure employed. A comparison
of the solution of these different linear/nonlinear steady-state axial equilibrium equations is
presented. The applicability of these models based on the steady-state axial equations is tested,
and the rotation speed limit within which these models are valid is also discussed. In another
approach, the equations of motion are derived using a time-independent centrifugal force. The
resulting equations are equivalent to those governing the transverse vibrations of beams subject
to an external axial force. Nevertheless, another approach proposed by Kane et al. (1987) uses
stretch as a variable in the formulation instead of the axial displacement. The linear geometrical
stiffening models are discussed in detail. Further, the effects of geometric properties of the
blade, such as taper, twist angle, pre-setting angle and asymmetry in cross-section on the modal
characteristics are brought out. A comparison of the different beam theories used in studying
the dynamics of rotating blades is also presented.
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1. Introduction

A pre-twisted and tapered cantilever beam with an asymmetric cross-section mounted on a rotating hub with some setting angle
nder aerodynamic excitation can be a simple model to study the dynamics of a free-standing rotating blade in helicopters/wind
urbines/ turbomachinery [1]. During the last five decades, numerous authors have published papers on the dynamic analysis of a
otating blade idealized using simplified one-dimensional analytical models based on Euler–Bernoulli and Timoshenko beam theories
ith varying levels of complexity in geometry.

The dynamic features of a rotating blade vary significantly from that of a stationary blade due to the rotation-induced effects such
s Coriolis force and centrifugal force. A rotating blade experiences Coriolis force when the blade is experiencing an axial deformation.
he Coriolis force acts perpendicular to the direction of the axial deformation and the axis of rotation. At sufficiently high speeds,
he effect of Coriolis force, also known as the gyroscopic coupling effect, is significant. This force is proportional to the rotation
elocity and time derivative of the elastic deformations. The gyroscopic coupling terms appear identical to the damping terms in
he linear eigenvalue problem. However, unlike damping forces, the Coriolis force forms a skew-symmetric matrix. The centrifugal
orces resulting from the rotation that acts in the blade’s axial direction lead to the higher bending stiffness of the beam than a
on-rotating beam. This geometric stiffening effect due to rotation is referred to in the literature as centrifugal stiffening. Some
ther terminologies used for the effect are stress stiffening, geometric stiffening, rotational stiffening and dynamic stiffening [2].
xtensive research has been conducted in the past in order to account for this effect properly.

Modeling of geometrical stiffening of rotating beams has been of interest to many researchers during the last few decades. Various
pproaches have been used to model this effect. One of the widely used models is based on the foreshortening effect. The second-
egree foreshortening terms due to bending motion are included either implicitly or explicitly. The geometrical stiffening models
ased on implicit foreshortening include the work done by the centrifugal force [3,4]. Further, when foreshortening is modeled
mplicitly, the modeling requires the use of the nonlinear strain–displacement relation. The resulting nonlinear equations of motion
ay be linearized in different ways. The explicit geometrical stiffening models use an axial displacement field that includes the

econd-degree foreshortening terms and employ nonlinear strain–displacement relations. The linear equations of motion are obtained
y neglecting the third and higher-order terms in the kinetic and potential energy expressions. As a result of using foreshortening
xplicitly in the axial displacement field, the geometrical stiffening terms appear in the final equations through the kinetic energy
ather than through the potential energy as in the implicit geometrical stiffening models [3]. The implicit and explicit methods
escribe the longitudinal displacement using the coordinates of a material point before or after deformation, respectively. Some
uthors use stretch as a variable in place of longitudinal displacement, which is measured using coordinates after deformation [5,6].
n contrast, others described the conventional way of measuring the displacement using the coordinates before deformation [7].
etailed discussion about these models in terms of the geometric stiffening effect is presented in [8] and compared the differences
mong the other modeling methods. Few more review papers discuss various models accounting for the geometrical stiffening
ffect in which the significance of different nonlinear terms in strain–displacement relation is quantified [4,7,9]. In such a model,
he geometric stiffening term is a function of elastic displacements. Other models are based on directly providing nonlinear/linear,
ime-independent axial force (centrifugal) due to angular velocity [10,11]. Some other approaches to account for nonlinear geometric
ffects are introduced based on the Substructuring Technique [2,12]. In such an approach, the rotating blade is partitioned into
everal linear flexible substructures with a local reference frame attached to it. The deformation of each substructure is defined
ith respect to the local reference frame. Each substructure has small deformations, but several substructures combined will have

arge deformations.
The vibration characteristics of a rotating blade also vary with geometric properties of the blade, such as taper, twist angle

and asymmetry in cross-section. Due to considerable changes in the mass and stiffness distributions, the blade taper significantly
influences its vibration characteristics. The pre-twisting of the blade causes the coupling between the bending motions. Further,
the coupled bending and torsional motion occur due to an asymmetric cross-section in which the elastic axis does not coincide
with the centroidal axis. The elastic axis is the line that passes through the elastic center about which the applied transverse loads
produce only bending unaccompanied by torsion. In contrast, the centroidal axis is the line that passes through the centroid of the
cross-sections of the blade. The blade is mounted on the rotating hub such that the chord makes an angle with the engine axis,
generally known as pre-setting or staggered angle. Due to this angle, the equations governing the axial and bending motions are
coupled. Dynamic analysis of the rotating blade is further complicated by secondary effects such as shear deformation, rotary inertia
and warping of cross-section. Therefore, the equations of the motion for a rotating blade modeled using the Timoshenko beam with
cantilever boundary conditions consist of six-coupled partial differential equations; one for the axial motion, two for the bending
motions, two for the shear deformations, and one for the torsion motion.

Some review papers on the vibration characteristics of rotating blades are [13–15]. Some recently published papers covering
detailed surveys on rotating-beam dynamics are [16–18]. Doctoral theses that provide state-of-the-art on the subject are [19–22]. A
few selective papers that provide further references are [23,24]. Modeling of the rotor blade using a thin-walled beam made of the
composite material is covered in survey papers [25,26] and books [27–29]. Further, literature is available on rotating-beam made of
functionally graded materials [30–33]. Many review papers on layer-wise theories for the vibration of rotating composite anisotropic
blades have been published [34,35]. Considerable literature is available on the dynamics of the blade modeled as plate [36–39] or
shell [40–43].

To the best of the authors’ knowledge, a survey and comparison of the linear and nonlinear geometrical stiffening models are
2

not discussed extensively in the available literature. The present paper attempts to fill this gap. The detailed survey on implicit and
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Fig. 1. A simple model of a rotating beam.

explicit methods and the applicability of these models for the rotating blade are discussed. Further, a detailed review of the effect
of the rotation, geometric properties and higher-order effects on the modal characteristics of a rotating blade is presented.

This paper is organized as follows. In Section 2, the kinematics description of a rotating blade, including different representations
of the rigid body transformation (rotation) matrix, is presented. The expression for kinetic and strain energies are derived for a
general case of a rotating blade approximated as a beam. In Section 3, linear and nonlinear geometrical stiffening models and their
comparison is presented. The applicability of linear models in the rotation speed range is discussed. In Section 4, different approaches
for deriving equations of motion and the solution procedure used for a rotating blade problem are presented. In Section 5, the effect
of the blade geometry, rotation, and comparison of different beam theories used to approximate the blade are elaborated, followed
by the conclusion in Section 6.

2. Kinematics of a rotating blade

Notations. A standard notation for scalar, vector and matrix is adopted throughout the paper. A small bold letter represents a
vector with its components in unbold letters. A capital bold and unbold letter indicates the matrix and its components, respectively.
The coordinate system is represented by the small bold letter with a hat over it and the unit vectors are represented by the
unbold letter with the hat. For instance, A coordinate frames of reference 𝐚̂ has its three mutually perpendicular unit vectors
{𝑎̂} =

(

𝑎̂1 𝑎̂2 𝑎̂3
)𝑇 or 𝑎̂𝑖, where, 𝑖 is an index which runs from 1 to 3 in a Euclidean space, i.e., 𝑖 = 1, 2, 3 and ()𝑇 indicate

the transpose throughout the document. A vector 𝐚 has its components 𝑎𝑖 or {𝑎} =
(

𝑎1 𝑎2 𝑎3
)𝑇 . Similarly, a matrix 𝐀 has

its components 𝐴𝑖𝑗 or [𝐴] =
⎛

⎜

⎜

⎝

𝐴11 𝐴12 𝐴13
𝐴21 𝐴22 𝐴23
𝐴31 𝐴32 𝐴33

⎞

⎟

⎟

⎠

. The dot and cross product of any two vectors 𝐚 and 𝐛 are given by 𝐚𝐛= 𝑎𝑖𝑏𝑖 and

𝐚×𝐛 =
⎛

⎜

⎜

⎝

𝑎2𝑏3 − 𝑎3𝑏2
𝑎3𝑏1 − 𝑎1𝑏3
𝑎1𝑏2 − 𝑎2𝑏1

⎞

⎟

⎟

⎠

, respectively. The cross product is also a vector and can be expressed as a linear transformation 𝐚×𝐛 = 𝐚̃𝐛 = −𝐛̃𝐚,

where, (̃) is the Cross Product Operator (CPO). The CPO of a vector, 𝐚, is given by [𝑎̃] =
⎡

⎢

⎢

⎣

0 −𝑎3 𝑎2
𝑎3 0 −𝑎1
−𝑎2 𝑎1 0

⎤

⎥

⎥

⎦

. A linear transformation

of a vector, 𝐚, into another vector, 𝐛 is given by 𝐚 = 𝐀𝐛 or 𝑎𝑖 = 𝐴𝑖𝑗𝑏𝑗 , where, {𝑎} and {𝑏} are column vectors and [𝐴] is the square
matrix. The product of two matrices 𝐀 and 𝐁 is given by 𝐂 = 𝐀𝐁 or 𝐶𝑖𝑗 = 𝐴𝑖𝑘𝐵𝑘𝑗 . With standard notation in mind, the mathematical
model of a rotating blade and its kinematics is presented in the following section.

A simple multibody system that consists of a deformable cantilever beam attached to a rigid hub of radius, 𝑟, rotating with
angular velocity, 𝜃̇ = 𝛺 is shown in Fig. 1. Three different coordinate frames of reference are introduced to describe the motion of
the blade. The inertial frame, 𝐢̂, the body frame, 𝐚̂, and the local frame, 𝐛̂, as shown in Fig. 1 are used to determine the kinematics
of a material particle of the blade. The frame, 𝐢̂, is attached to the center of the hub with unit vectors 𝑖𝑘. Unit vector 𝑖1 is along
the length, parallel to the elastic axis of the blade. The hub rotates about 𝑖3 axis with angular velocity 𝛺. The unit vector 𝑖2 is
perpendicular to the rotating axis of the rigid hub. The body frame, 𝐚̂, is attached to a point on the elastic axis of the un-deformed
blade whose unit vectors are 𝑎̂𝑘. Here, 𝑎̂1 is along the blade span, whereas 𝑎̂2 and 𝑎̂3 are the principal axes of the cross-section of the
undeformed blade. The local frame, 𝐛̂ with unit vectors 𝑏̂𝑘 is introduced to measure the deformation of the blade as shown in Fig. 1.
The unit vector 𝑏̂1 is along the tangent to the elastic axis and while 𝑏̂2 and 𝑏̂3 are the principal axes of the deformed cross-section.
Consider an arbitrary point, 𝐩, located at 𝐩 = 𝑦𝑎̂2 + 𝑧𝑎̂3 on the cross-section of the undeformed blade at a distance 𝐫0 = (𝑟 + 𝑥)𝑖1
from the center of the hub (refer Fig. 1). After deformation of the blade, the point 𝐩 moves to 𝐩∗ whose location on cross-section
3



Journal of Sound and Vibration 548 (2023) 117526L. Hoskoti et al.

t
o
T
o

R
e
s
o
o
t

of deformed blade is 𝐩∗ = 𝑦𝑏̂2 + 𝑧𝑏̂3. The coordinates of a point on the cross-section remain the same because of the assumption
hat the shape of the cross-section remains intact after deformation. The elastic displacements of the blade are described in terms
f three translation motions, 𝐮 = 𝑢𝑘𝑎̂𝑘 and corresponding three rigid body rotations of the cross-section, 𝜃𝑘 about 𝑎̂𝑘, respectively.
hus, six time-dependent elastic deformation variables describe the motion of the blade. It is possible to express the deformation
f the body either using Cartesian displacement variables, (𝑢𝑘), or non-Cartesian deformation variables, (𝑠, 𝑢𝑘, 𝑘 = 2, 3), where 𝑠

is a stretch variable. The displacement along the span of the blade, 𝑢1, is commonly referred to as the axial-motion. 𝑢2 and 𝑢3 are
transverse motions in the chord and the normal direction, respectively. In the literature dealing with rotating blade dynamics, 𝑢2
and 𝑢3 are most commonly referred to as the chord-wise and flap-wise motion, respectively. Now, the position vectors of 𝐩 and 𝐩∗ in
the inertial reference frame can be written as follows

𝐫𝐩 = 𝐫𝟎 + 𝐑𝟎𝐩,
𝐫𝐩∗ = 𝐫𝟎 + 𝐑𝟎(𝐮 + 𝐮𝐠 + 𝐑𝐩),

(1)

where,

{r0} =
⎛

⎜

⎜

⎝

𝑟 + 𝑥
0
0

⎞

⎟

⎟

⎠

, [𝑅0] =
⎡

⎢

⎢

⎣

𝑐𝜃 −𝑠𝜃 0
𝑠𝜃 𝑐𝜃 0
0 0 1

⎤

⎥

⎥

⎦

, {p} =
⎛

⎜

⎜

⎝

0
𝑦
𝑧

⎞

⎟

⎟

⎠

, {ug} =
⎛

⎜

⎜

⎝

𝑢𝑠
0
0

⎞

⎟

⎟

⎠

and {u} =
⎛

⎜

⎜

⎝

𝑢1
𝑢2
𝑢3

⎞

⎟

⎟

⎠

. (2)

In which 𝑢𝑠 indicates the foreshortening effect, the longitudinal shrinkage of the elastic axis caused by the transverse motion. It is
discussed in detail in the subsequent section. Here, 𝑐𝜃 = cos 𝜃, 𝑠𝜃 = sin 𝜃 and 𝜃̇ = 𝛺. 𝐑𝟎 is the rotational transformation matrix
from the body reference frame, 𝐚̂, to the inertial reference frame 𝐢̂ so that 𝐚̂ = 𝐑𝟎 𝐢̂. The transformation matrix, 𝐑, represents the
transformation from the frame, 𝐛̂, to the frame, 𝐚̂, such that 𝐛̂ = 𝐑𝐚̂. There are various representations of the transformation (rotation)
matrix in the literature, the details of which can be found in standard reference books on multibody dynamics [44–46]. For instance,
the matrix representing the rigid body rotation can be deduced in terms of the three Euler angles as shown in Fig. 2 [47]

𝐛̂ = 𝐑𝐚̂, where, [𝑅] =
⎡

⎢

⎢

⎣

𝑐2𝑐3 𝑐2𝑠3 −𝑠2
𝑠1𝑠2𝑐3 − 𝑐1𝑠3 𝑐1𝑐3 + 𝑠1𝑠2𝑠3 𝑠1𝑐2
𝑠1𝑠3 + 𝑐1𝑠2𝑐3 𝑐1𝑠2𝑠3 − 𝑠1𝑐3 𝑐1𝑐2

⎤

⎥

⎥

⎦

. (3)

Where, 𝑐𝑘 = cos 𝜃𝑘 and 𝑠𝑘 = sin 𝜃𝑘. For a non-shearable blade, the rotation matrix can be expressed in terms of the translation elastic
displacement variables using the following relations [47],

𝑐2 =

√

(

1 + 𝑢′1
)2 + 𝑢′22

1 + 𝑒
, 𝑠2 =

−𝑢′3
1 + 𝑒

, 𝑐3 =
1 + 𝑢′1

√

(

1 + 𝑢′1
)2 + 𝑢′22

, 𝑠3 =
𝑢′2

√

(

1 + 𝑢′1
)2 + 𝑢′22

where, 𝑒 =
√

(

1 + 𝑢′1
)2 + 𝑢′22 + 𝑢′23 − 1.

(4)

and ()′ indicates the derivative with respect to the spatial coordinate 𝑥. Another widely used method to represent the rigid body
rotation is Rodrigues’ rotation formula [28,46]. According to Euler’s theorem on rotations, any arbitrary rotation of a rigid body
can be viewed as a single rotation of magnitude 𝛼 about a unit vector, 𝐧̂. This implies that four parameters are necessary to describe
any rotational motion: (1) the three measure numbers of a unit vector, 𝑛̂𝑖, along the line about which the rotation occurs, and (2)
the magnitude of the rotation 𝛼. It can be further shown that with a normality constraint applied to the three components of a unit
vector, the number of parameters necessary to describe any rotational motion reduces to three. Euler’s theorem on rotations leads
to a compact expression for the rotation tensor as given below [28,46]

𝐛̂ = 𝐚̂ + (sin 𝛼)𝐧̃𝐚̂ + (1 − cos 𝛼)(𝐧̃𝐧̃)𝐚̂ = 𝐑(𝛼)𝐚̂, where, (5a)

𝐑(𝛼) = 𝐈 + (sin 𝛼)𝐧̃ + (1 − cos 𝛼)𝐧̃𝐧̃ (5b)

𝐑 and 𝐧̃ are the rotation matrix and the cross product operator of a vector 𝐧̂, respectively. 𝐈 is a identity matrix. This is known as
odrigues’ rotation formula. The formula is useful as a single rotation angle represents three-dimensional rigid body rotation. It is
vident that a coordinate system after blade deformation can be brought to the coordinate system before blade deformation by a
ingle rotation of magnitude 𝛼 about an axis whose unit vector is 𝐧̂. This fundamental result expresses the rotation matrix in terms
f a unit vector 𝐧̂ and a rotation of magnitude 𝛼 about the unit vector. Pai [45] derives the expression for rotation matrix in terms
f translation displacement variable and adopted for a fully consistent linearized model for vibration analysis of rotating beams in
he framework of geometrically exact theory [48]. The rotation matrix is given by

[𝑅̄(𝛼)] =
⎡

⎢

⎢

⎣

1 0 0
0 cos 𝜃1 sin 𝜃1
0 − sin 𝜃1 cos 𝜃1

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝑅11 𝑅12 𝑅13
−𝑅12 𝑅11 + 𝑅2

13∕
(

1 + 𝑅11
)

−𝑅12𝑅13∕
(

1 + 𝑅11
)

−𝑅13 −𝑅12𝑅13∕
(

1 + 𝑅11
)

𝑅11 + 𝑅2
12∕

(

1 + 𝑅11
)

⎤

⎥

⎥

⎦

, (6)

where, 𝜃1 is the torsion motion, 𝑅11 =
1 + 𝑢′1
1 + 𝑒

, 𝑅12 =
𝑢′2

1 + 𝑒
and 𝑅13 =

𝑢′3
1 + 𝑒

. The rotation matrix 𝐑 is indeterminate when

𝑅11 = −1, which corresponds to 𝛼 = 1800 and 𝑅12 = 𝑅13 = 0 [45]. To avoid the singularity of the rotation matrix that
describes the rotation from 𝐛̂ frame to 𝐚̂ frame, four Euler parameters (referred to as quaternions) are used, which are identified as
𝑒0 = cos(𝛼∕2) and 𝑒𝑖 = 𝑛̂𝑖 sin(𝛼∕2). Now the rotation matrix in terms of quaternions is given by [28]

𝐑(𝛼) =
(

1 − 2𝐞T𝐞
)

𝐈 + 2
(

𝐞𝐞T − 𝑒 𝐞̃
)

(7)
4

0
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Fig. 2. Euler angles for 3-2-1 convention and the rotational matrix.

The four Euler parameters satisfy a normality constraint of the form 𝐞T𝐞+𝑒20 = 1 and using this constraint, the number of parameters
is reduced to three as given by 𝑔𝑖 = 2𝑒𝑖∕𝑒0 = 2𝑛̂𝑖 tan(𝛼∕2). These three parameters are called Euler–Rodrigues parameters. The rotation
matrix in terms of Euler–Rodrigues parameters is given by [28]

𝐑(𝛼) =

(

1 − 1
4 𝐠

𝐓𝐠
)

𝐈 + 1
2 𝐠𝐠

𝐓 − 𝐠̃

1 + 1
4𝐠

𝐓𝐠
(8)

Rodrigues parameters increase the non-singularity range, and such a formulation is very convenient for analytical purposes. Now the
position vector of an arbitrary point on the cross-section of the rotating blade is known. Further, the displacement field and velocity
of the arbitrary point are derived and subsequently, the expressions for kinetic and strain energies are derived in the following
section.

2.1. Kinetic energy

The velocity can be calculated using Eq. (1). Revisiting the position vector, it can be expressed as

𝐫𝐩∗ = (𝐫𝟎 + 𝐑𝟎𝐮̄)𝐢̂. (9)

Where, 𝐫𝟎 is viewed as the position vector of the body reference frame, 𝐚̂ and 𝐮̄ = 𝐮+ 𝐮𝐠 +𝐑𝐩 is the position vector of the arbitrary
point on the deformed blade with respect to the body reference frame. This means the motion of the body is expressed as the
motion of its body reference frame plus the motion of the material points on the body with respect to its body reference frame.
Such representation is known as Floating Frame of Ref. [49]. The definition of 𝐮̄ consists of the longitudinal displacement due to
the axial elastic motion of the points on the elastic axis of the beam, 𝐮, the longitudinal displacement of the point on the elastic axis
caused by the transverse deflection of the beam, 𝐮𝐠 and the displacement associated with rotation of the plane section, 𝐑𝐩, which
equals zero on the neutral axis [50,51]. The velocity of the point 𝐩∗ is given by the derivative of the position vector

𝐯𝐩 = 𝐑𝟎 ̇̄𝐮 + 𝐑̇𝟎𝐮̄. (10)

Where, ̇() indicates the derivation with respect to time. The time derivative of any rotational matrix is given by 𝐑̇ = 𝝎 × 𝐑 = 𝝎̃𝐑,
where, 𝝎 is the angular velocity vector with its components 𝜔𝑖 and 𝝎̃ is the CPO of 𝝎. The expression for components of angular
velocity is given by 𝜔1 = 𝑅̇2𝑖𝑅3𝑖, 𝜔2 = −𝑅̇1𝑖𝑅3𝑖 and 𝜔3 = 𝑅̇1𝑖𝑅2𝑖, where, 𝑅𝑖𝑗 are elements of matrix 𝐑 [45]. The second term of
Eq. (10) which involves derivative of the rotation matrix is given by [49,52]

̇𝐑𝟎𝐮̄ = 𝐑𝟎(Ω × 𝐮̄) = −𝐑𝟎 ̃̄𝐮Ω.

Where the angular velocity vector, Ω, is given by {Ω} =
(

0 0 𝛺
)𝑇 . ̃̄𝐮 is the cross product operator of the vector 𝐮̄. The velocity

of the point is obtained as

𝐯𝐩 = 𝐑𝟎 ̇̄𝐮 + 𝐁Ω =
[

𝐑𝟎 𝐁
]

[ ̇̄𝐮
Ω

]

, where, 𝐁 = −𝐑𝟎 ̃̄𝐮. (11)

One can write the velocity vector as
( 𝟎 ) ( ̇ )𝑇 (12)
5

𝐯𝐩 = ,  = 𝐑 𝐁 and  = 𝐮̄ Ω .
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Table 1
Definitions of strain tensor [53] and expression of different axial strain for Euler–Bernoulli beam.

Strain tensor Generalized expression Euler–Bernoulli beam

Green–Lagrange (large deformation and
large finite strain)

𝑒̆𝑖𝑗 =
1
2

(

𝜕𝑖

𝜕𝑥𝑗
+ 𝜕𝑗

𝜕𝑥𝑖

)

+ 1
2

𝜕𝑘

𝜕𝑥𝑖

𝜕𝑘

𝜕𝑥𝑖
{𝑥𝑖} = {𝑥, 𝑦, 𝑧},

{𝑖} = {𝑢, 𝑣,𝑤, } and 𝑥𝑖 are reference
coordinates (un-deformed state)

𝑒̆𝑥𝑥 = 𝜕𝑢
𝜕𝑥

+ 1
2

[(

𝜕𝑢
𝜕𝑥

)2
+
(

𝜕𝑣
𝜕𝑥

)2
+
(

𝜕𝑤
𝜕𝑥

)2]

Euler–Almansi (large deformation and
large finite strain,)

𝑒𝑖𝑗 =
1
2

(

𝜕𝑖

𝜕𝑥𝑗
+ 𝜕𝑗

𝜕𝑥𝑖

)

− 1
2

𝜕𝑘

𝜕𝑥𝑖

𝜕𝑘

𝜕𝑥𝑖
𝑖, 𝑗, 𝑘 = 1, 2, 3 and

𝑥𝑖 are current coordinates (deformed state)
𝑒𝑥𝑥 = 𝜕𝑢

𝜕𝑥
− 1

2

[(

𝜕𝑢
𝜕𝑥

)2
+
(

𝜕𝑣
𝜕𝑥

)2
+
(

𝜕𝑤
𝜕𝑥

)2]

von Kármán (large deformation and
small strain)

𝜖𝑖𝑗 =
1
2

(

𝜕𝑖

𝜕𝑥𝑗
+ 𝜕𝑗

𝜕𝑥𝑖

)

+ 1
2

𝜕𝑘

𝜕𝑥𝑖

𝜕𝑘

𝜕𝑥𝑖
𝑖, 𝑗 = 1, 2, 3,

𝑘 = 2, 3 and 𝑥𝑖 are reference coordinates
𝜖𝑥𝑥 = 𝜕𝑢

𝜕𝑥
+ 1

2

[(

𝜕𝑣
𝜕𝑥

)2
+
(

𝜕𝑤
𝜕𝑥

)2]

Cauchy (small deformation and small
strain)

𝜖𝑖𝑗 =
1
2

(

𝜕𝑖

𝜕𝑥𝑗
+ 𝜕𝑗

𝜕𝑥𝑖

)

𝑖, 𝑗 = 1, 2, 3 𝜖𝑥𝑥 = 𝜕𝑢
𝜕𝑥

Where,  is the total vector of generalized velocities of the blade and  is the matrix. The expression for kinetic energy is given by

T = 1
2 ∫𝐿 ∫𝐴

𝜌(𝐯𝐓𝐩𝐯𝐩)𝑑𝐴𝑑𝑥 = 1
2
𝑸𝑇. (13)

here, 𝜌, 𝐴 and 𝐿 are the density, cross-sectional area and length of the beam, respectively, and

 = ∫𝐿 ∫𝐴
𝜌(𝑇)𝑑𝐴𝑑𝑥 = ∫𝐿 ∫𝐴

𝜌

[

𝐈 𝐑𝟎𝐓𝐁
𝑆𝑦𝑚 𝐁𝐓𝐁

]

𝑑𝐴𝑑𝑥 = ∫𝐿
𝜌
[

𝐌̄ 𝐆̄
𝑆𝑦𝑚 𝐊̄𝑠

]

𝑑𝑥 (14)

s the symmetric inertial matrix. Here, 𝐌̄ is inertial or mass matrix, 𝐆̄ is a Gyroscopic coupling matrix and 𝐊̄𝑠 is associated with
otation effect.

.2. Strain energy

The displacement field, deformation gradient tensor and strain tensor are required to derive the expression for strain energy.
he displacement field is given by 𝐫𝐩∗ − 𝐫𝐩 and can be expressed from Eq. (1) as

 = 𝐫𝐩∗ − 𝐫𝐩 = 𝐮 + 𝐮𝐠 + (𝐑 − 𝐈)𝐩 (15)

he deformation gradient tensor 𝐅 is expressed in terms of the displacement field as follows

𝐅 = 𝐈 + ∇ (16)

here, ∇ = 𝜕𝑖
𝜕𝑥𝑗

is the tensor gradient of 𝐮. The strain tensor is defined as the change in the squared lengths that occurs as a body
deforms from the reference to the current configuration. Based on whether the change in the squared lengths is expressed relative to
the original length or deformed (current) length, the strain field is named as either Green–Lagrange strain tensor or Euler strain tensor.
These strain tensors are highly nonlinear and are used for the beam’s large strain and large deformation analysis. The nonlinear part
of the strain is insignificant for small strain and small deformation problems; hence it can be ignored. In such cases, the linear part
of the Green–Lagrange strain tensor, known as Cauchy strain tensor, is only considered for the analysis. However, for a small strain
and moderately large rotations (100−150) of the beam, the longitudinal displacement is often a small quantity. Hence, the nonlinear
terms due to longitudinal displacement and its gradient can be ignored from the Green–Lagrange strain tensor [53]. However, the
gradient of the transverse displacements, which denotes the rotation of a line perpendicular to the beam axis, is not small and
should be retained. The resulting strain tensor is nonlinear in that only squares of the normal plane rotations are included while
neglecting the squares of the in-plane displacement terms. This strain tensor is called the von Kármán strain tensor. The different
strain measures are summarized in Table 1.

With a continuum mechanics approach, the work done by elastic forces, 𝛿𝑈 , can be defined as [54]

𝛿𝑈 = ∫𝑉
𝐒 𝛿𝐞̆ d𝑉 (17)

where 𝐒 is the second Piola–Kirchhoff stress tensor, 𝐞̆ is the Green–Lagrange strain tensor, and 𝑉 is the volume of the reference
lement. For the simplest case of a homogeneous isotropic elastic material – St. Venant–Kirchhoff material model – the second
iola–Kirchhoff stress tensor is linear with respect to the Green strain tensor. The relation between the stress tensor and strain tensor
s given by 𝐒 = 𝐄𝐞̆, where, 𝐄 is the matrix of the elastic constants of the material [55,56]. In the case of a structural mechanics
ormulation based on the Bernoulli–Euler beam theory, the virtual work done by elastic forces can be defined as [54]

𝑈 = ∫𝑉
𝐞̆𝐓𝐄𝐞̆ d𝑉 (18)

Various geometrical stiffening models which employ different nonlinear strain measures listed in Table 1 for deriving the strain
energy expression are presented in Section 3. For certain applications, such as helicopter or wind turbine blades, the deformation
6
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of the blade can be significant due to its large slender geometry. In such applications, the strain can be small, but employing the
linear strain measure can lead to inaccurate results. This is because the nonlinear part of the strain contains rigid-body rotations
and local strains. It is required to decompose a rigid-body rotation part and a pure strain part and then ignore the nonlinear part
associated with pure strain. One of the ways to achieve this is by polar decomposition of the deformation gradient, and the process
of linearization with respect to pure strain is called consistent linearization. A brief detail of consistent linearization is presented in
the following section.

2.3. Consistent linearization

The Green–Lagrange (GL) tensor 𝐞̆ is given by

𝐞̆ = 1
2
(𝐅𝐓𝐅 − 𝐈) = 1

2
(∇ + ∇𝑇 + ∇𝑇∇ ). (19)

For small strain and small deformation problems, the direct linearization assumes the rotation angle is small and then uses linear
strain–displacement relation. Using the approximation 𝑐𝑖 = 1 and 𝑠𝑖 = 𝜃𝑖, the linear displacement field without foreshortening effect,
𝐮g, can be written as

 =

⎧

⎪

⎨

⎪

⎩

𝑢1
𝑢2
𝑢3

⎫

⎪

⎬

⎪

⎭

+
⎡

⎢

⎢

⎣

0 𝜃3 −𝜃2
−𝜃3 0 𝜃1
𝜃2 −𝜃1 0

⎤

⎥

⎥

⎦

⎧

⎪

⎨

⎪

⎩

0
𝑦
𝑧

⎫

⎪

⎬

⎪

⎭

(20)

Such an approximation is suitable for small deformation problems and is adopted in most studies dealing with the linear analysis
of rotating blades. For large deformation and small strain problems, a differential beam element can be subjected to a rigid-body
motion, which can be large but minimally deformed. For such problems, we tend to ignore the nonlinear part of the Green–Lagrange
strain tensor, ∇𝐓∇ . However, the nonlinear part of the Green–Lagrange strain tensor represents both rigid-body rotations and
local strains in a mixed manner. Linear approximation of the Green–Lagrange strain tensor can lead to inaccurate results [23]. For
such problems, consistent linearization is performed in which the nonlinear term, ∇𝐓∇ , is split into a rigid-body rotation part
and a pure strain part and then linearizes the strain–displacement relation. This is not the only procedure for consistent linearization.
Several other ways exist, such as linearization of the deformation gradient, linearization of the material strain matrix, linearization
at an undeformed reference state and linearization of the determinant of the deformation gradient as discussed in [57]. The pseudo-
polar decomposition of the deformation gradient can be given as 𝐅 = 𝐑(𝐈 + ̌ ), where, 𝐑 is the rotation tensor associated with
the cross-section rotation as given in Eq. (3) and ̌ is a stretch tensor, which corresponds to the part of the deformation gradient
without the rigid-body displacement. Now, Green–Lagrange strain tensor takes a form 𝐞̆ = 1

2 (𝐅
T𝐅− 𝐈) = 1

2 (̌ + ̌ T + ̌ T̌ ). For small
trains problem, it is possible to neglect ̌ T̌ as it does not contain the rigid-body rotation [23].

.4. Equations of motion

The equations of motion are derived based on energy or force-balance methods. Energy methods have some advantages over
orce-balance methods. The scalar quantity energy is typically easier to calculate than the vector quantity force. For rotating
oordinate systems and/or systems with nonlinearities, the direct equilibration of all forces acting on the system is difficult as the
ecision of which forces are relevant and how they relate to the system state may take some discussion. With energy methods, the
fforts spent setting up equations of motion are primarily on performing trivial mathematical operations, the correctness of which
ay be easily traced [58]. For obvious reasons, most rotating beam dynamics literature adopts the energy method, mostly either

agrange’s Equations or Hamilton’s Principle. To apply the energy method, the most fundamental quantity in the mathematical
nalysis of mechanical problems, Lagrangian (L =𝑇 − 𝑈), is defined.

Lagrange’s Equations are often a popular choice to set up the equation of motion for a rotating beam problem. However,
agrange’s equations apply to systems with finite degrees of freedom. Therefore, the continuous displacement variables in the kinetic
nd potential energies are expressed in terms of finite number generalized coordinates and generalized velocities. This is achieved
y writing any continuous displacement variables, (𝑤), in terms of a series of functions with many terms as

𝑤(𝑥, 𝑡) =
𝑁𝑡
∑

𝑗=1
𝑞𝑗 (𝑡)𝜙𝑗 (𝑥), 𝑗 = 1, 2…𝑁𝑡, (21)

here, 𝑞𝑗 (𝑡) are a set of time-dependent unknown generalized coordinates that uniquely define the state of the system and 𝜙𝑗 (𝑥)
re known space-dependent basis functions. The basis functions are a set of functions that satisfy the following criteria: It must be
inearly independent, continuous and differentiable up to the order of the highest spatial derivative in the Lagrangian. It must also
atisfy all or at least part of the boundary conditions. 𝑁𝑡 is degrees of freedom. Then, the system of 𝑁𝑡 number ordinary differential
quations is derived using Lagrange’s equations which are expressed as

𝑑
𝑑𝑡

(

𝜕L
𝜕𝑞̇𝑗

)

− 𝜕L
𝜕𝑞𝑗

= 𝑄𝑗 , 𝑗 = 1, 2…𝑁𝑡, (22)

where, 𝑄𝑗 are called the generalized forces representing the effects of all non-conservative forces in the system and L is the
Lagrangian. This approximate technique is known as the Ritz method, which is applied to Lagrange’s equations to derive the system
7

of ordinary differential equations.
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Alternatively, Hamilton’s principle, which applies to a system with infinitely many degrees of freedom, is used to derive the
artial differential equations. By Hamilton’s principle [58],

𝛿𝐻 = 0, 𝐻 ≡ ∫

𝑡2

𝑡1
𝐿𝑑𝑡, (23)

here, 𝐻 defines the action integral and 𝛿𝐻 is the variation of 𝐻 . 𝑡1 and 𝑡2 are arbitrary instants of time. Then, the system of
rdinary differential equations is obtained by substituting Eq. (21) into the resulting partial differential equations. This procedure
s called Galerkin’s method, applied to partial differential equations derived using Hamilton’s principle.

A set of basis functions used in the Ritz and Galerkin’s method are admissible and comparison functions, respectively. The
dmissible functions are basis functions that satisfy at least all boundary conditions on displacement and rotation (geometric
oundary conditions). Admissible functions do not need to satisfy the force and moment boundary conditions, but satisfying them
ay improve accuracy. On the other hand, comparison functions are the basis functions that satisfy the force and moment boundary

onditions in addition to the geometrical boundary conditions. The following section discusses linear and nonlinear models of
eometric stiffening in a rotating blade by approximating different terms in the strain–displacement relation.

. Models of geometric/centrifugal stiffening

Different geometrical stiffening models are reviewed by approximating the rotating blade as an Euler–Bernoulli beam. In such
n approximation, a straight line transverse to the axis of the un-deformed beam remains straight, inextensible, and normal to the
id-plane after deformation [53]. As discussed in the previous section, consistent linearization is performed to separate a rigid-

ody rotation and pure strain for large deformation and small strain problems. Then, the strain–displacement relation is linearized
ith respect to pure strain retaining the nonlinear curvature. The nonlinear curvature–displacement relation is obtained using the
inomial expansion of rotation angle from Eq. (4). The resulting equations of motion are highly nonlinear. Previous authors adopted
he modeling method to study the nonlinear dynamics of the rotating beam with additional inextensionality constraints resulting in
nextensible Beam Model [23,59–62].

For small rotation problems, rotation angles are approximated as 𝑐𝑖 = 1 and 𝑠𝑖 = 𝜃𝑖 and for such problems the linearized
urvature–displacement relation, 𝜃2 = −𝑢′3 and 𝜃3 = 𝑢′2, is valid. 𝑝𝑟𝑖𝑚𝑒 over the variable indicates the derivative with respect to
. Now, the displacement due to the cross-section rotation and foreshortening effect, respectively, are given by [50,63]

𝐑𝐩 =
⎛

⎜

⎜

⎝

−𝑦𝑢′2 − 𝑧𝑢′3
0
0

⎞

⎟

⎟

⎠

and 𝐮𝐠 =
⎛

⎜

⎜

⎝

− 1
2 ∫

𝑥
0 𝑢′22 𝑑𝜁 − 1

2 ∫
𝑥
0 𝑢′23 𝑑𝜁

0
0

⎞

⎟

⎟

⎠

. (24)

here, 𝑧𝑢′3 and 𝑦𝑢′2 are the longitudinal displacements caused by the rotation of the cross-section. 1
2 ∫

𝑥
0 𝑢′22 𝑑𝜁 and 1

2 ∫
𝑥
0 𝑢′23 𝑑𝜁 are due

to foreshortening effect, the longitudinal displacements due to bending motion. In such cases, the displacement field, (𝑖 = {𝑢, 𝑣,𝑤})
of a non-shearable beam without torsional motion is given by (from Eq. (15))

 =
⎛

⎜

⎜

⎝

𝑢
𝑣
𝑤

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

𝑢1 − 𝑦𝑢′2 − 𝑧𝑢′3 −
1
2 ∫

𝑥
0 𝑢′22 𝑑𝜁 − 1

2 ∫
𝑥
0 𝑢′23 𝑑𝜁

𝑢2
𝑢3

⎞

⎟

⎟

⎠

, (25)

The strain is derived by substituting the displacement Eq. (25) into an appropriate expression of strain listed in Table 1, which is in
turn used in Eq. (18) to obtain the expression for the strain energy. The effect of higher order terms in the longitudinal displacement
due to foreshortening is investigated by El-Absy and Shabana [50]. The authors developed four beam models to examine the effect
of geometric stiffness. In the first model, called the Consistent Complete Model (CCM), the effect of 𝐮𝐠 is included while formulating
both the inertia and elastic forces. In the second model, called the Consistent Incomplete Model (CIM), the effect of 𝐮𝐠 is neglected
in formulating both the elastic and inertia forces. In the third model, called the First Inconsistent Model (FIM), the effect of 𝐮𝐠 is
included in formulating the elastic forces, but this effect is neglected when the inertia forces are formulated. In the fourth model,
the Second Inconsistent Model (SIM), the effect of 𝐮𝐠 is included in formulating the inertia forces, but this effect is neglected when
he elastic forces are formulated. All four models are summarized in Table 2. It can be observed that the stiffness matrix becomes
omplicated with higher-order terms if the effect of 𝑢𝑔 is ignored. However, including the effect of 𝑢𝑔 leads to a linear stiffness
atrix but a complicated mass matrix involving higher-order terms.

The normal strain can be obtained considering a non-linear strain–displacement relationship (von Kármán) using the displace-
ent field (25) as

𝜖𝑥𝑥 = 𝑢′ + 1
2
(

𝑣′2 +𝑤′2) = 𝑢′1 − 𝑦𝑢′′2 − 𝑧𝑢′′3 (26)

It can be observed that the consideration of the longitudinal displacement caused by the transverse deflection, 𝑢𝑔 , eliminates the
nonlinear terms from the von Kármán strain. As a result, the strain energy expression takes a simple form. This strain energy
expression leads to a constant stiffness matrix. Therefore, the stiffness matrix derived, including the foreshortening effect, is a
constant stiffness matrix. On the other hand, if the longitudinal displacement caused by the transverse deflection, 𝑢𝑔 , is ignored, the
expression for strain takes the form

𝜖 = 𝑢′ + 1 (𝑣′2 +𝑤′2) = 𝑢′ − 𝑦𝑢′′ − 𝑧𝑢′′ + 1 (𝑢′ 2 + 𝑢′ 2
)

, (27)
8
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Table 2
Different beam models developed to study the effect of geometric stiffness forces in a rotating beam by El-Absy and Shabana
[50].

Model Is 𝐮𝐠 included in
kinetic energy?

Is 𝐮𝐠 included in
strain energy?

Comments

CCM Yes Yes Cumbersome mass matrix but simplified stiffness matrix. The
nonlinear model is stable

CIM No No The model is stable only if nonlinear strain measurement is
used.

FIM No Yes Linear model with constant mass and stiffness matrix which
is unstable at high rotational speed

SIM Yes No Stable model but elastically nonlinear due to elastic coupling
between axial and bending displacement

Which is nonlinear; substituting it in the strain energy expression leads to the stiffness matrix with higher-order terms. Further, the
mass matrix is linear if the axial displacement due to bending is ignored in the derivation of the kinetic energy. In such cases, the
expression for kinetic energy for the Euler–Bernoulli beam is obtained using Eqs. (13) and (20) as

𝑇 = 𝜌𝐴∫

𝐿

0

[(

𝑢̇1 −𝛺𝑢2
)2

+
(

𝑢̇2 +𝛺(𝑟 + 𝑥 + 𝑢1)
)2

+ 𝑢̇23
]

𝑑𝑥, (28)

evertheless, when the effect of the axial displacement due to bending is considered, the kinetic energy expression consists of
igher-order terms. In such cases, higher-order terms in the mass matrix lead to numerical complications. Note that the model
hich includes 𝐮𝑔 in the derivation of kinetic energy is elastically non-linear, leading to the elastic coupling between the axial and
ending displacements.

The numerical results of El-Absy and Shabana [50] for the rotating beam demonstrate that it is not necessary to include the effect
f the foreshortening terms, 𝑢𝑔 , in the inertia forces in order to obtain a stable solution for the rotating beam at higher values of
ngular velocity. If this effect is consistently neglected in both the inertia and elastic forces in a nonlinear elastic model, the dynamic
olution of the rotating beam equation remains stable at high angular velocity values. Therefore, most of the studies consistently
gnore the effect of the foreshortening and employ the nonlinear strain measure for ease of mathematical derivation and numerical
mplementation. In such a case, the displacement field takes the following form

 =
⎛

⎜

⎜

⎝

𝑢
𝑣
𝑤

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

𝑢1 − 𝑦𝑢′2 − 𝑧𝑢′3
𝑢2
𝑢3

⎞

⎟

⎟

⎠

. (29)

t is clear from the previous discussion that the geometrical stiffening models either include the foreshortening effect in the strain
nergy expression and employ linear strain–displacement relation or ignore the foreshortening effect in the strain energy expression
y employing nonlinear strain–displacement relation. These modeling methods are identical and the following section reviews such
onlinear modeling methods, which employ different nonlinear measures listed in Table 1.

.1. Nonlinear models

The current section presents the nonlinear models that ignore the foreshortening effect while deriving the kinetic and strain
nergy expression and adopting nonlinear strain measures. These are essentially consistent incomplete models (the second model
n Table 2) in which the inertial mass matrix is simplified and the stiffness matrix becomes cumbersome based on the type of
onlinear strain measure employed [64,65]. Previous authors have proposed various nonlinear modeling methods for capturing the
eometrical stiffening effect [7–9,64,66,67]. As a result of different approximations of the strain field, the geometrical stiffening term
akes different forms such as linear, second order or third order function of elastic displacement [5,8,64]. The nonlinear geometrical
tiffening models based on the Green–Lagrange strain measure and von Kármán strain measure are elaborated on in the following
ection. It can be noted that all these nonlinear models consist of nonlinear equations and nonlinear/linear boundary conditions.
he source of the nonlinearity is the coupling between the axial and bending motion. In the coupling between elastic coordinates,
he modeling method is generally stable and accurately captures the geometric stiffening.

.1.1. Green–Lagrange strain tensor
Various authors considered the geometric stiffening effect by adopting the fully non-linear Green–Lagrange strain tensor. The

xpression of Green–Lagrange strain for an Euler–Bernoulli beam is obtained by substituting the displacement field Eq. (29) into
xial strain field Eq. (19) (refer to the first row of Table 1) as

𝑒̆𝑥𝑥 = 𝑢′ + 1
2
(

𝑢′2 + 𝑣′2 +𝑤′2), (30)

here, elastic displacements 𝑢, 𝑣 and 𝑤 are given in Eq. (29). The strain field given in Eq. (30) accounts for a quadratic term of
ongitudinal displacement (underlined term) which most studies on the rotating beam dynamics ignore. This term cause interaction
etween the axial and transverse displacements, which is evident in the strain energy expression. According to the theory of
9
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T

continuum mechanics, the second Piola–Kirchhoff stress measurement corresponds to a nonlinear Green strain measurement.
Therefore, the second Piola–Kirchhoff stress measurement should be used to obtain the strain energy of the beam. Saint-Venant–
Kirchhoff material model gives the relation between the second Piola–Kirchhoff stress and fully nonlinear Green strain for
Euler–Bernoulli beam as 𝑆𝑥𝑥 = 𝐸̄𝑒̆𝑥𝑥, where, 𝐸̄ = 𝐸(1−𝜈)

(1+𝜈)(1−2𝜈) the elastic constant of the material. 𝐸 and 𝜈 represent Young’s modulus
and Poisson ratio of the beam material. Therefore, the expression for the strain energy given in Eq. (18) for a uniform Euler–Bernoulli
beam with a symmetric cross-section made up of isotropic material takes the form

𝑈 = 1
2 ∫𝐿 ∫𝐴

𝐸̄𝑒̆2𝑥𝑥𝑑𝐴𝑑𝑥 = 1
2 ∫𝐿 ∫𝐴

𝐸̄
[

𝑢′2 +
(

𝑢′3 + 𝑢′𝑣′2 + 𝑢′𝑤′2
)

+ 1
4

(

𝑢′4 + 𝑣′4 +𝑤′4
)

+ 1
2
(

𝑢′2𝑣′2 + 𝑢′2𝑤′2 +𝑤′2𝑣′2
)

]

𝑑𝐴𝑑𝑥,
(31)

The underlined terms in Eq. (31) arise from the quadratic axial displacement (𝑢′2) in Eq. (30). Higher-order axial displacement terms
are double underlined, whose influence can be insignificant at lower rotation speeds and can be ignored, considering that the axial
displacement is quite small compared with transverse displacement. Nevertheless, the double-underlined terms can significantly
affect results at a very high rotation speed, the magnitude of which depends on the centrifugal force [68]. Further, the single
underlined terms also generated by retaining the quadratic axial displacement in Eq. (30) show the interaction between the axial
and transverse displacements. This axial-bending coupled motion causes a reduction in structural stiffness. As a result, the beam
exhibits the geometric stiffening and softening phenomenon for different rotation speeds [68]. Further, Zhao and Wu [63] considered
the fully non-linear Green–Lagrange strain measure and the corresponding second Piola–Kirchhoff stress measure to investigate the
effect of the quadratic term of longitudinal motion in normal strain expression. The geometric stiffening term corresponding to
Green–Lagrange strain measure is a cubic function of elastic deformations. This form of geometric stiffening term is obtained by
solving extremely complicated higher-order non-linear coupled axial-bending equations, which is numerically quite challenging as
the axial mode is associated with a higher frequency than the bending mode. A study by Zhao and Wu [63] concluded that the
second-order elastic force contributing from 𝑢′2 in the Green–Lagrange strain tensor does not change the results significantly at a
lower rotation speed. Therefore, most of the studies ignore the second-order elastic term [64].

3.1.2. Von kármán strain tensor
Considering the fact that the axial displacement is much smaller in magnitude compared to the bending displacement, the

quadratic term, 𝑢′2, can be ignored in the strain–displacement relation. In such cases, von Kármán strain, which is valid for small
strains and moderately large rotations, can be employed. For an Euler–Bernoulli beam, the axial strain is obtained by substituting
the displacement field Eq. (29) into von Kármán strain field [9,53],

𝜖𝑥𝑥 = 𝑢′ + 1
2
(

𝑣′2 +𝑤′2) = 𝑢′1 − 𝑦𝑢′′2 − 𝑧𝑢′′3
⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟

𝜖𝐿

+1
2
(

𝑢′2
2 + 𝑢′3

2)

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
𝜖𝑁

. (32)

he expression for strain energy given in Eq. (18) for a beam with a symmetric cross-section takes the form

𝑈 =1
2 ∫

[

𝐸𝐴𝑢′1
2 + 𝐸𝐼𝑧𝑢

′′
2
2 + 𝐸𝐼𝑦𝑢

′′
3
2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑈𝐿

+𝐸𝐴
(

𝑢′1𝑢
′
2
2 + 𝑢′1𝑢

′
3
2)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑈𝐿𝑁

+1
4
𝐸𝐴

(

𝑢′2
4 + 𝑢′3

4 + 2𝑢′2
2𝑢′3

2)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑈𝑁

]

𝑑𝑥,
(33)

where, 𝐼𝑦 = ∫ 𝑧2𝑑𝐴 and 𝐼𝑧 = ∫ 𝑦2𝑑𝐴 are the second moments of area, 𝑈𝐿 and 𝑈𝑁 are the linear and nonlinear parts of the strain
energy coming from explicitly linear (𝜖𝐿) and nonlinear (𝜖𝑁 ) parts of the strain, respectively. However, 𝑈𝐿𝑁 is the nonlinear part
of the strain energy representing coupling between the axial and transverse motion coming from the interaction of 𝜖𝐿 and 𝜖𝑁 . Using
the expression for strain energy in Eq. (33) and kinetic energy in Eq. (28), the equations of motion for constant rotation speed can
be derived using Hamilton’s principle Eq. (23) as

𝜌𝐴
[

𝑢̈1 −𝛺2(𝑟 + 𝑥 + 𝑢1) − 2𝛺𝑢̇2
]

−
(

𝐹𝐺
)′ = 0 (34a)

𝜌𝐴
[

𝑢̈2 −𝛺2𝑢2 + 2𝛺𝑢̇2
]

−
(

𝐹𝐺𝑢
′
2
)′ + 𝐸𝐼𝑧𝑢

𝑖𝑣
2 = 0 (34b)

𝜌𝐴𝑢̈3 −
(

𝐹𝐺𝑢
′
3
)′ + 𝐸𝐼𝑦𝑢

𝑖𝑣
3 = 0, (34c)

and the associated boundary conditions are given by

𝑢1, 𝑢2, 𝑢3
|

|

|𝑥=0
= 0, 𝑢′2, 𝑢′3

|

|

|𝑥=0
= 0,

𝑢′1 +
1
2

(

𝑢′
2

2 + 𝑢′
2

3

)

, 𝑢′′2 , 𝑢′′3
|

|

|𝑥=𝐿
= 0 and 𝑢′′′2 , 𝑢′′′3

|

|

|𝑥=𝐿
= 0.

(35)

Where, 𝐹𝐺 is the geometric stiffening force term. Based on the different approximations of the strain energy/strain field, the
geometric stiffening force in the bending equations takes a different expression as summarized in Table 3.

The nonlinear term, 𝑈𝑁 , which involves fourth-order terms in strain energy expression, leads to the third-order elastic force
in the bending equations (refer to the first row of Table 3). The equations of motion derived without approximating strain energy
Eq. (33) are not only nonlinear, but one of the boundary conditions is also nonlinear. The stiffness matrix appearing due to this
nonlinear term, 𝑈𝑁 , is fundamentally a quadratic function of the elastic deformations. Some of the authors considered this highly
nonlinear model (including both nonlinear terms of strain energy, 𝑈𝑁 and 𝑈𝐿𝑁 ) for studying rotating-beam dynamics [63,64,69].
10
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Table 3
Different nonlinear models for geometric stiffening of the rotating beam based on von Kármán strain tensor.

Sl. No. Terms retained
in Eq. (33)

Geometric stiffening term, 𝐹𝐺 , in
Eq. (34)

Comments Ref.

1 𝑈𝐿, 𝑈𝐿𝑁 , 𝑈𝑁 𝐸𝐴
[

𝑢′1 +
1
2

(

𝑢′22 + 𝑢′23
)]

Fully nonlinear equations and nonlinear boundary
conditions. A second-order nonlinear stiffness
matrix.

[7,64,66,69–74]

2 𝑈𝐿 and 𝑈𝐿𝑁 𝐸𝐴(𝑢′1) Nonlinear equations of motion but linear boundary
conditions. First order stiffness matrix

[70,75–79]

3 𝑈 𝑠 Eq. (36) 𝐸𝐴(𝑠′) Nonlinear equations of motion but linear boundary
conditions. First order stiffness matrix

[7,24]

4 𝑈𝐿 𝐸𝐴(𝑢1𝑠)
(𝑢1𝑠 is steady-state axial
deformation)

Linear equations and boundary conditions.
Constant stiffness matrix

[48,63,75,76,80]

Nevertheless, the solution procedure for such a nonlinear model is increasingly cumbersome and computationally expensive. This
model is also computationally inefficient as it needs to consider high-frequency axial modes to evaluate stiffness matrices of bending
modes and is more complicated due to the presence of a second-order nonlinear matrix [9]. Nonlinear boundary conditions add more
complexity to the solution procedure as this model fails to converge when the mode superposition is applied [24]. Sharf [64] gives
the detailed derivation of an explicit expression for the strain energy, and different nonlinear terms resulting from the nonlinear
strain–displacement relations are identified. The performance study of the nonlinear formulation shows that the third-order elastic
force arising from the axial-bending coupling plays a critical role in predicting the response of the beam structure. The results show
that the nonlinear formulation possesses slow convergence characteristics.

Some studies ignored 𝑈𝑁 and considered only the first nonlinear term, 𝑈𝐿𝑁 , of the strain energy expression to derive governing
equations. The resulting equations of motion are still nonlinear, but the associated boundary conditions become linear. The elastic
force in the bending equations is a quadratic function of the elastic deformation (refer to the second row of Table 3). The stiffness
matrix appearing due to the first nonlinear term, 𝑈𝐿𝑁 , is fundamentally a linear function of the elastic displacement rather than a
onstant matrix. This approach was adopted by many authors and concluded that it gives reasonably accurate results for rotating
eam dynamics [70,75–77]. The complexity in the implementation of modal analysis is reduced. With linear boundary conditions,
onvergence is proven to be better. In this model, a time-dependent axial force is a function of axial displacement. The solution
rocedure for this approach is still challenging due to axial-bending coupled motion.

In conclusion, to account for the geometric stiffening, the classical method uses the nonlinear strain–displacement relation
esulting in nonlinear equations of motion [8]. The nonlinear modeling methods can accurately model the geometrical stiffening
ffect but are relatively cumbersome and computationally inefficient. The inefficiency of these models is attributed to the coupling
f longitudinal and transverse modes, which are not of the same order. The longitudinal mode is one order of magnitude smaller and
as a higher frequency relative to the transverse mode. To correctly represent the dynamics of the system, it is necessary to include
larger number of modes in computation [9]. To relax the complexity due to coupled axial-bending motion, a new dynamics model
as proposed in which equations of motion are derived in terms of the new variable, stretch. The stretch-based nonlinear model is
resented in the following section.

.1.3. Stretch based nonlinear model
As mentioned in the introduction, the deformation of the blade can be expressed in terms of a non-Cartesian variable, stretch,

hich is measured using coordinates after deformation. The detailed derivation of the relation between stretch and bending motions
s given in Section 3.2.3. The stretch (s), axial, chord-wise and flap-wise displacement are related by

𝑠 = 𝑢1 + ℎ2 + ℎ3, where, ℎ2 =
1
2 ∫

𝑥

0

(

𝜕𝑢2
𝜕𝜁

)2
𝑑𝜁 and ℎ3 =

1
2 ∫

𝑥

0

(

𝜕𝑢3
𝜕𝜁

)2
𝑑𝜁.

The expression of the strain energy takes the form as

𝑈 𝑠 = 1
2 ∫ (𝐸𝐴𝑠′2 + 𝐸𝐼𝑧𝑢

′′
2
2 + +𝐸𝐼𝑦𝑢

′′
3
2)𝑑𝑥 (36)

It is observed that the strain energy is now free from the axial-bending coupling terms and takes the same form as in the linear
formulation without nonlinear terms. Therefore, the stiffening effect does not appear now in the elastic forces. The strain energy
expression is simplified, but the kinetic energy expression gets complicated as stiffening terms are translated into inertia forces. This
is because the foreshortening effect is now introduced explicitly in the displacement field at the kinematic level through the stretch
variable. This model is similar to the second inconsistent model (SIM) in Table 2 where the foreshortening term is included while
deriving the kinetic energy but ignored in the strain energy. The equations of motion can be written as [24]

𝜌𝐴
[

𝑠̈ − ℎ̈2 − ℎ̈3 − 2𝛺𝑢̇2 −𝛺2 (𝑎 + 𝑥 + 𝑠 − ℎ2 − ℎ3
)]

− 𝐹 ′
𝐺 = 0, (37a)

𝜌𝐴
[

𝑢̈2 + 2𝛺
(

𝑠̇ − ℎ̇2 − ℎ̇3
)

−𝛺2𝑢2
]

− (𝐹𝐺𝑢
′
2)

′ + 𝐸𝐼𝑧𝑢
𝑖𝑣
2 = 0 and (37b)

𝜌𝐴𝑢̈3 − (𝐹𝐺𝑢
′
3)

′ + 𝐸𝐼𝑦𝑢
𝑖𝑣
3 = 0, (37c)
11
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Fig. 3. The dimensionless tip displacement (𝑤∕𝐿) of a spinning flexible beam at 𝛺 = 6 rad∕s vs. dimensionless time 𝑡
√

𝐸∕𝜌𝐿2 with properties of the beam
E = 68.95 GPa, 𝜌 = 2766.67 kg∕m3, L = 8 m, A = 7.3×10−5 m2, Iz = 8.218×10−9 m4. Comparison of different nonlinear models: Nonlinear Model-2, Nonlinear Model-3
and Linear Model indicate the modeling method 2, 3 and 4 mentioned in Table 3. Finite Element Method refers a non-incremental finite-element procedure [9].

where, 𝐹𝐺 = 𝐸𝐴𝑠′. The associated boundary conditions are given by

𝑠, 𝑢2, 𝑢3
|

|

|𝑥=0
= 0, 𝑢′2, 𝑢′3

|

|

|𝑥=0
= 0,

𝑠′, 𝑢′′2 , 𝑢′′3
|

|

|𝑥=𝐿
= 0 and 𝑢′′′2 , 𝑢′′′3

|

|

|𝑥=𝐿
= 0.

(38)

It can be noticed that the equations of motion given in Eq. (37) are nonlinear. However, the associated boundary conditions given
in Eq. (38) become linear in the stretch-based formulation, which is derived without approximating the strain energy expression
Eq. (33). Compassion study of the different nonlinear models is demonstrated using a benchmark problem, spinning flexible beam,
for geometrically nonlinear formulations [9,64,67,81–83]. It involves a beam pinned at one of its ends which is allowed to rotate
about the pinned end at an angular velocity, 𝛺. The results of the linear model and finite elements procedure are compared with
two different nonlinear models for 𝛺 = 6 rad∕s in Fig. 3 [9].Linear Model and Nonlinear Model-2 (refer fourth and second row in
Table 3) employ terms 𝑈𝐿 and (𝑈𝐿 +𝑈𝐿𝑁 ), respectively, in the strain energy expression in Eq. (33). Nonlinear Model-3 (refer third
row in Table 3) is based on stretch variable given in Eq. (36) (Section 3.1.3). The Finite Element Method refers to the results obtained
using a non-incremental finite-element procedure [84]. The linear model results without the effects of nonlinear geometric terms are
divergent and inconsistent with the actual physical response. The results of nonlinear model-2, which is based on third-order terms
in the strain energy (𝑈𝐿𝑁 in Eq. (33)) are oscillatory. Also, the modeling method involves the product of derivatives of the axial
displacement and the square of the derivatives of the transverse displacement. Therefore, many modes must be considered due to the
coupling between the axial and transverse deformations. However, the results of nonlinear model-3 agree with the results of the finite
element procedure. The authors concluded from the results that nonlinear Model-3 based on the stretch variable is accurate and
more efficient as it does not need to account for many axial modes. Kim and Chung [24] also compared these nonlinear models and
concluded that the nonlinear model-3 is more accurate than the other two nonlinear models given in the Table 3. The authors used the
Galerkin method with the eigenfunctions of linear, stationary Euler–Bernoulli beam satisfying cantilevered boundary conditions for
these nonlinear models. The assumed mode method applied to nonlinear model-3 gives faster-converged solutions, whereas nonlinear
model-1 failed to give a converged solution. Applying the finite element method to nonlinear model-1 may give a converged solution,
but it requires considering many more degrees of freedom compared to the Galerkin method applied to nonlinear model-3. The
subsequent section presents the linear modeling methods used for studying the rotating beam dynamics.

3.2. Linear models

It is clear from Fig. 3 that the results obtained for the linear formulation cannot account for the geometric stiffening effect. The
tip deflection becomes too large as the simulation progresses. Considering Eq. (34b) without nonlinear and gyroscopic term

𝑢̈2 −𝛺2𝑢2 +
𝐸𝐼𝑧
𝜌𝐴

𝑢𝑖𝑣2 = 0, using 𝑢2 = 𝜙2(𝑥)𝑞2(𝑡),

𝑞2 + (𝜔2 −𝛺2)𝑞2 = 0,
(39)

where, 𝜔 = 𝛼2
√

𝐸𝐼
𝜌𝐴 are natural frequency and 𝜙2(𝑥) and 𝛼 are eigenfunction corresponding to the cantilever boundary condition and

root of the characteristic equation of the cantilever beam, respectively. The equation indicates that the stiffness reduces with the
12
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rotation speed. For (𝜔2 < 𝛺2), the stiffness can become negative, and the bending motion becomes unbounded, which is unrealistic.
lso, ignoring the nonlinear term in Eq. (34c) means there is no rotation effect on the flap-wise bending motion. In reality, the
otation speed increases the flap-wise stiffness and, consequently, the natural frequency. It can be inferred that use of a geometrically
inear beam theory results in equations of motion that predict a spurious loss of stiffness [11]. The inadmissible destabilization
ffects that are not present in the physical model exhibited by the formulation that adopts the linear strain–displacement relation
ere demonstrated by the previous authors [5,11,50]. The instability of the elastically linear models is believed to be due to the
ecoupling between the longitudinal and transverse displacements. When the coupling is neglected, the bending deformation of the
eam does not cause any variation in the longitudinal displacement. Several authors proposed an alternate method to include the
eometrical stiffening in the elastically linear models. El-Absy and Shabana [50] demonstrated that including the foreshortening
ffect in the expression of the inertia forces leads to a consistent model that automatically accounts for the stiffening effect. Another
ossible way to include the stiffening effect due to the rotation in the elastically linear models is by introducing the stiffening effect
s a pre-stressed reference condition [2]. Berzeri and Shabana in [84] introduced a non-incremental finite element procedure called
he absolute nodal coordinate formulation that employs global coordinates as nodal degrees of freedom to address the problem of
entrifugal stiffening in the rotating beam. The following section elaborates on different approaches to include geometrical stiffening
erms in linear models.

.2.1. Constant centrifugal force
One of the straightforward ways to incorporate the stiffening effect in the linear analysis is to add the potential energy due

o the rotation-induced centrifugal force to the expression of elastic potential energy [10,85]. The equations of motion derived by
esorting to a time-independent centrifugal load are equivalent to those that govern the transverse vibrations of beams subject to
n external axial force. In this approach, a linear Cauchy strain measurement is adopted. A time-independent axial force induced
y the centrifugal force on the bending motion is obtained from the equation [86,87]

𝐹𝐺 = 𝐸𝐴𝑢′1 = 𝜌𝐴∫

𝐿

𝑥
𝛺2(𝑟 + 𝑥)𝑑𝑥, (40)

he solution of which is included directly in the strain energy. The equations of motion and associated boundary conditions obtained
sing the constant centrifugal force are linear. Various authors adopt this model [86,88–90]. The shortcoming of this approach is
hat the model produces unacceptable results for dynamic analysis of a rotating beam in the presence of the applied forces and for
on-constant rotating speed [76]. Such a model gives inaccurate results at a relatively higher rotation speed.

.2.2. Linearization around the solution of steady-state axial motion
When the nonlinear terms are ignored, the resulting model does not include the geometric stiffening effect. The previous authors

inearized the equations of motion by coupling the equation governing the steady-state axial deformation with the transverse motion
quation. A steady-state equilibrium equation is obtained from the axial deformation equation by ignoring the time-dependent part
nd its coupling with bending motion. The time-independent solution of the steady-state equilibrium equation, which represents
he axial force 𝐹𝐺 = 𝐸𝐴𝑢′1𝑠, is incorporated in the bending motion equation. Based on the strain–displacement relation adopted, the
quation of steady-state axial deformation can be linear or nonlinear, as listed in Table 4. Most of the studies [76,91] used a linear
teady-state equation of the form

𝜌𝐴𝛺2(𝑟 + 𝑥) + 𝐸𝐴𝑢′′1𝑠 = 0. (41)

nterestingly, the axial force at a distance 𝑥 computed by solving linear steady-state equilibrium Eq. (41) is identical to the centrifugal
xial force obtained by Eq. (40). Therefore, the methods of computing axial force using static axial deformation equation or directly
sing constant centrifugal force in the elastic energy eventually are the same even though the approaches of these formulations are
ifferent from each other. As mentioned above, this simplified linear model produces inaccurate results at higher rotation speeds.
im et al. [75] proposed a new model which adopts a linear steady-state equation with an additional term, 𝑢1𝑠. A new equation

takes a form

𝜌𝐴𝛺2(𝑟 + 𝑥 + 𝑢1𝑠) + 𝐸𝐴𝑢′′1𝑠 = 0. (42)

This boundary-value problem is solved using the cantilever boundary conditions. The authors demonstrated that the results obtained
using this model are accurate at a high rotation speed, as shown in Fig. 4. The natural frequencies computed using the two models
do not exhibit significant differences in the low rotating speed range. However, the differences become prominent in the high
rotating speed range. A similar study was conducted by Zhao and Wu [63] using different models of axial static equilibrium equation
considering linear and nonlinear terms arising from the quadratic term of longitudinal deformation in strain–displacement relation.
The nonlinear steady-state axial equilibrium equation was derived by Zhao and Wu [63]

𝜌𝐴𝛺2(𝑟 + 𝑥 + 𝑢1𝑠) + 𝐸𝐴
(

𝑢′′1𝑠 + 3𝑢′1𝑠𝑢
′′
1𝑠 +

3
2
𝑢′21𝑠𝑢

′′
1𝑠

)

= 0.

The solution to this highly nonlinear equation is increasingly complicated with nonlinear terms. Therefore the authors have
approximated the above nonlinear equation and arrived at three simpler models by ignoring different nonlinear terms, reducing
to the form mentioned in Eq. (41), (42) and (44).

𝜌𝐴𝛺2(𝑥 + 𝑢 ) + 𝐸𝐴(𝑢′′ + 3𝑢′ 𝑢′′ ) = 0 (43)
13
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Table 4
The geometric stiffening force arises from the longitudinal shrinkage caused by the transverse bending displacement (foreshortening effect). 𝐹𝐺 = 𝐸𝐴𝑢′1𝑠 is
tiffening force in Eq. (34) and 𝑢′1𝑠 is a solution of equation governing steady-state axial deformation.

Model No. Steady-state axial equation Approximate solution and stiffening force,
𝐹𝐺 = 𝐸𝐴𝑢′1𝑠

Ref.

Green–Lagrange Strain tensor
1 𝜌𝐴𝛺2(𝑥 + 𝑢1𝑠) + 𝐸𝐴(𝑢′′1𝑠 + 2𝜗𝑢′1𝑠𝑢

′′
1𝑠) = 0 𝑢1𝑠 = 𝑐1(

𝑥
2
− 𝑥3

6
) and

𝑢′1𝑠 = 𝑐1(
1
2
− 𝑥2

2
)

[48,92]

2 𝜌𝐴𝛺2𝑥 + 𝐸𝐴(𝑢′′1𝑠 + 3𝑢′1𝑠𝑢
′′
1𝑠) = 0 𝑢1𝑠 = − 𝑥

3
+ 𝛾

√

3

[

𝑥
2

√

𝑓𝑠 − 𝑥2 + 𝑓𝑠
2
arcsin( 𝑥

√

𝑓𝑠
)
]

𝑢′1𝑠 = − 1
3
+ 𝛾

√

3

[
√

𝑓𝑠 − 𝑥2
]

[63]

von Kármán Strain tensor

3 𝜌𝐴𝛺2(𝑟 + 𝑥 + 𝑢1𝑠) + 𝐸𝐴𝑢′′1𝑠 = 0 𝑢1𝑠 =
𝑟𝛾 cos

(

𝛾(1−𝑥)
)

+sin(𝛾𝑥)

𝛾 cos(𝛾)
− (𝑟 + 𝑥)

𝑢′1𝑠 =
𝑟𝛾 sin

(

𝛾(1−𝑥)
)

+cos(𝛾𝑥)

cos(𝛾)
− 1

[63,75,91,93,94]

4 𝜌𝐴𝛺2(𝑟 + 𝑥) + 𝐸𝐴𝑢′′1𝑠 = 0 𝑢1𝑠 = 𝛾2
[ 𝑟
2
(2𝑥 − 𝑥2) + 1

6
(3𝑥 − 𝑥3)

]

𝑢′1𝑠 = 𝛾2
[

𝑟(1 − 𝑥) + 1
2
(1 − 𝑥2)

]

[63,72,76,80,88,95–97]

Centrifugal force
∫ 1
0 𝛾2(𝑟 + 𝑥)𝑑𝑥 𝛾2

[

𝑟(1 − 𝑥) + 1
2
(1 − 𝑥2)

]

[86,87,89,90,98–101]

𝛾 = 𝛺
√

𝜌𝐿2

𝐸
, 𝑓𝑠 =

1
3𝛾2

+ 1, 𝑐1 =
√

1764−1428𝛾2+3024𝜗𝛾2+289𝛾4−42+17𝛾2

36𝜗
, 𝜗− Coefficient of non-linearity,

Fig. 4. The natural frequencies of Euler–Bernoulli beam obtained using four different linear modeling methods [75]. The geometric stiffening force, 𝐹𝐺 = 𝐸𝐴𝑢′1𝑠,
in Eq. (34) was calculated based on the solution of Eq. (41)–(44). The four linear models are listed in Table 4.

Invernizzi and Dozio [48] adopted the nonlinear model proposed by Hodges and Bless [92] of the form

𝜌𝐴𝛺2(𝑥 + 𝑢1𝑠) + 𝐸𝐴(𝑢′′1𝑠 + 2𝜗𝑢′1𝑠𝑢
′′
1𝑠) = 0. (44)

here, 𝜗 is the coefficient of non-linearity, which depends upon the material and section geometry of the beam and must be
etermined experimentally. Invernizzi and Dozio compared the results of Kim’s model (linear model Eq. (42)) with that of Hodge
nd Bless (Nonlinear model Eq. (44)) by computing the axial tip displacement and the axial root strain. The summary of different
inear steady-state equilibrium equations ((41)–(44))and their solutions (steady-state axial displacement and strain) are summarized
n Table 4.

Further, the comparison of the natural frequencies of the Euler–Bernoulli beam obtained by coupling the time-independent
olution of four steady-state models Eqs. (41), (42),(43) and (44) with transverse motion equation are given in Fig. 4. The difference
n the bending natural frequency is more at a higher rotation speed. Such a comparison between two models (41) and (42) is reported
n the literature [75,94]

.2.3. Hybrid deformation variable
As discussed in the previous section, the nonlinear formulations do not explicitly consider the foreshortening effect. On the

ther hand, the classical linear methods do not incorporate the geometric stiffening effect. Some linearized dynamics models
onsider the geometric stiffening effect through a constant axial force in bending equations. Still, such methods are inaccurate
or dynamic modeling of the rotating beams at high rotation speed and under external excitation. A new formulation was developed
hat distinguishes between the longitudinal displacement due to the axial deformation and the longitudinal displacement caused
y the transverse deflection of the beam (foreshortening) [7,8,102]. A new variable, namely stretches 𝑠, representing deformed
14

ongitudinal displacement (instead of undeformed in the previous model), was introduced. The relation between stretch and



Journal of Sound and Vibration 548 (2023) 117526L. Hoskoti et al.
transverse displacements is given by

𝑠 = 𝑢1 + 𝑢𝑓𝑠, 𝑢𝑓𝑠 =
1
2 ∫

𝑥

0

[

(

𝜕𝑢2
𝜕𝜁

)2
+
(

𝜕𝑢3
𝜕𝜁

)2
]

𝑑𝜁. (45)

Where, 𝑢𝑓𝑠 is an axial foreshortening displacement caused by the geometric non-linear coupling effect of the transverse dis-
placements. This approach, which explicitly includes the foreshortening effect to incorporate the geometrical stiffening effect,
was proposed by Kane et al. [5]. The authors proposed this formulation for the dynamics of an elastic body in which the axial
displacement, as a dependent variable in the conventional methods, was replaced by a non-Cartesian stretch deformation variable, 𝑠.
The authors described the stretch deformation in terms of linear axial deformation and first-order non-linear transverse deformation.
Therefore, stretch is generally referred to as a hybrid or non-Cartesian variable. The derivative of the stretch

𝑠′ = 𝑢′1 +
1
2
𝑢′22 +

1
2
𝑢′3

is identical to the geometric stiffening force term, 𝐹𝐺, in Eq. (34) when fully nonlinear von Kármán strain field is adopted (Model-1
in Table 3). Hence, the dynamics model that uses the hybrid deformation variable is equivalent to the model that adopts second-
order nonlinearity from the von Kármán strain field. The advantage is that the strain energy expression becomes linear and stiffness
terms only include the constant elastic stiffness matrix and non-linear terms are moved to inertial, external and constraint forces [9].
Hence, contributing centrifugal stiffening terms arise pretty naturally from the kinetic energy expression instead of adding a constant
centrifugal term [3]. Therefore, the resulting equation of motion is still non-linear, but associated boundary conditions are linear.
The solution of such a model has better convergence and accuracy when the assumed mode method is applied as it is relatively
easy to find the basis functions for linear boundary conditions [24,103]. This formulation includes the effect of all the geometric
elastic nonlinearities on the bending displacement without requiring high-frequency axial modes due to the coupling between high-
frequency axial and low-frequency bending modes. Also, the dynamic model based on the stretch variable is computationally efficient
as a linear formulation [7]. Thomas et al. [23] derived the coupled non-linear equations of motion governing the flap-wise motion
and the axial force 𝑁 = 𝐸𝐴(𝑢′1 + 0.5𝑢′22). The author derived equations of motion in terms of 𝑁 instead of 𝑢1. This model was
compared with the inextensible model, which considers higher-order geometrical nonlinearities. The inextensible model was an
extension to the rotating case of the elastica model proposed for non-rotating beams in [104–106]. The dynamic model proposed
in [23] based on a new variable 𝑁 , integration of which gives the longitudinal displacement in deformed condition (stretch) was
proven to be efficient and accurate for computing modal characteristics.

The relation between the elastic deformation variable, 𝑢𝑘 and the stretch deformation, 𝑠 can be obtained. The strain energy and
the kinetic energy are then expressed in terms of the stretch variable. Consider a differential element of length 𝑑𝜂 on the neutral
axis at a distance 𝑥 + 𝑢1 from the fixed end. The variable 𝜂 varies from 0 to 𝑥 + 𝑢1. The change in the transverse deformations of
the differential arc of the neutral axis is 𝑑𝑢3 and 𝑑𝑢3 as shown in Fig. 5. The differential length on the neutral axis of the deformed
beam can be written as

𝑑𝑠 =
√

(𝑑𝜂)2 + (𝑑𝑢2)2 + (𝑑𝑢3)2.

The integration of the above equation with a limit from 0 to (𝑥 + 𝑢1) gives 𝑥 + 𝑆, which the arc length from the fixed end of the
beam to an arbitrary point 𝑝∗ of the deformed beam. Since 𝑢1 is explicitly involved in the limit of integration, the derivation of the
equations of motion is complicated and the approach poses numerical and analytical challenges. To avoid the explicit dependence
of the longitudinal displacement on the limit of integration, a new variable, 𝜁 = 𝜂 − 𝑢1, which varies from 0 to 𝑥, is introduced. At
a fixed end of the beam, the axial deformation is zero (i.e, for 𝜂 = 0, 𝑢1 = 0 hence 𝜁 = 0). At 𝜂 = 𝑥 + 𝑢1, it follows that 𝜁 = 𝑥. The
differential arc length in terms of the new variable is given as

𝑑𝑠 =
√

(𝑑𝜁 + 𝑑𝑢1)2 + (𝑑𝑢2)2 + (𝑑𝑢3)2

=

[

(

𝑑𝜁 +
𝜕𝑢1
𝜕𝜁

𝑑𝜁
)2

+
(

𝜕𝑢2
𝜕𝜁

𝑑𝜁
)2

+
(

𝜕𝑢3
𝜕𝜁

𝑑𝜁
)2

]
1
2

.
(46)

The total length of the neutral axis after deformation is obtained by integrating Eq. (46) as

𝑆 = ∫

𝑥

0

[

(

1 +
𝜕𝑢1
𝜕𝜁

)2
+
(

𝜕𝑢2
𝜕𝜁

)2
+
(

𝜕𝑢3
𝜕𝜁

)2
]

1
2

𝑑𝜁 (47)

Using binomial expansion,
(

1 + 𝜕𝑢1
𝜕𝜁

)2 ≈ 1 + 2 𝜕𝑢1
𝜕𝜁 , the arc length is given by

𝑆 = ∫

𝑥

0

[

1 +
{

2
𝜕𝑢1
𝜕𝜁

+
(

𝜕𝑢2
𝜕𝜁

)2
+
(

𝜕𝑢3
𝜕𝜁

)2}
]

1
2

𝑑𝜁 (48)

Again expanding the terms in square bracket using (1 + 𝑥)
1
2 = 1 + 𝑥

2 + … , the total length of the neutral axis which is equal to
𝑆 = 𝑥 + 𝑠, given as

𝑥 + 𝑠 = 𝑥 + 𝑢1 +
1
∫

𝑥
[

(

𝜕𝑢2
)2

+
(

𝜕𝑢3
)2

]

d𝜁. (49)
15
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Fig. 5. Differential element on the neutral axis of a beam.

he relation between the elastic deformation variables and the stretch in the beam along the elastic axis is (refer Fig. 5)

𝑠 = 𝑢1 +
1
2 ∫

𝑥

0

(

𝜕𝑢2
𝜕𝜁

)2
𝑑𝜁 + 1

2 ∫

𝑥

0

(

𝜕𝑢3
𝜕𝜁

)2
𝑑𝜁. (50)

Here, the longitudinal displacement after differentiating with respect to 𝑥 gives

𝑠′ = 𝑢′1 +
1
2
𝑢′22 +

1
2
𝑢′3. (51)

Now, the strain field given in (32) reduced to 𝜖𝑥𝑥 = 𝑠′ − 𝑦𝑢′′2 − 𝑧𝑢′′3 . The nonlinear terms vanished and the strain field is now linear.
The strain energy expression is given in Eq. (18), now can be expressed in terms of stretch deformation as,

𝑈 = 1
2 ∫ (𝐸𝐴𝑠′2 + 𝐸𝐼𝑧𝑢

′′
2
2 + 𝐸𝐼𝑦𝑢

′′
3
2)𝑑𝑥 (52)

Though the strain energy expression becomes simple, the stretch variable adds more terms to the kinetic energy expression. The
kinetic energy given in Eq. (28) becomes

𝑇 =𝜌𝐴∫

𝐿

0

[

(

𝑠̇ − ∫

𝑥

0
𝑢′2𝑢̇2𝑑𝜁 − ∫

𝑥

0
𝑢′3𝑢̇3𝑑𝜁 −𝛺𝑢2

)2
+

(

𝑢̇2 +𝛺
(

𝑟 + 𝑥 + 𝑠 − ∫

𝑥

0
𝑢′22𝑑𝜁 − ∫

𝑥

0
𝑢′23𝑑𝜁

)

)2

+ 𝑢̇23

]

𝑑𝑥

(53)

The use of stretch variables enables non-linear terms of elastic force to move to inertial forces. As a result, the centrifugal stiffness
matrix appears as an explicit function of the rotation speed. Choice of stretch, instead of axial deformation, to describe the kinematics
of the deformed beam account that every transverse displacement gives rise to an axial displacement [5]. Up on expanding Eq. (53),
we arrive at a linear term

∫ 𝜌𝐴𝛺2(𝑟 + 𝑥)

[

𝑠 − 1
2 ∫

𝑥

0

(

𝑢′22 + 𝑢′23
)

𝑑𝜁

]

𝑑𝑥.

On integration by parts, it is possible to write it as

∫ 𝜌𝐴𝛺2

(

(𝑟 + 𝑥)𝑠 −
𝐹𝑎
2

[

𝑢′22 + 𝑢′23
]

)

𝑑𝑥, (54)

where, 𝐹𝑎 = 𝑟(𝐿 − 𝑥) + 1
2 (𝐿

2 − 𝑟2). The form of the centrifugal forcing term is similar to that of the solution of Eq. (41).
Yoo et al. [107] demonstrated that the linear modeling method based on hybrid displacements (stretch) is accurate and

omputationally efficient. The method was proven to capture the motion-induced stiffness variations accurately and efficiently.
lthough linear strain measures were employed, this method was proved to be accurate for a structure subjected to an external

orque and an external force [108]. Kim and Chung [24] demonstrated that the modeling method using the hybrid displacements
s more accurate and has faster convergence characteristics when the modal analysis is used for the discretization of the nonlinear
ystem. They compared their modeling method with the model constructed using the Cartesian variables. Yoo and Shin [96]
dopted the method to investigate the dynamics of a rotating blade undergoing the three translation motions. Further, the method
as successfully used for various problems like the rotating pre-twisted blade [6], rotating multi-layered composite blades [109],
re-twisted rotating Timoshenko blades [110], rotating double-tapered Timoshenko blades [111] and rotating wind turbine blade
ubjected gravitational force [112].

Another widely used method to include the geometrical stiffening in rotating beam is based on a non-incremental finite element
rocedure known as Absolute Nodal Coordinate Formulation [84,113,114]. As discussed, the floating frame of reference approach
ses two sets of coordinates (reference coordinates described in global/inertial frames of reference and elastic coordinates described
n the body or non-inertial frames of reference) to describe the dynamics of deformable bodies that undergo large reference
isplacements. The deformation of the body with respect to the body reference frame is defined using local coordinates, which
16
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leads to a simple expression for the elastic forces. As a result of using local coordinates to describe the locations of the point on
the deformable body, a coordinate transformation that represents the orientation of the body coordinate systems with respect to
an inertial frame is required to define the absolute position, velocity and acceleration. The use of this coordinate transformation
leads to a highly nonlinear expression for the inertia forces and to a strong dynamic coupling between the absolute reference
and local elastic coordinates [113]. But, the absolute nodal coordinate formulation uses isoparametric finite elements, which have
the coordinates of each node defined in a fixed inertial coordinate system, to model the flexible bodies. Since no transformation
matrices are required to define the kinematic position and velocity equations of the element, the expressions for the inertia forces
are simple, but an expression for the elastic forces gets cumbersome [114]. The detailed review of the absolute nodal coordinate
formulation is presented in [54,115]. Suppose the elastic forces are defined with respect to the local coordinate system using the
linear theory of elasticity in the absolute nodal coordinate formulation. In that case, the method is equivalent to the sub-structuring
techniques [116] used for the floating frame of reference formulation [12], in which each element corresponds to a substructure that
undergoes large rotation and small deformation in order to account for the geometric nonlinearities. The method was adopted for
modeling the geometrical stiffening in the rotating beam dynamics by many authors [117–119]. The effect of the centrifugal forces
on the eigenvalue solution of nonlinear finite element formulations was examined by Maqueda et al. [120]. The authors compared
the absolute nodal coordinate formulation with the formulation based on the geometrically exact beam theory, which assumes that
the cross-section does not deform in its own plane and remains plane after deformation.

There are broadly three approaches in modeling the geometric stiffening effect in the dynamics of a rotating cantilever beam. The
irst approach directly provides axial centrifugal loads in the elastic energy expression. The time-independent centrifugal load can
e obtained using any of the methods listed in Table 4. Mostly, the force is obtained by solving the equation governing the steady-
tate axial deformation. The second approach considers the longitudinal shrinkage caused by the transverse bending displacement
orresponding to the foreshortening effect. The foreshortening effect is implicitly or explicitly included in the modeling based on
he different strain measures used in the formulation. Implicit foreshortening methods are nonlinear and the equations are in terms
f Cartesian variables 𝑢𝑖. However, explicit foreshortening methods are linear and the governing equations of motion are obtained

in terms of a hybrid variable, for instance, stretch (𝑠) or axial force, (𝐸𝐴𝑠). The third approach uses an absolute nodal coordinate
formulation mostly based on the finite element method [84,121–123].

3.3. Applicability of linear models

The solution of the steady state axial equilibrium equation Eq. (42),

𝑢1𝑠 =
𝑟𝛾 cos

(

𝛾(1 − 𝑥)
)

+ sin(𝛾𝑥)
𝛾 cos(𝛾)

− (𝑟 + 𝑥),

s singular or diverges at critical angular velocity, 𝛾 = 𝜋∕2. This has been reported as static instability of rotating beam at which the
atural frequency becomes zero [92,94]. The critical value of the rotation speed appears to be the maximum limit for the structure
nd the previous authors referred to it as maximum angular velocity [76,94,124]. The expression for maximum steady strain at the
ixed end (root, at 𝑥 = 0) for a rotating uniform beam can be approximated as [48,76,91]

𝜖𝑚𝑎𝑥 = 𝑢′1𝑠𝑚𝑎𝑥 = 𝛾2(𝑟 + 0.5). (55)

n practice, the value of 𝜖𝑚𝑎𝑥 should not exceed yield strain. For most engineering materials, the yield strain is much smaller than
nity. The angular velocity limit is defined based on the value of the maximum steady state axial strain at the root, which is close to
he yield strain of the beam. To define the limit, the steady-state axial tip deformation and the axial root strain of an Euler–Bernoulli
eam is plotted for different values of non-dimensional angular speed, 𝛾 = 𝛺

√

𝜌𝐿2∕𝐸, in Fig. 6. The solution of four steady-state
axial equilibrium equations presented in the previous section are compared. The displacement and strain curves computed using
the linear and nonlinear steady-state axial formulation begin to differ at the dimensionless angular velocity corresponding to an
axial root strain of approximately 2% which is considered as maximum strain before structure failed. Solving for the dimensionless
angular velocity corresponding to the maximum root strain of 2% yields the expression [48,76,94]

𝛾𝑚𝑎𝑥 =
√

0.02
𝑟 + 0.5

.

This expression can be used to compute the limit value of the angular speed of a rotating beam for which the structure is subject
to sufficiently small strain so that a physically linear constitutive law applies. The value of 𝛾𝑚𝑎𝑥 = 0.2 for 𝑟 = 0 at which the
structure experiences the root strain higher than the structural limit imposed by yield stain. The instability predicted by the model
based on the physically linear constitutive law occurs at an angular velocity 𝛾𝑚𝑎𝑥 = 𝜋∕2, which is largely beyond the range where
the strains can be correctly assumed to be small and structure sustain the large strain. Therefore, the study on the effect of the
dimensionless rotation speed more than 𝛾 = 𝛺

√

𝜌𝐿2∕𝐸 > 0.2 is not relevant from a practical point of view. The comparison study
of the different steady-state axial equilibrium equations shows that the nonlinear and linear solutions give extremely close results
before the structure fails (for 𝛾 < 0.2). Therefore, many previous authors used the linear model to compute the expression for the
ime-independent axial force. The solution of the Eq. (41) is the most suitable expression for steady-state axial motion owing to its
implicity and consistent accuracy in the lower range of rotation speed compared to the nonlinear model given in Eq. (43) or (44).
he steady-state axial deformation and the axial strain of an Euler–Bernoulli beam along the beam length at a high rotation speed
17

higher than 𝛾𝑚𝑎𝑥), 𝛾 = 0.3 are plotted in Fig. 7. The solution of all four steady-state axial equilibrium equations are extremely close



Journal of Sound and Vibration 548 (2023) 117526L. Hoskoti et al.

s

w

Fig. 6. Variation of the steady-state axial tip deformation and the axial root strain of an Euler–Bernoulli beam with nondimensional rotation speed (assume
𝑟 = 0). The dash-dotted, dash, dotted and solid line represent the solution of Eq. (41), (42), (43) and (44), respectively.

Fig. 7. The steady-state axial deformation and the axial strain of an Euler–Bernoulli beam at high rotation speed, 𝛾 = 0.3, were obtained by solving different
equations governing the steady-state axial deformation with hub radius, 𝑟 = 0. The dash-dotted, dash, dotted and solid line represent the solution of Eq. (41),
(42), (43) and (44), respectively. The equations and corresponding solutions are summarized in Table 4.

at 𝛾 = 0.3. The study by Zhao and Wu [63] also concluded that the steady-state axial deformation causes significant changes in the
transverse motion 𝑢2 while influence is negligible on the other transverse motion, 𝑢3. Also, the terms 3𝑢′1𝑠𝑢

′′
1𝑠 and 3

2 𝑢
′2
1𝑠𝑢

′′
1𝑠 in , arising

from longitudinal quadratic term of the Green strain–displacement relationship, make an insignificant difference on the geometric
stiffening effect of the rotating beam at lower speeds.

Some of the previous authors [91,94–96,98] observed that the first stretching natural frequency of the rotating Euler–Bernoulli
beam becomes zero at a sufficiently high angular speed as shown in Fig. 8. The authors in [96] referred to the angular speed as
buckling speed because the authors think the beam buckles at the zero natural frequency. The solution of the steady-state axial
deformation equation given in Eq. (42) (refer row 3 in Table 4) become divergent at angular speed 𝛾 = 𝜋∕2 which is the same as the
buckling speed mentioned in [96]. However, the strain corresponding to the buckling speed 𝜖𝑚𝑎𝑥

|

|

|𝛾=𝜋∕2
= 2.9674 (refer Eq. (55)) is

largely beyond the range that the structure sustains. The instability predicted by the steady-state axial deformation model based on
the physically linear constitutive law is largely beyond the range where the strains can be correctly assumed to be small. Interestingly,
the buckling speed also corresponds to an angular velocity equal to the first axial natural frequency of a non-rotating beam [48].

Other researchers argued that though the axial stretching frequency decreases with increasing angular speed, it does not reduce
to zero [63]. This is in line with the argument that the structure fails due to high root strain well before the frequency reduces
to zero. It is clear from Fig. 6 that the maximum strain increases drastically with rotation speed and the structure fails because of
the structural limit well below 𝛾 = 𝜋∕2. The solution of Eq. (41) for 𝑟 = 0 gives the relationship between the steady-state axial
deformation and rotating speed as 𝑢1𝑠 =

𝛾2

6 (3𝑥−𝑥3) which indicate that the steady-state axial deformation rapidly increases with the
increase in the rotating speed, so does the axial strain, 𝑢′1𝑠 = 𝛾2

2 (1 − 𝑥2). The expression for the rotating speed limit beyond which
tructure fails is given by

𝛺𝑐 =
√

2𝜎𝑐∕𝜌𝐿2,

here, 𝜎 elastic limit of the structure.
18
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Fig. 8. Bending and stretch coupled natural frequencies of a rotating Euler–Bernoulli beam. Dotted and solid lines represent the natural frequencies obtained
considering and ignoring the gyroscopic coupling between chord-wise and stretch motion, respectively.

To derive the expression for axial natural frequency, the axial vibration equation Eq. (34a) is considered ignoring the coupling
with transverse motion,

𝜌𝐴(𝑢̈ −𝛺2𝑢) − 𝐸𝐴𝑢′′ = 0. (56)

Using the assumed mode method, axial stretching natural frequency, 𝜔𝑢, can be obtained as [63],

𝜔𝑢 =

√

(2𝑚 − 1)2𝜋2

4
𝐸
𝜌𝐿2

−𝛺2 =
√

𝜔2
𝑢0 −𝛺2, 𝑚 = 1, 2, 3,… (57)

where, 𝜔𝑢0 is the axial stretching natural frequency of the non-rotating beam. The equation shows that the axial stretching natural
frequency decreases with increasing rotating speed. The axial stretching frequency should become zero when 𝛺 = 𝜔𝑢0. The axial
natural frequency at the critical rotation speed limit, 𝛺𝑐 can be expressed as

𝜔𝑢 =

√

𝐸
𝜌
(2𝑚 − 1)2𝜋2

4𝐿2
−

2𝜎𝑐
𝜌𝐿2

= 𝜔𝑢0

√

1 − 8
(2𝑚 − 1)2𝜋2

𝜎𝑐
𝐸

his indicates that the axial stretching natural frequency decreases with increasing rotating speed, but it is never reduced to zero
ecause of the large difference between 𝜎𝑐 and 𝐸. As the values of 𝑚 increases, 𝜔𝑢 becomes increasingly closer to 𝜔𝑢0. Therefore,

the effect of the rotating speed is smaller on higher modes of the stretching circular frequency.
It is concluded that the rotating speed decreases the magnitude of the natural frequency of the stretching mode when the effect

of transverse motion on the axial vibration is not considered (Coriolis term). However, a decrease in the stretching frequency did
not cause the chord-wise bending frequency to reduce to zero due to the structural limit at a critical rotating speed, 𝛺𝑐 . Huang
et al. [76] called 𝛺𝑐 as the high angular velocity at which the structure loses its ability to resist steady-state axial strain due to
centrifugal force. The high angular velocity is much lower than the speed at which the first bending natural frequency became zero.
Invernizzi and Dozio [48] determined the angular velocity corresponding to a maximum axial strain closely equal to 2% (which
indicates that the elongation is 2% of the length of the beam) for different values of the hub radius.

4. Formulation and solution approach

The equations of motion for the blade attached to a rotating hub fall in the class of problems generally referred to as a multi-body
system, a collection of connected rigid bodies and deformable bodies, derived from various approaches. These approaches are broadly
classified into two groups as the inertial frame of reference formulation and the floating frame of reference formulation based on
the coordinate systems adopted to describe the motion [9,49]. The inertial frame of reference formulation uses a single global inertial
19
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frame of reference to describe the movement of the system and the displacement of any point on the system is referred to this inertial
system. Therefore, there is no distinction between rigid body motion and displacements due to deformation. Global displacements
are discretized using finite-element method [95,125] or the finite difference method [126]. The floating frame of reference formulation
uses global reference frame and local body reference frames associated with each body in the system to describe the motion. The
configuration of the deformable body in the multibody system is identified by using two sets of coordinates: reference and elastic
coordinates. Reference coordinates define the location and orientation of a selected body reference frame with a finite number of
degrees of freedom. On the other hand, elastic coordinates describe the body deformation with respect to the body reference frame,
which has an infinite number of degrees of freedom. The floating frame of reference formulation has been proved to be efficient in
the analysis of large displacement/small deformation problems [84].

An introduction and background of different approximate solution approaches such as the Rayleigh method, Galerkin’s method,
and details of finite element method for a rotating beam problem are provided in books [127,128]. The most commonly adopted
solution approach for rotating beam dynamics is modal approximation methods, the mode superposition method, or the assumed
mode method. In the modal method, each continuous displacement variable is written as a weighted sum of a finite number of basis
functions, each of which has a corresponding generalized modal coordinate that is a function of time only (variable separation). Basis
functions are linearly independent and space-dependent functions. Based on the type of basis functions used, the modal method can
be either Galerkin’s method or Rayleigh–Ritz method. Galerkin’s method first derives partial differential equations using Hamilton’s
principle and then performs the variable separation. The basis functions used in Galerkin’s method should satisfy all boundary
conditions (geometric boundary conditions on displacement and rotation and force boundary conditions on force and moment),
usually called as comparison functions. Rayleigh–Ritz method is applied to Lagrange’s equations or the principle of virtual work.
The variable separation is performed for each continuous displacement variable in kinetic and potential energies and then derives
ordinary differential equations using Lagrange’s equations. The basis functions used in the Rayleigh–Ritz method should satisfy at
least geometric boundary conditions, usually called as admissible functions [129]

For a rotating Euler–Bernoulli beam, the Galerkin and Rayleigh–Ritz method using the eigenfunctions of the non-rotating
cantilever beam as basis functions are identical. This is because the Eigenfunctions are comparison functions for the Euler–Bernoulli
beam that satisfy both geometric and force boundary conditions. The Galerkin method was used for the Euler–Bernoulli beam by
many authors [24,75,86,108,130]. Some authors adopted the Rayleigh–Ritz method for rotating Euler–Bernoulli beam [6,96]

Some of the authors adopted the Galerkin method for a rotating Timoshenko beam [80]. However, using eigenfunctions of
the non-rotating cantilever beam as basis functions for the Timoshenko beam, the Galerkin method will give inaccurate results. The
eigenfunctions are admission functions for the Timoshenko beam, which satisfy only geometric boundary conditions. Therefore, most
of the time Rayleigh–Ritz method is used for the Timoshenko beam using cantilever eigenfunctions as basis functions [110,131,132].

Finite element method (FEM) is a widely used solution method for rotating beam dynamics. FEM is based on the discretization of a
structure into a large number of small elements, modeling them approximately, and connecting them together appropriately. Because
of this way of discretizing the geometry, it is possible to accurately capture modeling details that other methods cannot [129]. Some
authors adopted FEM for rotating Euler–Bernoulli beam [79,95,133] and for Timoshenko beam [70,73,84,134–137]. FEM is also
used for tapered and twisted rotating blades [138]. Other methods derived from FEM and used for rotor dynamics are Spectral
FEM [139,140] and power series [91].

Another method that is popular for the solution of rotor dynamics is dynamic stiffness method which is referred to as the exact
method as it is based on exact shape functions obtained from the exact solution of the element differential equations [141,142].
The method is adopted for rotating uniform or tapered Euler–Bernoulli beam [97,98,101,143–145], tapered Rayleigh beam [146]
and Timoshenko beam [91,100,147].

The differential transform method (DTM) was adopted for the rotating beam problem by Kaya and group, which is based on the
Taylor series expansion. The method was adopted for a rotating tapered cantilever Bernoulli–Euler beam with linearly varying
rectangular cross-section [148,149], axially loaded composite Timoshenko beam [149,150] and tapered Timoshenko beam [151].

5. Free vibration of rotating beam

Yoo and Shin [96] considered the dynamic characteristics of a uniform Euler–Bernoulli beam using the stretch variable. They
derived the linear equations of motion governing the gyroscopically coupled stretching and chord-wise motion (𝑢2 motion) and
uncoupled flap-wise motion (𝑢3 motion) (refer Fig. 5). The modal analysis was employed to calculate the natural frequencies of the
rotating beam. The authors studied the effect of centrifugal force due to rotation and hub radius on the beam’s natural frequency. It
was observed that the third chord-wise motion and first stretching motion exhibit the veering phenomenon in which the loci of the
eigenvalue come close to each other and veer away rather than cross. The authors computed the tuned angular speed, which results
in resonance due to matching of the angular velocity with the beam’s natural frequency. It was observed that the tuned angular
velocity for the first mode existed in the chord-wise motion but did not exist in the flap-wise motion. Further, they concluded that
the gyroscopic coupling due to Coriolis force between the stretching and chord-wise motion is insignificant at lower angular speeds
and for highly slender beams. At the same time, the coupling effect is more substantial at a higher angular velocity, especially for
lower modes. The effect of Coriolis force is to soften the bending mode and stiffen the stretch mode of a rotating beam. Hence
the natural frequency of the first stretching mode increased in magnitude, whereas the first bending mode frequency was found to
decrease with the angular speed. A similar conclusion was drawn by Lacarbonara et al. [152]. The Coriolis force that acts normal
20
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Fig. 9. Effect of hub radius on the natural frequencies of first three modes of flap-wise and chord-wise motion [155].

the natural bending frequency. However, this force stiffens the beam in axial motion, resulting in an increase in the stretch mode
frequencies.

Further, the stretch-based linear modeling method was adopted by different authors for rotating beam applications. Yoo et al. [6]
considered the pre-twisted Euler–Bernoulli rotating beam to investigate the natural frequency loci veering phenomena using the
stretch variable. Zhu [110] adopted the non-Cartesian variable-based formulation to perform the modal analysis of a twisted beam,
including the shear deformation effect. The author concluded that the slenderness ratio is the dominant parameter that affects the
tuned angular speed in addition to the hub radius ratio. However, the veering phenomena observed by Yoo et al. [6] was not observed
for a beam with shear deformation effects. Further, the study was extended for a rotating double-tapered beam by Zhu [111]. Oh
and Yoo [131] performed the modal analysis of a rotating beam with an asymmetric cross-section. Using the linear dynamic model,
the authors investigated the effect of the cross-section eccentricity, pre-twist angle and setting angle on the modal characteristics of
the blade. They concluded that the cross-section asymmetry, pre-twist and presetting angle caused the veering phenomenon. The
effort of previous researchers to understand the dynamics of the rotating beam reveals that there are various parameters such as
taper, twist angle, asymmetric cross-section and presetting angle on which the modal characteristics of the beam depend. In the
following two tables (Tables 5 and 6), a summary of the effect of each of the parameters is presented. In the following section, the
effect of the geometry properties of the rotating blade on its modal characteristics is presented.

Hub radius

The effect of hub radius was investigated initially by Boyce et al. [153] and later by Lo et al. [154]. The perturbation method
was applied to determine the change in the natural bending frequency with a change in hub radius. The study concluded that a
frequency parameter of a beam is a linear function of the hub-radius change and the constant of proportionality is readily obtainable
from known parameters. The variation of the dimensionless natural frequency with dimensionless speed for three different values
of hub radius, 𝑟, is given in Fig. 9. The dimensionless natural frequencies increase as the dimensionless angular speed increases, and
the increasing rates (the slope of the trajectory) become larger as the hub radius ratio becomes larger.

Pre-twist angle

The initial investigations of the rotating blade considered a uniform blade without a pre-twist. But, in reality, the blade can
be twisted, which causes the coupling between the bending modes. A comprehensive review of the dynamic analysis of twisted
beam is presented by Rosen [156]. Dawson and Carnegie [157] examined the effect of a pre-twist angle on the natural frequency
of cantilever beams. Gupta and Rao [138] adopted an approximate method (the Ritz–Galerkin method) and the numerical method
(FEM) to investigate the effects of pre-twist angle on the dynamic characteristics of a blade. Young [158] considered a pre-twisted
blade resulting in coupling between the two bending modes of vibration. The free vibration characteristics of the twisted rotating
beams, including the effect of transverse shear and rotary inertia, were investigated by several researchers [42,159–161]. The
dynamic response of a rotating cantilever twisted Timoshenko beam constrained at the hub in a centrifugal force field is studied by
Sinha [162]. Sinha observed a slight increase in the bending frequencies and a rapid decrease in the torsional frequency with the
increasing twist. Hu et al. [42] studied the free vibration characteristics of a rotating cantilever conical shell with pre-twist, which
is a model of turbomachinery blade. The author considered a blade with different thicknesses and presetting angles and investigated
the effect of twist angle on the natural frequency. The author concluded that the twist angle decreases the fundamental frequency
21
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Table 5
Effect of blade geometry and higher order effects on the modal characteristics.

Causes Effects Ref.

Rotation effect
Coriolis force Gyroscopic coupling between the axial

and the lag-wise (Chord-wise) motion.
Coupling of high frequency axial and low
frequency bending motion results in numerical
issues
Softening effect on the chord-wise motion that
reduces the natural frequency
Geometrical stiffening effect on the axial
motion and frequency increases with rotation
speed.
No effect on the flap-wise bending and torsion
motion
The coupling effect is significant at high
rotation speeds.

[20,93,95,96,98,163–165]

Centrifugal force Centrifugal stiffening effect on all modes
(without gyroscopic coupling)
Softening effect on axial motion with
gyroscopic coupling

The frequencies of bending (chord-wise and
flap-wise) and torsional motions increase with
rotation speed and axial motion decreases with
rotation speed when the gyroscopic coupling is
considered

[48,63,75,76,86,87,89,90,
92,93,95–101]

Geometric properties
Hub radius Increases the stiffening effect A frequency of a blade is a linear function of

the hub radius change
[95,96,98,100,135,147,
150,153,154,166–168]

Taper Considerable change in the distribution
of mass and the stiffness along the blade
length

The breadth taper ratio affects all the natural
modes and the height taper ratio affects only
the fundamental vibration mode

[111,148,149,169–173]

Twist angle The coupling between the bending
modes (flap-wise and chord-wise motion)

The fundamental frequency decrease with twist
angle and the twist angle’s influence is reduced
at a higher rotation speed as a centrifugal force
of rotation may cause deformation against the
pre-twist
The veering phenomena occurs due to pretwist
and the existence of tuned angular velocity in
the bending modes

[6,42,125,134,138,156–
162,174]

Asymmetric cross-section Due to offset along the principal axis
between the elastic axis and the
centroidal axis, the bending and
torsional modes are coupled under the
combined twisting and bending
deformation of the blade

The bending frequencies decrease, and torsional
frequencies increase with asymmetry. The
asymmetry has a relatively dominating effect
on higher modes

[87,131,132,136,143,175]

Pre-setting angle Causes the coupling between axial and
flap-wise bending, axial and torsional
motion and bending–torsional motions

Increase the chord-wise and torsional mode
frequencies and the effect is relatively more
predominant in the fundamental mode

[97,132,163,166,176–178]

Higher order effects
Shear deformation and
Rotary inertia

For blades with smaller slenderness
ratios and moderately large rotations,
the higher order effects are significant

The natural frequencies decrease
The effects are more significant for higher
natural frequencies

[137,138,160,168,175,179,
180]

and the twist angle’s influence is reduced at a higher rotation speed. This could be because a centrifugal force of rotation may cause
deformation against the pre-twist. The thin conical shell was more sensitive to the twist angle than the thick one.

Banerjee [160] investigated a twisted Timoshenko beam undergoing free natural vibration with the application of the dynamic
tiffness matrix. The results concluded that the shear deformation and rotatory inertia have similar effects on the natural frequencies
f a twisted beam as they have on an untwisted beam. Yoo et al. [6] considered the pre-twisted Euler–Bernoulli rotating beam to
nvestigate the natural frequency loci veering phenomena using the stretch variable. Equations governing the two bending modes,
.e., chord-wise and flap-wise, coupled due to the pre-twist angle, were used for the computations. The authors showed manifestation
f the veering phenomena caused by the pre-twist angle and tuned angular velocity in the first two bending modes. Furthermore,
he authors elaborated on the effect of the pre-twist angle and the hub radius on the tuned angular velocity. Yardimoglu and
nman [125,134] considered a problem with an asymmetric cross-section of the blade in addition to the pre-twist resulting in
oupling between the two bending modes and the torsional mode of vibration. They developed a FE model for the blade vibration,
he results of which were compared with an experimental result conducted on the 250 MW turbine blade by Montoya [174].

symmetric cross section

The transverse and lateral bending vibrations are coupled with the torsional vibration due to asymmetry. The bending vibration
hat occurs in the plane perpendicular to the symmetry axis is coupled with the torsional vibration for only one symmetry
22
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Table 6
Study of rotating blade using different beam theories including different higher order effects.

Modeling details Rotation effect Geometrical properties other effects

Beam theory Solution approach Hub
radius

Coriolis
force

Taper Twist
angle

Asymmetric
cross-section

Pre-setting angle

Euler–Bernoulli beam

Rayleigh–Ritz method [96,167] [20,93,
96]

[163,181] [171,181–
186]

[176,182] [176]

Galerkin method [166] [164] [166,177]
Finite element method [95,135,

167]
[95,165] [139,140] [135] [165,187,188]

[187]
[97]

Dynamic stiffness method [98,147] [98] [147] [144]
Other [76,189]

Rayleigh beam

Rayleigh–Ritz method [155,190] [155]
Galerkin method
Finite element method
Dynamic stiffness method [146]
Other [191,192] [191,192] [193]

Timoshenko beam

Rayleigh–Ritz method [132,178] [132,178] [110,132,
175,178,
194]

[132,178] [132,178]

Galerkin method
Finite element method [168] [168,175,

180]
[137,138,
168]

[137,138,
138,156,
195,196]

[137,175,180,
197]

Dynamic stiffness method [100] [160]
Other [100,150] [91,97,

198,199]
[151,173,
200,201]

[41,200,
202]

[200–202] [97]

Fig. 10. Effect of the cross-section asymmetry on the natural frequency. 𝐹 , 𝐶, 𝑇 and 𝑆 indicate the modes of flap-wise motion, chord-wise motion, torsional
otion and stretch motion, respectively. The integer associated with each mode indicates the corresponding modal index [203].

Variation of the first nine non-dimensional natural frequencies with the non-dimensional rotation speed for a blade with an
symmetric cross-section (𝑒2 and 𝑒2 are asymmetry in 𝑎̂2 and 𝑎̂3 direction, respectively) is given in Fig. 10. It is observed from the
igure that the bending frequencies decreases and torsional frequencies increase with the extent of asymmetry. The asymmetry has
relatively dominating effect on the higher modes

resetting angle

Variation of three fundamental frequencies of flap-wise, chord-wise and torsional motion is plotted against nondimensional
otating speed for different values of pre-setting angle in Fig. 11. In the figure, the ordinate represents the ratio of blade frequency
ith a pre-setting angle to the frequency of the blade without setting the angle. The pre-setting angle increases the chord-wise and

orsional mode frequencies and the effect is relatively more dominant in the first mode.
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Fig. 11. Variation of first three modes of flap-wise, chord-wise and torsional natural frequencies with non-dimensional rotation speed for different pre-setting
angle [203].

Taper

The modal characteristics of a tapered blade often vary from those of uniform blades due to considerable changes in the
istribution of mass and the stiffness along the blade length [169]. Downs [170] presented the natural frequencies of cantilever
apered beams. Subrahmanyam and Rao [171] determined the modal characteristics of a pre-twisted tapered blade using the Reissner
ethod. Lee and Lin [172] investigated a rotating non-uniform beam using a semi-exact numerical method. Further, the study was

xtended to a rotating double-tapered beam by Zhu [111]. The study revealed that the breadth taper ratio affects all the natural
odes and the height taper ratio affects only the fundamental vibration mode. The authors studied the influence of the taper ratio on

he natural bending frequencies. Özdemir and Kaya [149] developed the differential transform method (DTM) to study the flexural
ibration of a double-tapered beam. Further, the authors applied the DTM to analyze the flap-wise vibration of an Euler–Bernoulli
eam [148] and Timoshenko beam [173]. Zhu [111] analyzed the transverse vibration of a rotating, double-tapered Timoshenko
eam using the hybrid deformation variables.

igher order effect

Four beam theories viz., Euler–Bernoulli, Rayleigh, shear and Timoshenko are analyzed for the transversely vibrating uniform
eam [179]. The effect of shear deformation and rotary inertia is demonstrated for different beam boundary conditions. Baner-
ee [160] investigated a Timoshenko beam to study the effect of shear deformation and rotary inertia on the rotating beam with
nd without pre-twist. The results indicate that the natural frequencies decrease when the effects of shear deformation and rotatory
nertia are considered. The effects are more significant for higher natural frequencies and smaller slenderness ratios. The effects
f shear deformation and rotatory inertia on the natural frequencies of a twisted beam are similar to those of an untwisted beam.
owever, the effects are seen to be marginally more pronounced in the case of a twisted beam than that of an untwisted one. The

ummary of the study on rotating beam dynamics is provided in Table 6

. Conclusion

A detailed review of the modeling methods to account for the geometrical stiffening effect induced by rotation in the blade is
resented. The kinematic description and then expression for strain and kinetic energies of a rotating blade modeled using a beam
s developed for the most general case. Subsequently, the geometrically exact model for the blade undergoing large deformation
nd small strain is discussed through a consistent linearization procedure. Then models for geometrical stiffening models are
resented. The modeling methods can be either explicit or implicit based on how the foreshortening effect is incorporated into
he kinematics description of the blade motion. In the implicit method, the geometrical stiffening terms are nonlinear, arising from
oupled axial-bending motion. Such a method requires considering many high-frequency axial modes in the solution procedure,
aking it inefficient. It is possible to linearize the implicit model to study the geometrical stiffening effect. Various linear implicit
24
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is based on the stretch variable, which measures the blade elongation using coordinates after deformation. The stretch variable
includes the foreshortening effect explicitly in the kinematic description. It was concluded that the explicit modeling method is
more accurate and computationally inexpensive. Also, the convergence of the explicit method is much better than the implicit
method. Different solution procedures are discussed in the context of the rotating blade. The results of the explicit model obtained
using the assumed mode method are comparable to those of the implicit model using the finite element procedure. Therefore, the
appropriate method should be chosen based on the nature of the governing equations and boundary conditions. The implicit model
has nonlinear boundary conditions, and it is challenging to find the base functions that satisfy such boundary conditions for the
assumed mode solution method. However, the explicit model has linear boundary conditions hence the assumed method can be
used with base functions for the corresponding boundary conditions. The rotation effect on the blade has two folds: a centrifugal
stiffening and a gyroscopic coupling effect. For a rotating beam, it was observed that the bending motion and the stretch motion
exhibit the veering phenomenon in which the loci of the eigenvalue come close to each other and veer away rather than cross. The
effect of Coriolis force is to soften the bending mode and stiffen the stretch mode of a rotating beam.

Data availability

No data was used for the research described in the article.
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