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Abstract

Precision calculations in Quantum field theory has been a field of active research for several years,

as they act as a reference to experimentalists to test numerous hypothesis of the Standard Model

and also to obtain the signatures of new physics. This thesis is based on both the study of standard

Model and beyond standard Model precision studies from the theoretical point of view.

The discovery of the Higgs boson discovery at the LHC completes the last missing piece in the

Standard Model, and the next step toward precision measurement is to look for a signature from

BSM. Pseudo-scalar Higgs is one of the BSM candidates we are interested in due to the similarities

with the Higgs boson as long as production procedure is concerned. The small pT region that supplies

most of the cross-section is inaccessible to fixed-order perturbation theory due to the presence of large

logarithms in the perturbative series. We present the calculation of the combined O
�
↵4
s

�
fixed order

result for the transverse momentum distribution of a pseudo-scalar Higgs boson, with a resummation

of large logarithms in the small pT limit to NNLL. We have observed a significant reduction going

from NLO+NLL to NNLOA +NNLL for pT distribution. The calculation is performed assuming

the top quark is infinitely heavy. Thus, the phenomenological relevance depends to a large extent

on whether a pseudo-scalar Higgs boson of mass below twice the top mass will be found or not. The

calculation builds on well-known methods and results but fills a noticeable gap in the theoretical

landscape of higher-order Higgs predictions. We present a complete phenomenological assessment

in the setting of 14 TeV and 13 TeV center-of-mass energy of the LHC, considering various masses,

scales, and parton distribution functions, which will be beneficial in the future hunt for such particles

at the LHC.

In the context of e+e� collider, we have used well-studied event shape variables to study

hadronization e↵ects. Power corrections, a non-perturbative e↵ect, can be recovered from the per-

turbative ambiguity of Borel-resummed distributions and can be studies e�ciently using Dressed

gluon exponentiation (DGE). We o↵er a simplified version of the DGE approach that finds all domi-

nant power corrections to event shapes using straightforward computations. We named our method

Eikonal Dressed Gluon Exponentiation (EDGE). Using this method, we computed the Characteris-

tic and Borel functions for three widely used event shapes in literature: thrust, C parameter, and

angularities. We have also shown how to calculate the Sudakov exponent in the case of thrust.
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Chapter 1

Introduction

The Standard Model (SM) of particle physics, which describes the physics at the subatomic levels,

is a very successful theory to date. With the discovery of Higgs Boson at the Large Hadron Collider

(LHC) [1, 2] the Standard Model is complete. New physics could manifest as minor deviations from

the precise SM predictions. The primary objectives of the theoretical studies are: SM verification

with extraordinary precision and the search for physics beyond the SM (BSM). To this end, reliable

theoretical predictions are necessary to fulfil these essential tasks. As the theory is not solvable

exactly, perturbation theory is the most practical and accepted method, in which an observable bO
has the following form:

bO = bO0 + ↵s
bO1 + ↵2

s
bO2 + .... , (1.1)

where, ↵s is the coupling constant. bO0 is the leading order (LO) term, bO1 is the next-to-leading order

(NLO) term and so on. At leading order SM has been tested for a wide range of phenomena and

found to be exceptionally successful. However, we witnessed a revolution in technology in the past

three decades [3–7], as a result we have more powerful colliders, from which we are getting enormous

amount of data. To match the experimental data, one needs to perform precision calculations.

In general, the observables beyond the leading order contain large logarithms, and a well moti-

vated strategy to handle these logarithms is resummation. In the resummation method, Eq. (1.1) is

reorganized in such a way that the potentially large logs are combined into an exponent to obtain a

finite result.

A crucial property in performing resummation is the factorization of Infrared singularities from

the non-singular parts. This factorization introduces a factorization scale, denoted by µF in general.

Also, renormalization of UV singularities in a theory introduces a renormalization scale µR. Fixed

order results in general depend on both the renormalization (µR) and factorization (µF ) scale. This

scale dependency becomes weaker as we go higher-order in perturbation theory. Thus, theoretical

predictions will be improved as we calculate the observables at higher-orders in ↵s.

This thesis has been divided into two parts: the first deals with pseudo-scalar Higgs pT resum-

mation, and the second with power corrections to event shapes. A brief discussions of these two

works are as follows:

(I) pT resummation: Several beyond the standard model (BSM) scenarios predict the existence

of pseudo-scalar Higgs particles. Among the several BSM models, the minimal supersymmetric

standard model (MSSM) is the most popular one. In this model, we have five Higgs bosons rather
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than one as in the standard model: two scalars (h,H), one pseudo-scalar (A), and two charged

Higgs Bosons (H±). One of the important di↵erences between pseudo-scalar Higgs and scalar Higgs

is that the former is CP-odd, whereas the latter is CP-even. They have many similarities; for

example, the most dominant channel of production for both is gluon fusion. The typical feature of

the perturbation theory is that the observable depends on the renormalization (µR) and factorization

(µF ) scale. This scale dependency becomes weaker as we go higher-order in perturbation theory.

Consequently, theoretical predictions will be improved. Pseudo-scalar Higgs pT spectrum upto

NLO+NLL accuracy [8] has been known for long. It shows scale uncertainty as high as 25%. We

obtained the various components required for the pT resummation of a pseudo-scalar Higgs boson

to NNLL precision. The resummed contribution has to be matched with the fixed order result to

get a realistic distribution valid in the full pT spectrum. We apply the ansatz prescribed in [9] to

extract the NNLO piece to an excellent approximation. We modified publicly available code HqT

[10–12] to get the full pT spectrum. At NNLO+NNLL scale uncertainty reduces to 11%. At the

LHC, we are looking beyond SM signatures, and we need accurate prediction from the theory side

to cross-check the results from the experiment. In the literature, we already have pseudo-scalar

Higgs pT distribution up to NLO + NLL accuracy. So, the next step towards precision physics

calculation should be the result of pT distribution, which is one order higher than the previous one,

i.e., NNLO +NNLL. We have done extensive phenomenological studies on pseudo-scalar Higgs pT

which will be tested in the upcoming run at the LHC.

(II) Power Corrections: Shape variables are among the most commonly used observables for

validating QCD and better understanding its dynamics. The study of event shapes began in the late

1970s as a tool to verify whether gluons were vector particles or scalar. Event shape variables are

computed in perturbative QCD as they are IR-safe observables. The precision event shapes study

are also be used to determine the strong coupling [13–17] . The most accurate global event shape

result for ↵s determination shows discrepancies compare to even more precise lattice result. Some

commonly used event shapes are, namely thrust [18–21], C parameter [22–25] and angularity [26–

28]. Event shapes are also addressed in experiments and the study of event shapes in e+e� collider

points toward significant non-perturbative e↵ects, which are of comparable size to next-to-leading-

order perturbative predictions. The state-of-the-art for fixed orders is next-to-next-to-leading order

(NNLO) accuracy [29–33], whereas next-to-leading log (NLL) resummation has been known for some

time [34–37]. The NNLL resummation architecture has also been developed in recent years [13, 38–

48]. We combine an eikonal version of the matrix element and a soft version of the event shapes in

the EDGE technique. This merger is accomplished [49] through the dressed gluon exponentiation

approach (DGE), which was already applied in a wide range of event shapes [50–52] and other

key QCD observables [53–55]. DGE, in addition to including the NLL resummation of Sudakov

logarithms on such a consistent basis, gives a renormalon-based assessment of both soft and collinear

power corrections. One of the important points about the event shapes is that no other observable

class except shape variables show non-perturbative e↵ects such as power corrections which generally

vary as significant as 1/Q, where Q is the hard scale. The complete calculation of these shape

variables is complicated, and we have developed a method where we can calculate the leading power

corrections to these shape variables easily.

The thesis is structured as follows. In the rest of this chapter, we discuss the basics of Infrared

singularities and exponentiation which are crucial for resummation. In chapter 2, we describe pT

2



resummation for pseudo scalar Higgs boson. Further in chapter 3, we describe power corrections

to event shape variables using a new method, which we call EDGE. In chapter 4, we conclude our

findings and give a flavour of future directions.

1.1 QCD Lagrangian

Quantum Chromodynamics (QCD) is based on the SU(3) group of the Standard Model. The

theoretical predictions and experimental verification have established QCD as a theory of strong

interaction among the quarks and gluons. The Lagrangian for QCD is given by,

LQCD = Lclassical + Lgauge-fix + Lghost , (1.2)

Here the classical part is the Lagrangian of a system that is invariant under SU(3) group, and is

given by,

Lclassical =  ̄(i�
µ@µ �m) � 1

4
(F a

µ⌫)
2 + ĝs ̄�

µT a Aa
µ , (1.3)

where  are the fermion fields, Aµ are the gauge boson fields, and the field tensor F a
µ⌫ is given by,

F a
µ⌫ = @µA

a
⌫ � @⌫A

a
µ + ĝsf

abcAb
µA

c
⌫ , (1.4)

Here ĝs is the strong coupling constant. To remove the unphysical degrees of freedom of the massless

gauge bosons, one needs to perform Gauge fixing by adding a gauge-fixing term to the Lagrangian

in Eq. (1.3), which has the following form,

Lgauge-fix = � 1

2⇠

�
@µAa

µ

�2
. (1.5)

Note that the gauge fixing parameter ⇠ can take any value, and throughout the thesis we have

considered ⇠ = 1, which is known as Feynman gauge. The addition of gauge-fixing term brings in

ghosts which are scalar fields anti-commuting among each other and the Lagrangian for this term is

given by,

Lghost = @µ�a⇤ ��ab@µ � ĝsfabcA
c
µ

�
�b , (1.6)

The appearance of Gell-Mann matrices T a which are generators of the Lie group SU(3) form a Lie

algebra and the algebra is defined as

⇥
T a, T b

⇤
= ifabcT c , (1.7)

where, fabc are known as structure constants. The Feynman rules corresponding to QCD Lagrangian

are shown in Appendix A.

1.2 Asymptotic freedom in QCD

The Lagrangian and the corresponding Feynman rules enable us to calculate the Green functions in

a given QFT. At higher order in the perturbation theory, these Green functions, and the associated

physical quantities involve loop integrals and su↵er from singularities. In a theory involving massless

3



gauge bosons, such as QED and QCD su↵er from two kinds of singularities: UV and IR singularities.

We start our discussion on UV singularities and the process of removing them from a theory.

The UV singularities appear in a theory when the momentum of the particle flowing in the

loop becomes infinite. A well-known method of renormalization removes the UV singularities from

the Green functions of a given quantum field theory. Renormalization involves following two steps:

introduction of a regulator that regulates non-physical quantities, and absorption of the divergences

into the redefinition of fields and parameters. There are many ways to regularize a theory, and all

of them are equivalent to each other. The most common methods of renormalizations are: cut-o↵,

Pauli-Villiers, on-shell, dimensional regularization, etc. Throughout the thesis, we use dimensional

regularization [56] method due to its Lorentz invariant nature and wide applications in perturbative

QCD. In this method, instead of working in 4 dimensions, one works in 4� ✏ dimensions; then the

singularities in the Green functions show up as poles in ✏.

The first step of renormalization is to define the bare fields and parameters in terms of renormal-

ized fields. For our discussion on asymptotic freedom, it is su�cient to consider only the renormalized

coupling, which is given by,

ĝs = Z2
g (µ

2
R, ✏) (µ

2
R)
�✏/2 gs(µ

2
R) . (1.8)

Here ĝs and gs are known as the bare coupling and the renormalized coupling respectively;

and µR is called renormalization scale. The renormalization scale has been introduced to make

the renormalized coupling dimensionless while performing the renormalization. The equations that

control the behaviour of all the parameters in a Lagrangian on the renormalization scale are called

renormalization group equations. To study the asymptotic freedom, it is su�cient to calculate only

the variation of coupling constant with the renormalization scale. In literature this is commonly

known as �-function, and is given by,

�(as(µ
2
R)) = µ2

R
das(µ2

R)

dµ2
R

(1.9)

where as = g2s/4⇡. Now, using Eq. (1.8), the � function is given by,

�(as(µ
2
R)) =

✏

2
as(µ

2
R)� as(µ

2
R)µ

2
R

d logZ2
g

dµ2
R

. (1.10)

At one loop, the renormalization constant Zg is given by (in MS scheme) [57],

Zg = 1 +
as(µ2

R)

✏

1

6
(11CA � 4TFnf ) +O(a2s(µ

2
R)) . (1.11)

using Zg and the definition of the beta function we can write,

�(as(µ
2
R)) =

✏

2
as(µ

2
R)� �0a

2
s(µ

2
R)� �1a

3
s(µ

2
R)� �2a

4
s(µ

2
R)� �3a

5
s(µ

2
R)� · · · (1.12)

The beta function has been calculated upto five loops till date [58]. Below we have mentioned few
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of them

�0 =
11

3
CA � 4

3
nfTF , (1.13)

�1 =
34

3
C2

A � 4

3
nfTF (3CF + 5CA) , (1.14)

�2 =
2857

54
C3

A � 1415

27
C2

AnfTF +
158

27
CAn

2
fT

2
F +

44

9
CFn

2
fT

2
F

� 205

9
CACFnfTF + 2C2

FnfTF , (1.15)

�3 =

✓
17152

243
+

448

9
⇣3

◆
CACFn

2
fT

2
F +

✓
�4204

27
+

352

9
⇣3

◆
CAC

2
FnfTF

+
424

243
CAn

3
fT

3
F +

✓
7073

243
� 656

9
⇣3

◆
C2

ACFnfTF +

✓
7930

81
+

224

9
⇣3

◆
C2

An
2
fT

2
F

+
1232

243
CFn

3
fT

3
F +

✓
�39143

81
+

136

3
⇣3

◆
C3

AnfTF +

✓
150653

486
� 44

9
⇣3

◆
C4

A

+

✓
1352

27
� 704

9
⇣3

◆
C2

Fn
2
fT

2
F + 46C3

FTFnf +

✓
512

9
� 1664

3
⇣3

◆
nf

N(N2 + 6)

48

+

✓
�704

9
+

512

3
⇣3

◆
n2
f

�
N4 � 6N2 + 18

�

96N2
+

✓
�80

9
+

704

3
⇣3

◆
N2(N2 + 36)

24
. (1.16)

In QCD, we have, CA = 3, CF = 4/3 and TF = 1/2. From the expression of �0, note that for

nf  16, �0 is positive. As a result, the beta function at leading order is negative, and the theory

is asymptotically free. Thus one is allowed to perform perturbative calculations at high energies in

QCD. The � function for QCD has been calculated upto five loops and the asymptotic freedom has

been proved to hold even at higher perturbative orders.

1.3 IR divergence

The Infrared divergence appear in a theory when a massless gauge particle becomes either soft

or collinear to the emitting particle. To determine their source, we consider a simple example of

Figure (1.1), where the blob does not contain any IR divergences and we denote it by M0. From

M0, a fermion is being emitted, further from this fermion a photon is being emitted. The matrix

element for this diagram is then given by,

M = eū (p) �µ
/p+ /k

(p+ k)2 + i✏
M0 , (1.17)

In the limit k ⌧ p, neglecting all other factors we can write down denominator of the above equation

p + k
p

k

✓

Figure 1.1: Emission of one soft photon from a hard matrix element.
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as,
1

(p+ k)2
=

1

2 p · k ' 1

p0 k0 (1� cos ✓)
(1.18)

where we have considered that both the photon and the fermion are massless. The singularities in

the amplitude of Eq. (1.17) when the denominator of the above equation vanishes. Note that we

have three possible sources of singularities:

(i) when photon becomes soft, that is, k0 ! 0

(ii) when fermion becomes soft, that is, p0 ! 0

(iii) when photon becomes collinear to fermion, that is, cos ✓ ! 1.

We encounter divergences only from the configurations of (i) and (iii), however (ii) always leads

to integrable singularities because of an additional power of momentum originating from the wave

functions of spinors in the numerator of Eq. (1.17). Note that in a case where fermions are massive,

the only singularities that can appear in this configuration is when the photon becomes soft.

Due to the infrared safety of a physical observable, the IR singularities cancel among the real and

virtual contribution at a given perturbative order. The cancellation of singularities at all perturbative

orders is guaranteed by the Bloch and Nordsieck theorem [59]. Here, we show briefly this one loop

cancellation for e+e� ! µ+µ� process.

In the soft limit squared four momentum of the photon vanishes and thus one cannot identify

between a soft virtual and a real photon. Thus in this limit at one-loop, the physical process does

not contain only µ+µ� final states, but also contains the state µ+µ��. The IR singularities that

appear in the cross-section for one-loop correction of e+e� ! µ+µ� cancels out with the singularities

associated with the cross-section of e+e� ! µ+µ��.

The diagrams for e+e� ! µ+µ�� are shown in Fig. (1.2). The cross-section for these diagrams

are obtained by writing down the scattering amplitude using the Feynman rules of appendix A and

then performing the three-body phase space integration. The final expression for cross-section is

given by [57],

�d
R = �0

e2R
⇡2

✓
4⇡e��Eµ2

R

Q2

◆4�d✓
1

✏2
+

13

12✏
� 5⇡2

24
+

259

144
+O(✏)

◆
. (1.19)

Here, Q2 = (p1+p2)2 is the center-of-mass energy, �0 is the tree level cross-section which is computed

in 4 dimension instead of d dimensions, eR is the renormalized coupling and µR is the renormalization

e�

µ�

µ+

e+

e�

µ�

µ+

e+

Figure 1.2: Real emission diagram
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scale. Note that the cross-section is divergent in ✏ ! 0 limit. The singularities associated with the

double pole (1/✏2) is due to the configuration where the emitted photon is both soft and collinear

simultaneously, however the single poles (1/✏) are related to the configuration when the emitted

photon is either soft wide angle or hard collinear.

The Feynman diagram for virtual exchange of one gluon is shown in Fig. 1.3. The cross-section

for this diagram is calculated by writing down the scattering amplitude and then performing the

two-body phase space integration. The final result of the cross-section for one-loop correction is

given by [57],

e�

µ�

µ+

e+

Figure 1.3: Virtual correction diagram

�d
v = ��0

e2R
⇡2

✓
4⇡e��Eµ2

R

Q2

◆4�d✓
1

✏2
+

13

12✏
� 5⇡2

24
+

29

18
+O(✏)

◆
. (1.20)

Clearly, the cross-section due to virtual exchange of photon is divergent in the ✏! 0 limit.

The total cross-section at O(↵s) is the obtained by adding the contributions coming from real

emission diagrams and the virtual exchange diagram, and is given by,

�tot = �d
v + �d

R = �0
3e2R
16⇡2

, (1.21)

which is finite, that is, free from any IR divergences.

In QCD, the cancellation of singularities is guaranteed by the KLN theorem [60, 61], which states

that, in a theory with massless fields, transition rates are free of the infrared divergence (soft and

collinear) if summation over the initial and final degenerate states is performed. However in QCD,

the initial state singularities do not get cancelled after adding the real and virtual contributions.

It seems a violation of KLN theorem, however note that in QCD forming degenerate states is

not possible as the hadrons cannot be described as perturbative objects. Note that in QCD the

double poles associated with the configuration when a gluon is becoming both soft and collinear get

cancelled, however the single poles do not get cancelled. A common way of removing this collinear

poles from the final result is to perform mass factorization. The cancellation of final state real and

virtual singularities give rise the large logarithms. These logarithms are large in certain kinematic

limits and may disturb the convergence of the perturbation series, and as a consequence they need

to resummed to obtain a precise and sensible prediction.

More precisely, the incomplete cancellation of real and virtual diagrams leave behind logarithms

of the form log
�
Q2/µ2

R

�
, which can be potentially large, and we need to resum these logs to get a

physically justified result.
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pi

Figure 1.4: Born diagram

pi

k

(pi + k)

Figure 1.5: Soft photon emission from an outgoing electron line with momentum k

1.4 Exponentiation

In this section, we discuss the exponentiation of the e↵ects of soft photons emission from the fermions.

To discuss the exponentiation we consider a process shown in Fig. (1.4). The diagram shown in

Fig. (1.5) shows an emission of an extra photon from the external fermion line.. The amplitude for

this process is given by,

M (pi) = ū (pi)M0 (pi) , (1.22)

where M0 denotes the contribution arising from the blob, and is free from any kind of IR divergences;

and ū(pi) denotes the spinor associated with the fermion with momentum pi. The amplitude then

for emission of one photon from the fermion line is then given by,

M(pi) = �ieū(pi)�
µ
i
h⇣

/pi + /k
⌘
+m

i

(pi + k)2 �m2
✏µ(k) M0 (pi + k) , (1.23)

where e is the electron charge and ✏µ (k) is the photon polarization vector, carrying Lorentz index

µ. Now, in a configuration where photon is soft, we can perform the following approximations:

• we neglect the powers of k in the numerator, then using the relation between the Dirac gamma

matrices and Dirac equation, we write the numerator as,

Nµ = 2 ū(pi) p
µ
i . (1.24)

• Further, we neglect the k2 terms in the denominator, which gives

D = 2pi · k . (1.25)
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pi
(p
i +

k
2 )

pi

k2

k1
k2

k1

(p
i + k

1 + k
2 )

(pi + k1)
(pi + k1 + k2)

+

Figure 1.6: Two soft photon emissions in QED

• when the photon radiated is soft |k| ⌧ |pi|, then,

M0(pi + k) ' M0 (pi) . (1.26)

Finally, using Eq. (1.4), (1.25), (1.24), the matrix element of Eq. (1.23) is given by,

M (pi) = e


pi · ✏(k)
pi · k

�
M0 (pi) . (1.27)

From this equation, we can make two important observation:

1. The e↵ect of emission of soft photon factorize from the hard part.

2. The factor for the emission of soft photons from a fermion line is described by Eikonal Feynman

rule, given by,

pi · ✏(k)
pi · k

. (1.28)

Note that the Eikonal Feynman rules do not depend on the spin of the particle from which it is

being emitted. The reason behind this fact is that the soft photons have very large Compton

wavelength and thus cannot resolve the magnetic moment of the emitting particle.

Real soft emissions

In a configuration when two soft photons are emitted from the same fermion, shown in Figure (1.6),

the matrix element is given by,

M(pi) = e2


pµ1
i

pi · k1
pµ2
i

pi · (k1 + k2)
+

pµ2
i

pi · k2
pµ1
i

pi · (k1 + k2)

�
✏µ1 (k1) ✏µ2 (k2)M0(pi)

= e2
✓

pµ1
i

pi · k1

◆✓
pµ2
i

pi · k2

◆�
✏µ1 (k1) ✏µ2 (k2)M0(pi)

= e2
✓

pi · ✏ (k1)
pi · k1

◆✓
pi · ✏ (k2)
pi · k2

◆�
M0(pi) , (1.29)
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where k1 and k2 are momentum of the soft photons and M0 is the hard matrix element. Note that

the first factor inside the square bracket is due to the emission of photon with momentum k1, while

the second factor is due to the emission of photon with momentum k2. Thus, the factor associated

with the emission of one photon does not have the information about the second photon.

Now, doing the similar calculation for a process where n photons are being emitted from a fermion

line with momentum pi, shown in Fig. (1.7), the matrix element is given by,

k1

k2

kn

pi

Figure 1.7: n soft photons attached to an external electron line

⌘ ū(pi)

✓
e
pi · ✏ (k1)
pi · k1

◆✓
e
pi · ✏ (k2)
pi · k2

◆
· · ·
✓
e
pi · ✏ (kn)
pi · kn

◆
M0 . (1.30)

For a detailed derivation of the above equation, see Appendix (B). Similar to the case of emission of

two soft photons, in this case a soft photon does not have the information about the other emitted

photons from the same fermion lines.

Let us now consider QED form factor that contains two fermion lines attached to a hard in-

teraction vertex and soft photons are being emitted from the fermion lines. A general diagram of

this configuration is shown in Fig. (1.8) in which the blob contains all the information about hard

interaction vertex, while the ellipse contains informations about the soft radiations. A formal proof

of this type of factorization can be found in [62–65], for a recent review, see ref. [66].

The e↵ect of the factorization discussed above is exponentiation, which we discuss very briefly

here. The matrix element for the Feynman diagram shown in Fig. (1.8) is given by [67],

p0

p

k1

k2

k3

kn

.
.
.

.
.

Hard| {z }
Soft
| {z }

Figure 1.8: Factorization of soft and hard process
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M = ū(p0) iM0 u(p)

⇥ e

✓
p0 · ✏ (k1)
p0 · k1

� p · ✏ (k1)
p · k1

◆
⇥ e

✓
p0 · ✏ (k2)
p0 · k2

� p · ✏ (k2)
p · k2

◆
...e

✓
p0 · ✏ (kn)
p0 · kn

� p · ✏ (kn)
p · kn

◆
.

(1.31)

Now, summing over polarizations using
P
pol
✏µ✏⇤⌫ = �gµ⌫ , the contribution in the cross-section due to

the emission of soft photons is given by,

Z
d3k

(2⇡)3
1

2k0
e2(�gµ⌫)

✓
p0µ

p0 · k � pµ

p · k

◆✓
p0⌫

p0 · k � p⌫

p · k

◆
⌘ A . (1.32)

Considering the energy of photon in the range µ < E < El, the explicit calculation of A gives [67],

A =
↵

⇡
f (real)
IR (q2) log

✓
E2

l

µ2

◆
, (1.33)

where

f (real)
IR (q2) =

Z 1

0

✓
m2 � q2/2

m2 � q2⇣(1� ⇣)

◆
d⇣ � 1 , (1.34)

and q2 = (p0�p)2, El is the energy below which detector cannot detect, µ is the infrared cut o↵. As

q2 is negative and ⇣(1 � ⇣) can only have a maximum value of 1/4, the first term is bigger than 1,

thus, f (real)
IR (q2) is positive. For the case in hand, there will be n factors of A and a overall symmetry

factor of 1/n! as the photons are identical particles.

In a collider one cannot perform a measurement where the collider can distinguish between (i)

a final state with a certain number of fermions, (ii) and a final state with same number of fermions

and soft photons. Thus by Bloch-Nordsieck we sum the contribution of these two processes in

physical observables to obtain a finite result. Thus, using Block-Nordsiek theorem, we can write the

cross-section for emission of n-photons as,

1X

n=0

d�

d⌦
(p ! p0 + n�) =

d�

d⌦
(p ! p0)

1X

n=0

1

n!
An

=
d�

d⌦
(p ! p0) . exp(A) . (1.35)

This equation is important as it tells that the e↵ects of emission of soft photons are factorized for

both the scattering amplitudes and cross-section.

k

⌫

µ

u(p2)

v̄(p1)

Figure 1.9: 1st order correction with only one photon
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Virtual soft emissions

Till now, we have discussed about the factorization of soft singularities for real emission diagrams.

This kind of factorization is not only a feature of diagrams involving the real emission diagrams but

also happens for diagrams involving virtual corrections.

Now, using the eikonal Feynman rules for virtual gluon exchange of Fig. (1.9), the matrix element

is given by,

Mv =
�ie2

(2⇡)4

Z
d4k

1

k2 + i✏

1

(2p1 · k + k2 + i✏)

1

(2p2 · k + k2 + i✏)
⇥ (�4p1 · p2)v̄(p1).....u(p2) . (1.36)

Mv = M0 ⇥B , (1.37)

where,

B = �i
e2

(2⇡)4

Z
d4k

1

k2 + i✏

1

(2p1 · k + k2 + i✏)

1

(2p2 · k + k2 + i✏)
⇥ (�4p1 · p2) , (1.38)

and M0 is the Born matrix element. The explicit form of B is given by [67]

B = � ↵

2⇡
f (virtual)
IR (q2) log

✓
�q2

µ2

◆
, (1.39)

where, f (virtual)
IR (q2) has the same expression as of Eq. (1.34), with q2 = (p2 � p1)2. For exchange

k2

u(p2)

v̄(p1)

k1

+

v̄(p1)v̄(p1)

u(p2)

k1 k2

Figure 1.10: 2nd order correction with two photons

of two virtual photons between the fermion and the anti-fermion, we have contributions from two

diagrams shown in Figure (1.10), the matrix element for these diagrams are given by,

Mv = M0 ⇥
1

2!
B2 . (1.40)

The above result for two photons generalizes trivially to all orders in the perturbation theory. The

matrix element for exchange of m virtual photons is given by,

Mv = M0 ⇥
✓

1

m!
Bm

◆
. (1.41)
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The term inside the bracket is m-th order term of an exponential. Thus, the generalized form for

exchange of any number of soft photon can be written as,

M =
X

Mv = M0 ⇥
1X

m=0

1

m!
Bm = M0 ⇥ exp(B) . (1.42)

Thus, the cross-section for emissions of virtual soft photons has the form

d�

d⌦
=

✓
d�

d⌦

◆

0

⇥ exp(2B) . (1.43)

Note that the factor B is one-loop correction and thus, the knowledge of one-loop result is su�cient

to calculate the e↵ects of soft photons at all orders in the perturbation theory.

1.5 Factorization and resummation

Factorization of Infrared singular parts from finite parts is the backbone of modern perturbative

QCD. This type of factorization is based on the analytic structure of the loop integrals that generates

IR singularities [60, 68–74] and power counting [75–77].

A general scattering amplitude factorizes into process independent soft and collinear functions

and a process dependent hard function as,

M = S ⌦ J ⌦H , (1.44)

where S contains the singularities associated with the emission of soft gluons, J contains the sin-

gularities related to the emission of collinear gluons and H is free from IR singularities and is in

general process dependent.

The consequence of the factorization results in evolution equation and solving them results in

exponentiation [78]. The generalization of exponentiation discussed in the previous section for QED

generalizes non-trivially in non-abelian gauge theories as the gluons contain colour charges. However,

the generalization of exponentiation for soft function has been achieved through a set of diagrams

known as webs. The soft function can be written as,

S = exp (W ) . (1.45)

where W are known as webs [79–84]. Webs are defined as the closed sets of diagrams that di↵er

by the order of attachment to each fermion line (Wilson line). A generalization of webs and their

application at four loops and beyond are discussed in [85, 86].

The jet functions follow an evolution equation controlled by jet anomalous dimension and solving

the RG equation, one can also obtain exponentiation of the contributions coming from emission of

collinear emissions.

The exponentiation of the e↵ects of soft and collinear gluons are the facts that will be exploited

throughout the thesis for resummation of these contributions. Thus, it is possible to capture the

singularities appearing at higher orders by exponentiating the contributions from the lower order

diagrams in both QED and QCD. We will now move on to discuss the factorization that happens
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for cross-section in QCD and the method to resum large logarithms.

1.5.1 A demonstration of how large logarithms arise: The case of thrust

distribution

In this section we will show a simple example of how to resum the large logarithms that appear in

thrust distribution for e+e� ! qq̄g process, which is relevant at colliders like LEP. Thrust is defined

as

T = Max
n

P
i |pi · n|P

i Ei
, (1.46)

where pi are the momenta of the final state particles and n is direction which maximises the nu-

merator. It is straightforward to find T = 1 for pencil like (back-to-back) events and T = 1/2 for

spherically symmetric events.

The di↵erential cross-section with respect to thrust for e+e� ! qq̄ is given by,

1

�0

d�0
dT

= �(1� T ) , (1.47)

that is thrust is equal to 1 for this process. At next perturbative order in ↵s, we have the thrust

distribution as,

1

�0

d�0
dT

=
CF↵s

2⇡


4

1� T
log

1

1� T
� 3

1� T

�
+ CF

↵s

4⇡
�(1� T ) (1.48)

This distribution is divergent in the limit T ! 1. The experimental and fixed order theoretical

distributions do not match at low values of T . The logarithms of the above equation are required to

be resummed to obtain a sensible prediction. In the following two chapters of the thesis, we discuss

two kinds of resummation: pT resummation and Dressed gluon exponentiation.

In the following we give the derivation of the thrust distribution at NLO arising from the emission

of a gluon in the final state. We consider that all final state particles are massless while computing

thrust distribution at next-to-leading-order; however when we examine dressed gluon exponentiation,

the gluon is not massless rather possesses virtuality k2. In order to di↵erentiate between massless

and massive case scenario we have di↵erent attributes. When we study the massless case, we have

the following characteristics: �⇤ ! q(p2)q̄(p1)g(p3) yet in the massive case we have the following

traits �⇤ ! q(p1)q̄(p2)g(k). For matrix element square in the massless case, we use |M|2, but in

the massive case, we have M. We are interested in the event shape variables in e+e� collider.

�⇤, q, ✏µ

q̄i, p1, s1

qj, p2, s2

Figure 1.11: Born process
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g, p3

g, p3

pb

pa

qj, p2
qj, p2

q̄1, p1

q̄1, p1

�⇤, q �⇤, q

Figure 1.12: Feynman diagrams for real emission of one gluon

In order to study thrust we are interested in the process �⇤ ! qq̄g ; �0 = 3↵e2qQ represents Born

cross-section for the event �⇤ ! qq̄. Now, we will look into next-to leading order process which is

�⇤ ! q(p2)q̄(p1)g(p3). The amplitude for these two diagrams given as

A = ū(p2, s2)(�igs�⌫T
a
ij)

✓
i/pa
p2a

◆
(�ieeq�µ)v(p1, s1)✏µ✏

0
⌫ , (1.49)

A0 = ū(p2, s2)(�ieeq�µ)v(p1, s1)

✓
i/pb
p2b

◆
(�igs�⌫T

a
ij)✏µ✏

0
⌫ , (1.50)

Spin averaged matrix squared element

|M(�⇤ ! qq̄g)|2 = |A|2 + |A0|2 +A(A0)⇤ +A0A⇤ . (1.51)

Conservation of momentum q = p1 + p2 + p3. In center-of-mass frame, Ecm = Q =
p
q2. We

introduce dimensionless variables, xi = 2Ei/Q. Here all particles involving decay are massless. In

this scenario, pi · pj = 1
2Q

2(1 � xk). We will use the following relation corresponding to photon

polarization
P

� ✏µ(�)✏
⇤
⌫(�) = �gµ⌫ . We will have the following constraint equation in terms of xi’s.

x1 + x2 + x3 = 2 We introduce the Mandelstam variables :

s = (p1 + p3)
2 = 2p1 · p3 = Q2(1� x2) , (1.52)

t = (p2 + p3)
2 = 2p2 · p3 = Q2(1� x1) , (1.53)

u = (p1 + p2)
2 = 2p1 · p2 = Q2(1� x3) . (1.54)

If |M|2 is a Lorentz scalar, it can be a function of p21, p
2
2, p

2
3, p1 · p2, p1 · p3, p2 · p3. As all the final

state particles are massless we have p21 = p22 = p23 = 0. Thus there are three variables of which |M|2

can be a function of. Now there is one scalar condition Q2 = (p1 + p2 + p3)2 thus there are really

3� 1 = 2 variables, which we take to be (2 p1 ·Q)/Q2 , (2 p2 ·Q)/Q2.

First term of Eq. (1.51) becomes,

|A|2 =
g2se

2e2q
p4a

Tr[TaTa]Tr[/p2�⌫/pa�µ/p1�µ/pa�⌫ ] (1.55)
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|A|2 =
g2se

2e2q
t2

64

✓
1

2
(u+ s)t� 1

2
ut

◆

= 32g2se
2e2q

s

t
= 32g2se

2e2q
(1� x2)

(1� x1)
(1.56)

Similarly,

|A0|2 = 32g2se
2e2q

(1� x1)

(1� x2)
(1.57)

While,

A(A0)⇤ = A⇤A0 = 32g2se
2e2q

(1� x3)

(1� x1)(1� x2)
(1.58)

|M(�⇤ ! qq̄g)|2 = 32g2se
2e2q

x2
1 + x2

2

(1� x1)(1� x2)
(1.59)

Di↵erential decay rate given by the equation

dW =
1

2Ecm
|M|2

 
3Y

i=1

d3pi
(2⇡)3(2Ei)

!
(2⇡)4�4(q � p1 � p2 � p3) (1.60)

now, integration over 3-momenta of particle 3 (which is gluon) we will have,

Z
dp3�

4(q � p1 � p2 � p3) = �(Q� E1 � E2 � E3) (1.61)

s+ t+ u = Q2 (1.62)

For, massless particles,

|pi| = Ei

So,

Z
d3p

2Ei
=

1

2

Z
Ei sin ✓id✓id�idEi =

4⇡

2

Z
EidEi , (1.63)

and

1

(2⇡)5

Z Z
d3p1
2E1

d3p2
2E2

�(Q� E1 � E2 � E3)

2E3

=
1

(2⇡)5
4⇡.2⇡

4

Z ⇡

0
sin ✓1d✓1

�(Q� E1 � E2 � E3)

2E3
E1dE1E2dE2

=
1

2

1

(2⇡)3

Z 1

�1
dz
�(Q� E1 � E2 � E3)

2E3
E1dE1E2dE2 , (1.64)

where z = cos ✓12 is the relative angle between particle 1 and 2. Now, we will use the following

property of delta function

�(f(x)) =
X

i

�(x� xi])

|f 0(xi)|
, (1.65)

if f(xi) = 0

(1� xi) =
1

2
xjxk(1� cos ✓jk) , (1.66)
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D
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3

⌘

O

Figure 1.13: The phase space for qq̄g, where all particles are massless. The lines AC, BC, AB
correspond to x1 = 1, x2 = 1 and x3 = 1 respectively. At point D x1, x2, x3 all equal to value 2/3.
It is easy to check that any point in the plane identically satisfies the constraint x1 + x2 + x3 = 2.

�(Q� E1 � E2 � E3)

2E3
= �((q � p1 � p2 � p3)

2)

= �

✓
Q2

✓
1� x1 � x2 +

1

2
(1� z)

◆◆
. (1.67)

Integrating this expression over z gives 2/(Q2x1x2), such that Eq. (1.64) becomes

Q2

16(2⇡)3
dx1dx2 . (1.68)

Now, from Eq. (1.60) we have,

dW =
Q

(2⇡)3
|M|2dx1dx2 , (1.69)

finally we will have the following di↵erential distribution,

1

�0

d2�

dx1dx2
=

2↵s

3⇡

x2
1 + x2

2

(1� x1)(1� x2)
. (1.70)

Eq. (1.70) will diverge if either x1 or x2 approaches 1. They both can simultaneously approaches

1 and in that case also the above equation diverge. This scenario happen when gluon becomes

either soft or it become collinear to the quark or anti-quark. At next-to-leading-order d�/dT can be

calculated from Eq. (1.70); if we integrate over x1 and x2 with the constraint � (T �Max{x1, x2, x3}).
Working in centre of mass frame of �⇤ where ~q = 0, the energy fractions are xi = 2Ei/Q. Where,

qµ = (Q, 0, 0, 0) and pµi = (Ei,pi). Calculation of thrust for this 3 body process will give us,

considering p1 > p2 and p3

X

i

|pi · n| = |p1 · n|+ |p2 · n|+ |p3 · n| . (1.71)
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As n = p1

|p1| , that will give us
X

i

|pi · n| = 2|p1| . (1.72)

As we are considering massless case of final state particles, the value of thrust will come out to be

T =
2E1

Q
= x1 , (1.73)

finally for any three body final states the expression for thrust in massless case become

T = Max{x1, x2, x3} . (1.74)

Figure (1.13) shows the Dalitz plot for the process at hand. The boundaries of phase space in

Figure (1.13) are given by collinear configurations and the three vertices A, B, C corresponds to soft

configurations. We can divide the region of integration into three such that in each region one of

the xi is the largest. Consider first the case T = x1.

1

�0

d�

dT

����
T=x1

=
2↵s

3⇡

Z
dx1 dx2 dx3 �(x1 + x2 + x3 � 2)

⇥ �(T � x1)✓(T � x2)✓(T � x3)
x2
1 + x2

2

(1� x1)(1� x2)

=
2↵s

3⇡

Z T

2(1�T )
dx2

T 2 + x2
2

(1� T )(1� x2)

=
2↵s

3⇡


1 + T 2

1� T
log

✓
2T � 1

1� T

◆
+

3T 2 � 14T + 8

2(1� T )

�
. (1.75)

From the matrix squared element in Eq. (1.59) we see that the expression is symmetric under the

exchange of x1 and x2. So, for T = x2 we will have

1

�0

d�

dT

����
T=x2

=
2↵s

3⇡


1 + T 2

1� T
log

✓
2T � 1

1� T

◆
+

3T 2 � 14T + 8

2(1� T )

�
. (1.76)

For case T = x3 we will have the following expression

1

�0

d�

dT

����
T=x3

=
2↵s

3⇡

Z
dx1 dx2 dx3 �(x1 + x2 + x3 � 2)

⇥ �(T � x3)✓(T � x1)✓(T � x2)
x2
1 + x2

2

(1� x1)(1� x2)

=
2↵s

3⇡

Z
dx1 dx2 �(T � 2 + x1 + x2)

x2
1 + x2

2

(1� x1)(1� x2)

=
2↵s

3⇡

Z T

2(1�T )
dx2

(2� T � x2)2 + x2
2

(T + x2 � 1)(1� x2)

=
4↵s

3⇡


1 + (1� T )2

T
log

✓
2T � 1

1� T

◆
+ 2� 3T

�
. (1.77)

Adding the contributions from the three regions using Eqs. (1.75) - (1.77) we obtain the total thrust
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distribution as

1

�0

d�

dT
=

2↵s

3⇡


2(3T 2 � 3T + 2)

T (1� T )
log

✓
2T � 1

1� T

◆
� 3(3T � 2)(2� T )

1� T

�
. (1.78)

The above equation diverges as T ! 1 which is in agreement with the appearance of infrared

singularities. Eq. (1.78) becomes unreliable when T is very close to 1 value. The logarithms appearing

in the expression becomes large in that limiting case and correction terms become larger than the

lowest order result and thus, the large logarithms need to be resummed.
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Chapter 2

Resummed pT distribution of

Pseudo-scalar Higgs

2.1 Introduction

The Standard Model is the most successful theory of particle physics – it explains the properties of

the fundamental particles and their mutual interactions. The discovery of the Higgs boson in 2012

by the ATLAS [1] and the CMS [88] detectors at the Large Hadron Collider, has further cemented

the status of the SM as the theory of particle physics. Even though the properties of the Higgs

boson are in agreement with the SM predictions so far, SM is certainly not the complete theory

of nature as it can not provide a description for the baryogenesis, the origin of neutrino masses.

There is no resolution to the hierarchy problem within the framework of the SM, etc. Several of

these issues can be addressed by introducing new fields in the theory thereby extending the model

beyond the Standard Model. One of the goals of the LHC has been to discover the existence of any

physics beyond the SM. A large class of such models predicts existence of multiple scalar or pseudo-

scalar Higgs particles. The models like the Minimal Supersymmetric SM (MSSM) or Next-to-MSSM

etc., predict existence of several Higgs bosons which di↵er among each other by their mass, charge,

CP-parity and couplings. A simple example contains an additional Higgs doublet along with the

usual Higgs doublet of the SM. After the symmetry breaking this gives rise to two CP-even (scalar)

Higgs bosons (h,H), one of which is identified with the SM Higgs boson (h), a CP-odd (pseudo-

scalar) Higgs boson (A) as well as a pair of charged scalars (H±). This allows phenomenologically

interesting scenarios particularly with pseudo-scalar resonances. One of the important goal at the

LHC Run-II is to search for such resonances which requires a precise theoretical predictions for both

inclusive as well as for exclusive observables.

In order to come up with a theoretical prediction one needs to first figure out what are the

most dominant channels through which pseudo-scalar Higgs bosons are produced. It makes sense to

concern ourselves with the calculation of cross-sections in production channels that are subdominant

only after a precise prediction is available for the dominant channels. That is, we need to obtain

results for which me might need to go to higher orders in perturbation theory to ensure that the

theoretical uncertainties are under control.

The dominant production mode for pseudo-scalar Higgs boson is through the gluon fusion gg !
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A. Therefore a large gluon flux can uplift its production cross-section to a great extent, and this is

precisely the case at the LHC. Similar to the case of the Higgs boson production, the leading order

(LO) prediction for gg ! A su↵ers from large theoretical uncertainties arising from its dependence

on the renormalization scale µR through the strong coupling constant. The next-to-leading order

(NLO) correction [89–92] is known to increase the cross section by a large amount – 67% compared

to the Born contribution. Furthermore the scale uncertainty also remains quite large, around 35%.

These uncertainties arise from

1. the freedom that we have in choosing the renormalization scale µR, as well as

2. the freedom that we have in choosing the factorization scale µF that enter the parton densities

and partonic cross-sections.

As is well known, these theoretical uncertainties are an artefact of the perturbation theory and

reduce upon the inclusion of higher order corrections. A completely non-perturbative result would

be completely free of these arbitrary renormalization and factorization scales.

The foregoing essentially means that we require a result that includes terms beyond NLO. For this

reason the total (inclusive) cross section at the next-to-next-to-leading order (NNLO) was calculated

in the early 2000s by several groups [93–97]. While NNLO correction reduces the scale uncertainties

to 15% the cross-section jumps further by 15%. A 15% uncertainty is still high and to further

reduce the scale dependences it is required that we go even higher in the perturbation order and

obtain the full next-to-next-to-next-to-leading order (N3LO) corrections. The complexity in full

N3LO correction is even higher and only recently [98] has been obtained for the SM Higgs boson

production with infinite top mass limit which reduces the scale uncertainty to 3%. The large top mass

approximations turned out to be a good approximation for the Higgs case and the predictions are

found to be within 1% [99–101] and one could expect similar behaviour in pseudo-scalar production

as well.

As we have discussed in the previous chapter of this thesis, large enhancements arise in per-

turbative results due to soft (and collinear) emissions as the matrix elements take large values for

these emissions and actually blow up in the strict soft (or collinear) limit. Even though these en-

hancements do not appear in inclusive total cross-sections they become important if the emissions

are restricted to the soft or the collinear configurations. Such a situation arises when one considers

cross-section at the threshold of the production of the final state. This forces the emission to become

soft and the parameter that controls the closeness to the threshold appears in the calculations as

the argument of logarithms. Of course, the blunt poles in ✏ are canceled against the virtual cor-

rections the large logarithms enhance the cross-sections. As moving one order higher is technically

very di�cult, the first attempt towards the N3LO corrections is made through the calculation of

the threshold enhanced soft-virtual (SV) corrections. For the Higgs production these are known for

a long time up to N3LOSV [102–107]. Associated production [108] and bottom quark annihilation

[109] are also known at the same accuracy.

As in the case of Higgs production, the e↵ect of soft gluon emission at threshold of pseudo-scalar

production has been computed at N3LOSV level [110]. Fixed order cross section may however give

unreliable results in certain phase space regions due to large logarithms arising from gluon emission

that are forced to be soft and, as we have seen in the previous chapter of this thesis, these needs

to be resummed to all orders in the perturbation theory. The soft gluon resummation for inclusive
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Higgs production accurate up to next-to-next-to-leading logarithmic (NNLO+NNLL) were obtained

in [111]. The full N3LO result [98] enables to perform soft gluon resummation at next-to-next-to-

next-to-leading logarithmic (N3LO+N3LL) [112–114] accuracy (see also [115] for renormalization

group improved prediction.). For pseudo-scalar production, an approximate N3LOA result has been

matched with N3LL threshold resummation in [9] (see [116, 117] for earlier works in this direction).

Resummation is especially important for exclusive observables. Rapidity distributions atNNLO+

NNLL accuracy for the Higgs [118] and Drell-Yan [119] are predicted by resumming large threshold

logarithms (see [62, 63, 120] for earlier works). Also see [121–125] for a di↵erent QCD approach

and [126–128] for SCET approach..

Transverse momentum (pT ) distribution is a very important and widely studied observable. Even

though perturbation theory is the right tool to study transverse momentum distribution at values of

pT that are close to and above the typical hard scale M in the theory, it breaks down for small values

of the transverse momentum. This breakdown occurs due to soft and collinear emissions when the

pT value of the observed final state is small, ie pT ⌧ M . The reason behind this breakdown is the

appearance of large logarithms of the type lnn(M2/p2T ) at each order in the perturbation theory,

where the exponent of the logarithm increases with the perturbation order. By resumming these

large logarithms [129–141], the predictivity of the QCD can be recovered in the full phase space

region for pT distribution.

Resummation of large logarithms is possible because the universal properties of the QCD in the

infrared region [130–136, 139, 142, 143]. Soft-collinear e↵ective theory (SCET) also provides tools

for resummation using an e↵ective field theory set up (see [144–148]). Resummation techniques

have been used for Higgs boson pT spectrum in gluon fusion up to NNLO+NNLL [149–157] and

to the bottom quark annihilation up to NNLO+NNLL [158, 159]. The pT distribution for the

Higgs boson has been pushed to one order in logarithmic accuracy to NNLO+N3LL accuracy in

[160–162]. Another approach to resum these large logarithms is through the parton shower (PS)

simulations which has been also successful in recent times through the implementation in Monte

Carlo generators like MadGraph5 aMC@NLO [163], POWHEG [164] etc. mostly up to NLO+PS

accuracy. However the accuracy of PS prediction is often not clear and has remained an active topic

of research these days∗. Even though the resummation formulae provide us with results to be used in

the low transverse momentum region we can not use them directly. A matching between the high pT

spectrum and low pT spectrum has to be done before we can claim that we have a prediction of the

distribution over the entire pT range. This e↵ectively brings in a matching scale (resummation scale

or shower scale) which defines the infrared region and the hard region. Although its dependence is

of higher logarithmic order, a suitable choice is needed to properly describe the full pT spectrum

in a meaningful way. We will discuss about the matching condition and matching scale in section

2.2.1.

A clear understanding of the pseudo-scalar properties is also based on the precise knowledge of

di↵erential observables like transverse momentum, rapidity etc. For the pseudo-scalar production in

association with a jet, the two-loop virtual amplitudes can be found in [166], which is important to

predict the di↵erential distribution. The small pT region of the pseudo-scalar pT spectrum renders

the fixed order prediction unreliable due to the large logarithms in this phase space region as is

the case for the Higgs production. These logarithms have to be resummed in order to get a valid

∗For a recent study see [165] and references therein.
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prediction and this has been carried out at next-to-leading logarithmic (NLO+NLL) in [8] using

universal infrared behaviour of QCD. Before we proceed further, let us clarify our counting of orders

for the distribution. In this thesis we count the gg ! A, which is proportional to �(pT ) as there is

no emission of QCD particles in the final state as the Leading Order contribution.. Emission of a

single QCD particle in the final state will contribute at the NLO and so on. The scale uncertainty

in the peak region of the resummed result at the NLO+NLL is fairly large and was found to be

25% when the scale is varied simply by a typical factor of two. Along with the PDF uncertainty,

the total theoretical uncertainties reach as large as 35% near the peak. These findings show that

a calculation at the next order in perturbation theory is required to bring down these theoretical

uncertainties. In this thesis we extend this accuracy to Next-to-Next-Leading-Logarithmic accuracty.

We obtained di↵erent pieces necessary for pT resummation of a pseudo-scalar Higgs boson up to

NNLL accuracy. As we discussed above , we will be requred to match with the fixed order predictions

that are valid for higher values of pT with the resummed results that are valid for low values of pT in

order to obtain a distribution that is valid for the pT range. We use the ansatz prescribed in [9] to

obtain the NNLO piece to a very good approximation and call it as NNLOA. Finally the matched

prediction is presented up to NNLOA+NNLL accuracy for the pseudo-scalar pT spectrum in light

of phenomenological study both at 14 TeV and 13 TeV LHC.

The chapter is organised as follows: in Sec. 2.2 we set up the theoretical framework for the

resummation of large logarithms for small pT region relevant for pseudo-scalar Higgs boson produc-

tion. In Sec. 2.3, we will provide a detailed phenomenological study of the pT spectrum for di↵erent

masses, scales and parton distribution functions (PDFs) relevant at the LHC. Finally we draw our

conclusion in Sec. 2.4.

2.2 Theoretical Framework

In this section we give the resummation formula and discuss various coe�cients that enter in it. We

also describe the matching prescription that we follow to obain the distribution valid over the entire

pT range.

Resummation formula

Let M be the mass of the colourless final state (pseudo-scalar Higgs boson in our case). If we

calculate the pT distribution ofM for transverse momentum values that are significantly smaller than

M , large logarithms of the form ln (pT /M) arise in the distribution d�/dpT due to an incomplete

cancellation of soft and collinear contributions. At each successive order in the strong coupling

constant, ↵s(= g2s/4⇡), the highest power of the logarithm that appears increases which renders the

näıve perturbative expansion in ↵s invalid as pT ! 0. However, thanks to the factorization of soft

and collinear radiation from the hard processes we can resum these large logarithms to all orders in

perturbation theory. The transverse momentum of all the final state particles – M and the QCD

radiations, are tied together so that the total pT of the final state vanishes. This is so because the

incoming gluons that vanishing transverse momentum. Thus a Dirac delta function ensures that

the sum of the transverse momenta of all the final state particles adds up to zero. Thus in order to

factorise the phase space (the Dirac delta function) we need to work in the Fourier space conjugate

to pT called impact parameter space in which the Delta function can be converted to an exponential
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function. Suppose g(pT ) is a function of the two dimensional vector transverse momentum vector

pT . This is basically the projection of momentum vector p in the plane transverse to the beam

axis. Let us denote the variable conjugate to pT by the two dimensional vector b. The Fourier

transform of a function of the function g(pT ) is then defined by:

g(pT ) =
1

(2⇡)2

Z
d2b e�ib·pT g(b) , (2.1)

Note that the limit of vanishing transverse momentum, pT ! 0 corresponds to b ! 1. As we

discussed in the beginning of this section conservation of momentum puts a constraint that the

transverse momentum pT of the final state massive particle (Higgs Boson or psedo-scalar Higgs

boson) should be equal to the sum of the transverse momenta lT =
P

i li,T of the outgoing partons.

This constraint which appears as a Dirac delta function can be put in a factored form by going to

the Fourier space – b space, using

�(pT + lT ) =
1

(2⇡)2

Z
d2b e�ib·(pT+lT). (2.2)

It is easy to perform the integration over the angular variable utilising the rotational invariance and

this gives Bessel function J0. The distribution for low pT values compared to M has the following

behaviour which is obtained by resumming the large logarithms to all orders in perturbation theory:

d�F,(res)

dp2T
= ⌧

Z 1

0
db

b

2
J0(bpT )W

F (b,M, ⌧) , (2.3)

here S is the hadronic centre-of-mass energy and

⌧ = M2/S. (2.4)

Note that this equation only defines WF (b,M, ⌧) and does not contain any physical information.

The proper inclusion of terms pT & M will be described in Sec. 2.2.1. Here and in what follows,

the superscript F is attached to final state specific quantities. In what follows, we will not work

in the ⌧ -space but make a transition to the corresponding Mellin-space. This will be convenient

because the convolutions that appear in the distribution would get turned into ordinary products.

The Mellin transform of WF (b,M, ⌧) with respect to the variable ⌧ is defined by

WF
N (b,M) =

Z 1

0
d⌧⌧N�1WF (b,M, ⌧) , (2.5)

which has the following form for Higgs and pseudo-scalar Higgs production [136, 139, 151]†

†Throughout this work the parameters that are not crucial for the discussion will be suppressed in function
arguments.
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WF
N (b,M) = �̂F,(0)

gg exp

"
�
Z M2

b20/b
2

dl2

l2

h
Ag(↵s(l

2)) ln
M2

l2
+Bg(↵s(l

2))
i#

⇥
X

i,j

HF
g;µ1⌫1,µ2⌫2

Cµ1⌫1
gi Cµ2⌫2

gj fi,N (b0/b) fj,N (b0/b) ,
(2.6)

where

�̂F,(0)
gg = parton level cross-section at LO (2.7)

This is a result obtained after resumming the soft and collinear gluon emissions to all orders in the

perturbation theory. Note that the argument k2 of the running coupling constant ↵s is the variable

of integration and is one of the sources of the powers of log(b). The function fi,N (q) in Eq. (2.6)

is the Mellin transform of the density function fi(x, q) of parton i in the proton, where x is the

momentum fraction and q the momentum transfer. The numerical constant

b0 = 2 exp (��E) , Euler constant �E = 0.5772..., (2.8)

is introduced for convenience. Unless stated otherwise, we have put the renormalization and the

factorization to be equal: µF = µR = M . We will use the short hand notation
⇥
HF

g C1C2

⇤
to denote

the factors that appear in the second line in Eq. (2.6):

⇥
HF

g C1C2

⇤
gg,ij

= HF
g;µ1⌫1,µ2⌫2

Cµ1⌫1
gi Cµ2⌫2

gj , (2.9)

and the structure of partonic tensor, Cµ⌫
gk , is given by

Cµ⌫
gk (z; q1, q2,b;↵s) = dµ⌫(q1, q2)Cgk(z;↵s) +Dµ⌫(q1, q2;b)Ggk(z;↵s) , (2.10)

where

dµ⌫(q1, q2) = �gµ⌫ +
qµ1 q

⌫
2 + qµ2 q

⌫
1

q1.q2
,

Dµ⌫(q1, q2;b) = dµ⌫(q1, q2)� 2
bµb⌫

b2
. (2.11)

The vector bµ = (0,b, 0) is the two-dimensional impact parameter vector in the four-dimensional

notation and q1, q2 are the momenta of colliding partons. All the coe�cients that appear in the

resummation formula in Eq. (2.6) and Eq. (2.10) have series expansions in as = ↵s/4⇡:

Cgi(z;↵s) = �gi�(1� z) +
1X

n=1

ansC
(n)
gi (z),

Ggi(z;↵s) =
1X

n=1

ansG
(n)
gi (z), HF

g (↵s) = 1 +
1X

n=1

ansH
F,(n)
g ,

Ag(↵s) =
1X

n=1

ansA
(n)
g , Bg(↵s) =

1X

n=1

ansB
(n)
g . (2.12)
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The order upto which these coe�cients are included in Eq. (2.6) determines the logarithmic accuracy

of the resummed cross section;

• Leading Logarithmic (LL) accuracy: Only the coe�cient A(1)
g is included and all higher order

coe�cients are dropped.

• Next-to-Leading (NLL) Logarithmic accuracy: Only the coe�cients A(2)
g , B(1)

g , C(1)
gi , and

HF,(1)
g are included.

• All the coe�cients that are required for the resummation of the transverse momentum distri-

bution of the pseudo-scalar Higgs boson at Next-to-next-to-leading (NNLL) accuracy will be

given in Sec. 2.2.2.

Resummation Scheme: The coe�cients Ag, Bg, and Cgi that enter in the resummation formula

contain information about the soft and collinear radiation and is independent of the hard scattering

process. Ofcourse, there is a freedom of absorbing the function H into these coe�cients. Since these

resummation coe�cients are process independent (i.e. they do not depend on specific final state),

the coe�cients Ag, Bg, and Cgi that enter in the resummation formula for the Higgs production

with Hh
g = 1 can be used for the pseudo-scalar production as well. This choice for the resumma-

tion coe�cients will be termed as Higgs resummation scheme in this thesis (see [11] for details on

resummation schemes).

As far as the resummation formula, that is valid for low transverse momentum values is concerned

the information of pseudo-scalar Higgs enters through the the hard coe�cient HF
g and the Born

factor �̂F,(0)
gg . All the other coe�cients are resummation coe�cients are known in the Higgs scheme

mentioned above up to the perturbative order required in this work (see Sec. 2.2.2), except for the

two coe�cients HA,(1)
g and HA,(2)

g that we need to evaluate upto NNLO. This will also be presented

in Sec. 2.2.2.

In the infinite top quark mass limit the e↵ective Lagrangian [167] describing pseudo-scalar pro-

duction is given by

LA
e↵ = �A(x)


�1

8
CGOG � 1

2
CJOJ

�
, (2.13)

where the operators are defined as,

OG = Gµ⌫
a G̃a,µ⌫ ⌘ ✏µ⌫⇢�G

µ⌫
a G⇢�

a , OJ = @µ
�
 ̄�µ�5 

�
. (2.14)

The Wilson coe�cients CG and CJ are obtained by integrating out the loops resulting from top

quark. Gµ⌫
a and  represent gluonic field strength tensor and light quark fields, respectively. In this

study we will only consider contributions arising from the operator OG in the e↵ective Lagrangian

and will not include the contributions arising from OJ operator. The Born cross section for the

pseudo-scalar production at the parton level including the finite top mass dependence is given by

�̂A,(0)
gg (µ2

R) =
⇡
p
2GF

16
a2scot

2�
��⌧Af(⌧A)

��2. (2.15)

Here ⌧A = 4m2
t/m

2
A, mt is the MS top quark mass at scale µR, mA is the mass of pseudoscalar
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particle and the function f(⌧A) is given by

f(⌧A) =

8
<

:
arcsin2 1p

⌧A
⌧A � 1 ,

� 1
4

⇣
ln 1�

p
1�⌧A

1+
p
1�⌧A

+ i⇡
⌘2

⌧A < 1 .
(2.16)

In the above equation, GF is the Fermi constant and cot� is the ratio between vacuum expectation

values of the Higgs doublets.

Perturbative expansion of resummation formula:

Note that the parton densities that appear in Eq. (2.6) are evaluated not at the factorization scale

µF but at b0/b. Evolving the parton densities from b0/b to µF in Eq. (2.6) (see Ref. [11]), one can

define the partonic resummed cross section WF
ij,N through

WF
N (b,M) =

X

i,j

WF
ij,N (b,M, µF ) fi,N (µF )fj,N (µF ) . (2.17)

Now we can separate the large logarithms that appear in WF
ij,N from the remaining terms. However,

we have a freedom in what we choose as the argument of the logarithm. Instead of working (re-

summing) with L = ln(M2b2/b20) we can equally well choose to work with L = ln(Q2b2/b20), where

Q is some arbitrary scale of the order of M . The di↵erence between the these two choices is not a

divergent quantity but a finite one. Thus we write WF as

WF
ij,N (b,M, µF ) = �̂F,(0)

gg

(
HF

gg ij,N (M,Q, µF ) + ⌃
F
gg ij,N (L,M,Q, µF )

)
, (2.18)

where L = ln(Q2b2/b20) denotes the logarithms that are being resummed in WF and Q is an ar-

bitrary resummation scale. Note that the left hand side of the above equation is independent of

the resummation scale Q and so is the right hand side. However a truncation of the perturbative

expansion in the right hand side will introduce a dependence on Q. This dependence on Q will be

however, of higher order in the strong coupling constant. Note that the dependence on b — the

variable conjugate to pT — is contained entirely in the functions ⌃F
cc̄ ij . Furthermore ⌃F

cc̄ ij are

so defined that they vanish at L = 0; for the perturbative expansions up to NNLO refer to Ref. [11].

The hard-collinear function HF
gg ij,N depends on the coe�cients HF

g and Cgi of Eq. (2.12).

2.2.1 Matching the cross section across the large and small pT regions

The resummed result given in the previous section is valid at small values of transverse momentum

where the logarithms of pT are summed to all orders, and to emphasize that these results are accurate

to a certain logarithmic accuracy such as NLL or NNLL we attach a subscript to the resummed cross

section:
�
d�F,(res)/dp2T

�
l.a.

. As the IR and collinear radiation does not give any enhancements at

the high values of transverse momentum, the fixed order results accurately describe the distribution

which we will denote by
�
d�F /dp2T

�
f.o.

. To obtain a prediction valid over the entire pT region, which

we denote by
⇣

d�F

dp2
T

⌘

f.o.+l.a.
, we following the additive matching procedure defined below:
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✓
d�F

dp2T

◆

f.o.+l.a.

=

✓
d�F

dp2T

◆

f.o.

+

✓
d�F,(res)

dp2T

◆

l.a.

�
✓
d�F,(res)

dp2T

◆

l.a.

�����
f.o.

. (2.19)

Here the first term on the right hand side is the fixed order result which is what is relevant at large

values of transverse momentum; the second term provide the resummed result that is valid at low

values of the transverse momentum. Clearly, the enhanced e↵ects of soft and collinear radiation is

included twice: first in the fixed order result and then in the second term which is the resummed

result. The purpose of the third term is to remove this double counting. At low pT the divergences

in pT spectrum arising due to the fixed order result in the first term are subtracted by the last term,

which is nothing but the expansion of the resummation formula in as truncated to appropriate order.

Even, though this takes care of the double counting at low values of the transverse momentum, the

third term has still an undesired e↵ect: it contributes at large values of transverse momentum! At

large values of pT we can reduce the e↵ect of the last term by making the replacement [11]

L ! L̃ ⌘ ln

✓
Q2b2

b20
+ 1

◆
. (2.20)

Now as pT ! 1 or eqivalentaly b ! 0 the argument of the logarithm approaches unity and thus

the logarithm vanishes.

2.2.2 Resummation coe�cients and determination of HA,(2)
g

Here we list down the A(1)
g , B(1)

g , A(2)
g [135, 137] , B(2)

g [138, 168, 169], A(3)
g [170] coe�cients along

with Cgi [138, 168, 169, 171] and Ggi [151] coe�cients that enter into the computation. Whenever,

a coe�cient is scheme dependent we have given it in the Higgs scheme.

A(1)
g = 4CA ,

A(2)
g = 8CA

✓
67

18
� ⇡2

6

◆
CA � 5

9
nf

�
,

A(3)
g = 64CA

"
C2

A

✓
11⇡4

720
� 67⇡2

216
+

245

96
+

11

24
⇣3

◆
+ CAnf

✓
5⇡2

108
� 209

432
� 7

12
⇣3

◆

+ CFnf

✓
�55

96
+

1

2
⇣3

◆
� 1

108
n2
f + 8�0

✓
CA

✓
101

216
� 7

16
⇣3

◆
� 7

108
nf

◆#
,

B(1)
g = �2

3
(11CA � 2nf ) ,

B(2)
g = 16C2

A

✓
23

24
+

11

18
⇡2 � 3

2
⇣3

◆
+

1

2
CFnf � CAnf

✓
1

12
+
⇡2

9

◆
� 11

8
CFCA ,

C(1)
gg =

⇥
(5 + ⇡2)CA � 3CF

⇤
�(1� z) ,

C(1)
gq = 2CF z ,

G(1)
gg = 4CA

1� z

z
,

G(1)
gq = 4CF

1� z

z
, (2.21)
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where �0 = (11CA � 2nf )/3, with the SU(N) QCD color factors CF = (N2 � 1)/2N , CA = N and

nf = 5 is the number of active quark flavors. The coe�cients A(i)
g , B(1)

g , C(1)
gq , G(1)

gg and G(1)
gq are

scheme independent. The scheme dependent coe�cients B(2)
g and C(1)

gg have been given above in

Higgs scheme.

2.3 The results: Hard coe�cients and matched distributions

In this section we will first calculate the hard coe�cients HA,(1)
g and HA,(2)

g , then we will describe

how we obtain the fixed order pT distribution that we need for the matching, and finally obtain the

distributions.

2.3.1 Evaluation of hard coe�cient

The only coe�cients that remain to be determined are the first and second order hard coe�cients.

These can be extracted from the knowledge of form factors up to 2-loop for the pseudo-scalar. The

unrenormalised form factors F̂A,(n)
g up to 2-loop are given here

FA
g ⌘

2X

n=0

"
âns

✓
�q2

µ2

◆n ✏
2

Sn
✏ F̂A,(n)

g

#
. (2.22)

We present the unrenormalised results after factoring out Born term for the choice of the scale

µ2
R = µ2

F = �q2 as follows:

F̂A,(1)
g = CA

(
� 8

✏2
+ 4 + ⇣2 + ✏

 
� 6� 7

3
⇣3

!
+ ✏2

 
7� ⇣2

2
+

47

80
⇣22

!)
,

F̂A,(2)
g = CFnf

(
� 80

3
+ 6 ln

✓
q2

m2
t

◆
+ 8⇣3

)
+ CAnf

(
� 8

3✏3
+

20

9✏2
+

1

✏

 
106

27
+ 2⇣2

!

� 1591

81
� 5

3
⇣2 �

74

9
⇣3

)
+ C2

A

(
32

✏4
+

44

3✏3
+

1

✏2

 
� 422

9
� 4⇣2

!
+

1

✏

 
890

27
� 11⇣2

+
50

3
⇣3

!
+

3835

81
+

115

6
⇣2 �

21

5
⇣22 +

11

9
⇣3

)
. (2.23)

The strong coupling constant as ⌘ as
�
µ2
R

�
is renormalised at the mass scale µR and is related to

the unrenormalised one, âs ⌘ ĝ2s/16⇡
2, through

âsS✏ =

✓
µ2

µ2
R

◆✏/2

Zasas, (2.24)

with S✏ = exp [(�E � ln 4⇡)✏/2] and the scale µ is introduced to keep the unrenormalised strong

coupling constant dimensionless in d = 4 + ✏ space-time dimensions. The renormalization constant

Zas up to O(a3s) is given by

Zas = 1 + as


2

✏
�0

�
+ a2s


4

✏2
�2
0 +

1

✏
�1

�
+ a3s


8

✏3
�3
0 +

14

3✏2
�0�1 +

2

3✏
�2

�
. (2.25)
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The coe�cients of the QCD � function �i are given by [172]

�0 =
11

3
CA � 2

3
nf ,

�1 =
34

3
C2

A � 2nfCF � 10

3
nfCA ,

�2 =
2857

54
C3

A � 1415

54
C2

Anf +
79

54
CAn

2
f +

11

9
CFn

2
f � 205

18
CFCAnf + C2

Fnf , (2.26)

where nf is the number of active light quark flavors. The operator renormalization is needed to

remove the additional UV divergences and UV finite form factor is given by

[FA
g ]R = ZA

g FA
g , (2.27)

where the operator renormalization constant up to O(a3s) is given by

ZA
g = 1 + as

"
22

3✏
CA � 4

3✏
nf

#
+ a2s

"
1

✏2

(
484

9
C2

A � 176

9
CAnf +

16

9
n2
f

)
+

1

✏

(
34

3
C2

A

� 10

3
CAnf � 2CFnf

)#
+ a3s

"
1

✏3

(
10648

27
C3

A � 1936

9
C2

Anf +
352

9
CAn

2
f � 64

27
n3
f

)

+
1

✏2

(
5236

27
C3

A � 2492

27
C2

Anf � 308

9
CACFnf +

280

27
CAn

2
f +

56

9
CFn

2
f

)

+
1

✏

(
2857

81
C3

A � 1415

81
C2

Anf � 205

27
CACFnf +

2

3
C2

Fnf +
79

81
CAn

2
f +

22

27
CFn

2
f

)#
. (2.28)

We can obtain the hard coe�cient function by removing infrared singularities from renormalised

form factor given in Eq. (2.27) by multiplying the IR subtraction operators [173]. This gives the

hard function in what is called hard scheme. We would however use the B and C functions in the

Higgs scheme. Finally, hard coe�cient functions can be calculated in the Higgs scheme by using

following relations [159]:

HA,(1)
g = HA,(1)

g,hard �Hh,(1)
g,hard ,

HA,(2)
g = HA,(2)

g,hard �Hh,(2)
g,hard +

⇣
Hh,(1)

g,hard

⌘2
�HA,(1)

g,hardH
h,(1)
g,hard , (2.29)

where the subscript ‘hard’ denotes hard scheme. The first and second order coe�cients that appear

in the expansion of the hard function when calculated in the Higgs scheme are

HA,(1)
g =

3

2
CF � 1

2
CA ,

HA,(2)
g =

1

12
CF +

5

96
CA +

41

144
CAnf +

✓
�13

8
+

1

4
log

m2
A

m2
t

◆
CFnf

+

✓
37

24
+

11

8
log

m2
A

m2
t

◆
CACF +

✓
137

288
� 7

8
log

m2
A

m2
t

◆
C2

A . (2.30)
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2.3.2 Fixed order distribution at NNLO

It has been long observed that the inclusive pseudo-scalar Higgs coe�cient function can be obtained

from the scalar Higgs coe�cient at each order of perturbation theory by a simple rescaling (see Eq.

13-16 of [9]) after factoring out the born cross-section. The rescaling is exact at NLO; and at NNLO

the correction terms do not contain scales explicitly and are suppressed by partonic (1 � z)2. The

fact that at NLO the rescaling is exact, is already highly non-trivial and is a direct consequence of

similarity of the two processes. At NNLO level the di↵erence is only sub-dominant. We use the

same scaling factor to obtain the approximate fixed order pT spectrum (denoted as NNLOA) for

pseudo-scalar since both the processes share similar kinematics. The only di↵erence comes from the

vertex corrections through virtual loop calculation which only a↵ects the low pT spectrum and does

not a↵ect the very high pT tail. Thus we have obtained the approximate fixed order pT distribution

for pseudo-scalar Higgs from scalar-Higgs spectrum by multiplying same rescaling factor as in Eq.

13 in Ref. [9]. We find that at NNLO level in the high pT tail, only the rescaling coe�cient from one

lower order contributes to the pT spectrum. In particular the contribution comes from HA,(1)
g . The

fixed order distribution obtained this way has been matched to the NNLL resummed spectrum at low

pT completely within HqT framework. In the next section we describe the detailed phenomenology

for the matched pT spectrum.

2.3.3 Matched distributions

In this subsection we present the phenomenological aspects of the di↵erential distribution that we

have obtained using our FORTRAN code, which we created by modifying the publicly available code

HqT [10–12]. We studied the distributions for the LHC centre-of-mass energy both at 13 TeV and

14 TeV. Our default choices for di↵erent quantities in this study are:

For 14 TeV centre-of-mass energy,

1. Pseudo-scalar mass mA = 200 GeV,

2. Resummation scale Q = mA,

3. MMHT 2014 [174] parton density sets with the corresponding ↵s.

For 13 TeV centre-of-mass energy,

1. Pseudo-scalar mass mA = 200 GeV,

2. Resummation scale Q = mA/2,

3. MMHT 2014 [174] parton density sets with the corresponding ↵s.

In Fig. 2.1 (14 TeV) and Fig. 2.2 (13 TeV) we study the e↵ect of resummation over the fixed

order result, where in each figure, the left panel shows the result for NLO and NLO+NLL; the right

for NNLOA and NNLOA+NNLL. For LHC 14TeV we set µR = µF = mA; for LHC 13 TeV we

keep µR = µF = mA/2 and use MMHT2014 PDF sets for both the cases. We observe that the

divergent behaviour of the distribution at fixed order is cured upon resummation. Precisely, at NLO

the distribution diverges to positive infinity and at NNLOA to negative infinity. Upon resummation

a regular behaviour is displayed in both the cases.
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Figure 2.1: Resummation scale variation for (a) NLO+NLL and (b)
NNLOA+NNLL at 14 TeV
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Figure 2.2: Resummation scale variation for (a) NLO+NLL and (b)
NNLOA+NNLL at 13 TeV

Uncertainty due to Q: in Fig. 2.1 and Fig. 2.2 we also show the sensitivity of the resummed

results to the choice of resummation scale Q, where we have varied Q from mA to mA/8. For each

diagram, in the left panel we see the results are quite sensitive to the choice, where by sensitivity we

mean the range of variation of the maxima of distribution for di↵erent choices of Q. Not surprisingly,

upon going to the next logarithmic accuracy (right panel) the sensitivity is significantly reduced

around the peak region and the results at moderate values of pT are almost insensitive to the choice.

It is reassuring that in the right panel at moderate and large values of pT the resummed curve is

coincident with the fixed order curve, as desired. We note that the position of the peak is unchanged

in going to the next order. For Q = mA and centre-of-mass energy 14 TeV we see that the peak

value changes by 25% in going from NLO+NLL to NNLOA+NNLL. Similarly for Q = mA/2 and

centre-of-mass energy 13 TeV, the peak value changes by 11% upon going from NLO+NLL to the

next level of accuracy.
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Uncertainty due to µR and µF : in Fig. 2.3(a) and Fig. 2.3(b) we show the sensitivity of our
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Figure 2.3: µR and µF variation at NLO+NLL and NNLOA+NNLL for (a) 14
TeV and (b) 13 TeV

results to the variation of µR and µF . The bands in this figure have been obtained by varying of

µR and µF independently in the range [mA/2, 2mA], while excluding the regions where µR/µF > 2

or µR/µF < 1/2. More specifically, for 14 TeV centre-of-mass energy we see that at the peak, the

variation is about 38% for NLO+NLL which gets reduced to about 19% upon going to the next

level of accuracy. Similarly for 13 TeV centre-of-mass energy we see that at the peak the variation is

about 22% for NLO+NLL and about 15% for NNLOA+NNLL. We have also studied the individual

variation of µR and µF for both the energies at the LHC in Fig. 2.4 and Fig. 2.5 respectively. In

Fig. 2.4 we keep µF = mA and vary µR in the range [mA/2, 2mA]. For 14 TeV centre-of-mass

energy we find that at the peak, the variation for NLO+NLL is about 32%, which gets reduced

to about 17% at NNLOA+NNLL. Similarly for 13 TeV centre-of-mass energy we see that at the

peak the variation is about 21% for NLO+NLL and about 13% for NNLOA+NNLL. In Fig. 2.5

we set µR = mA and vary µF in the same range as above. For 14 TeV centre-of-mass energy we

find that at the peak, the variation for NLO+NLL is about 4%, which gets reduced to about 2% at

NNLOA+NNLL. Similarly for 13 TeV centre-of-mass energy we see that at the peak the variation

is about 4% for NLO+NLL and about 0.5% for NNLOA+NNLL.

Combined uncertainty due to Q,µR and µF : in Fig. 2.6(a) and Fig. 2.6(b) we show the

sensitivity of our results to the variation of Q, µR and µF . The bands in this figure show independent

variation of Q, µR and µF in the range [mA/2, 2mA] with constraints µR/µF 2 [1/2, 2], Q/µR 2
[1/2, 2] and Q/µF 2 [1/2, 2]. When we take into account all scale variations together we notice that

both at 13 TeV and 14 TeV the variation at the peak is 38% for NLO+NLL which gets reduced to

20% upon going to the next level of accuracy. It is to be noted that this amount of decrement is

almost same as the case discussed in Fig. 2.3(a).

Uncertainty due to parton density sets: as there are several PDF groups in the literature,

it is necessary to estimate the uncertainty resulting from the choice of PDFs within each set of a
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Figure 2.4: Variation of µR at NLO+NLL and NNLOA+NNLL keeping µF fixed
at mA for (a) 14 TeV and (b) 13 TeV
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Figure 2.5: Variation of µF at NLO+NLL and NNLOA+NNLL keeping µR fixed
at mA for (a) 14 TeV and (b) 13 TeV

given PDF group. Using PDFs from di↵erent PDF groups namely MMHT2014 [174], ABMP [175],

NNPDF3.1 [176] and PDF4LHC [177] we have obtained the di↵erential pT distributions along with

the corresponding PDF uncertainty. In Fig. 2.7(a), we have demonstrated the uncertainty bands for

various PDF sets as a function of pT at energies of 14 TeV. In order to demonstrate the correlation

of PDF uncertainty with the pT values we have tabulated in Table 2.1, the corresponding results for

few benchmark values of pT along with percentage uncertainties. We have also performed the same

exercise for 13 TeV centre of mass energy, as shown in Fig. 2.7(b). We have tabulated the results

for few benchmark values of pT along with percentage uncertainties in Table 2.2.

Pseudo-scalar Higgs mass variation: in Fig. 2.8(a) and Fig. 2.8(b) we show how the distri-

bution behaves as the mass of the final state is changed. We have kept the renormalization and
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Figure 2.6: Q, µR and µF variation at NLO+NLL and NNLOA+NNLL for (a)
14 TeV and (b) 13 TeV
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Figure 2.7: PDF variation at NNLOA+NNLL for (a) 14 TeV and (b) 13 TeV
using various sets. The y-axis represents the ratio of extremum variation over
the central PDF set.

factorization scales fixed at 200 GeV for 14 TeV, at 100 GeV for 13 TeV LHC energies and varied

mA from 100 to 300 GeV. We see that the cross-section decreases with the increase in the mass of

the final state.
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qT MMHT ABMP NNPDF PDF4LHC

7.0 0.802+0.97%
�1.75% 0.828+0.26%

�0.78% 0.821+4.09%
�3.00% 0.804+1.45%

�0.91%

13.0 0.941+0.98%
�1.07% 0.928+0.31%

�0.49% 0.960+3.77%
�2.60% 0.943+1.60%

�0.80%

19.0 0.882+0.96%
�1.05% 0.847+0.58%

�0.55% 0.897+3.65%
�2.53% 0.884+1.54%

�0.67%

25.0 0.772+0.94%
�1.01% 0.729+0.83%

�0.60% 0.783+3.55%
�2.45% 0.774+1.46%

�0.56%

31.0 0.660+0.91%
�0.96% 0.616+0.99%

�0.63% 0.669+3.46%
�2.38% 0.662+1.38%

�0.61%

Table 2.1: qT distributions at NNLOA+NNLL using di↵erent PDF sets along with percentage
uncertainties for qT = 7.0, 13.0, 19.0, 25.0, 31.0 for

p
s = 14 TeV.

qT MMHT ABMP NNPDF PDF4LHC

7.0 0.762+0.99%
�1.87% 0.783+18.52%

�0.85% 0.780+22.04%
�3.30% 0.761+23.32%

�0.89%

13.0 0.880+1.01%
�1.11% 0.864+0.34%

�0.54% 0.898+3.93%
�2.67% 0.882+1.56%

�0.75%

19.0 0.820+0.98%
�0.97% 0.783+0.57%

�0.61% 0.834+3.84%
�2.56% 0.822+1.51%

�0.62%

26.0 0.698+0.94%
�0.92% 0.654+0.85%

�0.66% 0.707+3.70%
�2.45% 0.700+1.43%

�0.68%

32.0 0.596+0.91%
�0.89% 0.552+0.99%

�0.63% 0.602+3.60%
�2.37% 0.597+1.35%

�0.72%

Table 2.2: qT distributions at NNLOA+NNLL using di↵erent PDF sets along with percentage
uncertainties for qT = 7.0, 13.0, 19.0, 26.0, 32.0 for

p
s = 13 TeV.

 0.1

 1

 10

 15  30  45  60  75  90

µR = µF =200 GeV

MMHT2014

LHC  √S = 14 TeV

NNLOA+NNLL

d
σ

/d
p

T
 (

p
b
/G

e
V

)

pT (GeV)

mA=300
mA=250
mA=200
mA=150
mA=100

 0.1

 1

 10

 15  30  45  60  75  90

µR = µF =100 GeV

MMHT2014

LHC  √S = 13 TeV

NNLOA+NNLL

d
σ

/d
p

T
 (

p
b
/G

e
V

)

pT (GeV)

mA=300
mA=250
mA=200
mA=150
mA=100

(a) (b)
Figure 2.8: Pseudo-scalar Higgs mass variation at NNLOA+NNLL for (a) 14 TeV
and (b) 13 TeV

2.4 Conclusions

In this study we obtained the resummed pT distribution for pseudo-scalar Higgs bosons at the

LHC for both the centre-of-mass energy 14 TeV and 13 TeV at next-to-next-to-leading logarithmic

accuracy by matching the resummed curve with approximated fixed order next-to-next-to-leading
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order result. We showed that we achieve a very significant reduction in sensitivity to the choices of

resummation, renormalization and factorization scales that are artefact of perturbation theory. We

also studied the uncertainty due to di↵erent choices of parton density sets. These results provide us

with precise estimate for the distribution especially in the region around 15 GeV where the cross-

section is large and the fixed order results are completely unreliable due to the breakdown of fixed

order perturbation series.
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Chapter 3

Power corrections to event shapes

3.1 Introduction

Infrared-safe event shape variables play a very significant role in understanding the collider data

both at the lepton and hadron colliders. Several shape variables have been studied in the literature

and among them the most studied variables are the Thrust, C-parameter and Angularity. These

shape variables, (one of which, the Thrust was introduced in (1.5.1))

• are essential tools for the precise determination of the strong coupling constant, and

• they are classic testing grounds for both analytical and numerical models of hadronization.

As we saw in (1.5.1) large logarithmic corrections to the distributions of event shape variables arise

at fixed orders in perturbation theory, when the shape variable e takes values corresponding to pencil

like configurations. In Eq. (1.78) we see that these large logarithms appear as log(1 � T )/(1 � T ),

which is divergent in the soft-collinear limit where T ! 1. The term log(1� T )/(1� T ) is a leading

logarithmic term at the leading power; leading power in 1 � T . In the same Eq. (1.78) we also see

that subleading logarithms at leading power (log0(1� T )/(1� T )) are also present.

Not only that owing to their infrared and collinear safety, they can be computed in perturbation

theory in QCD, the large logarithmic corrections to the distributions can be resummed to all orders

by a variety of methods. At fixed orders, the state of the art is next-to-next-to-leading order (NNLO)

accuracy [29–33], while the next to leading log (NLL) resummation has been known for a while [34–

37]. In recent years, the NNLL resummation framework has also been developed [13, 38–48].

In this work we will be concerned with analytic estimates of non-perturbative corrections, which

are suppressed by powers of ⇤/Q (where ⇤ is the QCD scale and Q is the center-of-mass energy) with

respect to the perturbative result. The basic idea of such analytic estimates goes back to the Operator

Product Expansion (OPE), and was first applied to observable that do not admit an OPE in the

early papers [178–180]. Very roughly speaking, one notes that a generic (dimensionless) observable

in perturbative QCD is a sum of a ‘leading power’ perturbative series plus power corrections, of the

general form

�

✓
Q

µ
,↵s

◆
= �pert

✓
Q

µf
,
µf

µ
,↵s

◆
+
X

n

�n

✓
µf

µ
,↵s

◆✓
µf

Q

◆n

, (3.1)
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where µf is a perturbative factorization scale, ultimately to be traded for the strong interaction

scale ⇤. Generically, with a dimensional regulator, di↵erent terms in the sum in Eq. (3.1) mix

with each other under renormalization. In dimensional regularization, the same e↵ect arises in

a subtler fashion: each term in Eq. (3.1) is ambiguous due to the divergence of the corresponding

perturbative expansion, which manifests itself via singularities in the Borel plane. These ambiguities

are power-suppressed and are compensated by corresponding ambiguities in subsequent terms in the

sum in Eq. (3.1). This opens the way for a perturbative estimate of hadronization corrections

based on the study of singularities in the Borel plane. Phenomenological studies of event shapes

and other basic QCD observables with these tools were first systematically pursued in [181], and

subsequently developed in a vast literature, reviewed in [182]. The phenomenological importance

of these power-suppressed corrections cannot be understated: for example, they are crucial for a

precise determination of the strong coupling [13–17].

In the case of event shape distributions, denoted by d�/de below, the situation is more subtle.

Such distributions peak in the two-jet region, which can be taken to correspond to e ! 0, and

which is dominated by soft and collinear emissions; in this region, the distributions are typically

a↵ected by enhanced power corrections of the form (⇤/(eQ))n, associated with the emission of soft

gluons, as well as corrections scaling as
�
⇤2/(eQ2)

�n
, associated with hard collinear gluon emission.

We will refer to the first of these as ‘soft’ power corrections, and to the second ones as ‘collinear’

power corrections for the sake of brevity. When e ⇠ ⇤/Q, which is typically close to the peak of

the distribution at least at LEP energies, all soft power corrections become equally important and

need to be resummed in order to get a stable prediction. At even smaller values of e, e ⇠ ⇤2/Q2,

collinear power corrections become relevant as well.

An elegant and e�cient method to handle simultaneously large perturbative logarithms (up

to NLL accuracy) and power corrections in the two-jet region is Dressed Gluon Exponentiation

(DGE) [49], which has already been applied to a variety of event shapes [50–52], as well as to other

important QCD observables [53–55]. DGE, aside from consistently including the NLL resummation

of Sudakov logarithms, provides a renormalon-based estimate of both soft and collinear power cor-

rections. Collinear power corrections have been shown to enjoy a degree of universality [50, 51, 54]

across several inclusive observables. When, however, this universality breaks down, as for example

in [52, 183], collinear power corrections can be very cumbersome to compute; furthermore, they only

become relevant at extremely small values of the event shape, usually out of experimental range, or

in a region where very few data points are available.

These facts suggest that it would be useful to construct a systematic approximation to DGE

which would su�ce to capture all soft power corrections, while remaining simple to implement in

practice. In this chapter, we will introduce such an approximation, which essentially consists in com-

bining DGE with the eikonal approximation for the relevant matrix elements. We call the resulting

construction Eikonal Dressed gluon exponentiation or EDGE. The universality and simplicity of soft

emission can then be used to express soft power corrections to a large class of event shapes in terms

of a very simple integral, which reproduces known results for all event shapes for which soft power

corrections are known. This chapter is structured as follows: 3.2 briefly summarizes the essential

aspects of DGE, section 3.3 shows how to implement EDGE using energy fractions by taking ex-

amples from three very well known event shapes: thrust, C-parameter and angularities, section 3.4

describes the implementation of EDGE using the transverse momentum and the rapidity, in section
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3.5 we present Sudakov exponent and discuss power corrections.

3.2 Dressed Gluon Exponentiation

The starting point for DGE is the event shape distribution in the single dressed gluon approximation,

which is constructed from the one-loop real emission contribution to the event shape for a gluon

with virtuality k2 6= 0. From this, one easily obtains [179] the (renormalon) resummation of quark

vacuum polarization corrections which dominates in the large Nf limit. One can write the result as

1

�

d�

de
(e,Q2)

���
SDG

= � CF

2�0

Z 1

0
d⇠

dF(e, ⇠)

d⇠
A(⇠Q2) , (3.2)

where �0 = 11
12CA� 1

6Nf , ⇠ = k2/Q2, and A(⇠Q2) is the large-�0 running coupling (A = �0↵s/⇡) on

the time-like axis. In the MS scheme, it admits the Borel representation

A(⇠Q2) =

Z 1

0
du(Q2/⇤2)�u

sin⇡u

⇡u
e

5
3u⇠�u . (3.3)

The cornerstone of Eq. (3.2) is the characteristic function F(e, ⇠), which is the one-loop event shape

distribution with a non-vanishing gluon virtuality k2 [181, 184],

F(e, ⇠) =

Z
dx1dx2 M(x1, x2, ⇠) � (e� ē(x1, x2, ⇠)) , (3.4)

where xi are the customary energy fraction variables, M is the matrix element for the emission of

a gluon with k2 6= 0, and ē is the explicit expression of the event shape in terms of the kinematic

variables. Interchanging the order of integrations in Eq. (3.2) we can construct a Borel representation

as
1

�

d�

de
(e,Q2)

���
SDG

=
CF

2�0

Z 1

0
du(Q2/⇤2)�uB(e, u) , (3.5)

where the Borel function B(e, u) is defined by

B(e, u) = � sin⇡u

⇡u
e

5
3u

Z 1

0
d⇠ ⇠�u

dF(e, ⇠)

d⇠
. (3.6)

The Borel function B(e, u) has a simple structure in the u plane, without renormalon singularities.

Renormalon poles are however generated when the single dressed gluon distribution is exponentiated

via a Laplace transform [49].

The additive property of the event shapes with respect to the multiple gluon emissions together

with the factorization of soft and collinear emissions from the hard part of the matrix element leads

to the exponentiation of the logarithmically enhanced terms in the Laplace space and the resummed

cross section is given by [50, 51],

1

�

d�(e,Q2)

de
=

Z C+i1

C�i1

d⌫

2⇡i
e⌫e exp[S(⌫, Q2)], (3.7)

where C lies to the right of the singularities of the integrand. The Sudakov exponent has the form
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[185],

S(⌫, Q2) =

Z 1

0
de

1

�

d�(e,Q2)

de

���
SDG

(e�⌫e � 1). (3.8)

The Sudakov region e ! 0 corresponds to ⌫ ! 1. Using Eq. (3.5), the Sudakov exponent takes

the form

S(⌫, Q2) =
CF

2�0

Z 1

0
du

✓
Q2

⇤2

◆�u
Be

⌫(u), (3.9)

where the Borel function in the Laplace space, Be
⌫(u), is defined as

Be
⌫(u) =

Z 1

0
deB(e, u) (e�⌫e � 1). (3.10)

This exponentiation e↵ectively resums both large Sudakov logarithms and power corrections in the

two-jet region.

3.3 Borel function using Eikonal Dressed Gluon Exponenti-

ation

In this article we undertake the calculation of the Borel function that was defined in Eq. (3.6) for

three very well known event shape variables: (a) the thrust [18–21], (b) the C-parameter [22–25]

and, (c) the angularities [26–28], and we propose a simplified version of the well-established method

of Dressed Gluon Exponentiation (DGE), which we call Eikonal DGE (EDGE), which determines

all dominant power corrections to event shapes by means of strikingly elementary calculations. We

believe our method can be generalized to hadronic event shapes and jet shapes of relevance for LHC

physics. There are two aspects to this simplification. First, as we will see in the later parts of this

article, we only need to work with the squared matrix element in the eikonal limit. Second, and

more importantly, the event shape definitions can be simplified (eikonalized) to significantly simplify

the computations, however, still capturing the dominant power corrections. The definition of thrust

is simple enough and does not require any eikonalization, however we will introduce the eikonalized

versions of C-parameter and angularities for the computation of their respective Borel functions.

As discussed above we need to construct the characteristic function F(e, ⇠) for these three event

shape variables for the order ↵s process �⇤ ! qq̄g. The color stripped squared matrix element after

removing the coupling is

M(x1, x2, ⇠) =
(x1 + ⇠)2 + (x2 + ⇠)2

(1� x1)(1� x2)
� ⇠

(1� x1)2
� ⇠

(1� x2)2
, (3.11)

where the energy fractions are defined by

x1 =
2p1 ·Q
Q2

, x2 =
2p2 ·Q
Q2

, x3 =
2k ·Q
Q2

. (3.12)

Here k denotes the momentum of the o↵-shell gluon and, p1 and p2 are the momenta of the quark and
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anti-quark respectively. Momentum conservation Q = p1+p2+k gives the constraint x1+x2+x3 = 2.

Figure (3.1) gives the Dalitz plot for this processes. In the soft gluon limit we approximate the

squared matrix element to,

Msoft(x1, x2, ⇠) =
2

(1� x1)(1� x2)
. (3.13)

Note that this is the same as what we would write in the soft gluon limit for the case of massless

gluon.

Next we will take the mentioned three shape variables in turn and construct eikonalized versions

of them and then compute the corresponding characteristic functions, and their Borel functions.
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Figure 3.1: Dalitz plot showing phase space for � ! qq̄g with o↵-shell gluon. The energy momentum
conservation condition x1 + x2 + x3 = 2 is satisfied throughout this x1 � x2 plane and the actual
length along x3 axis is

p
2 times the measured length. The collinear limit (when the gluon is collinear

to the quark) corresponds to x1 = 1� ⇠, x2 = 0, while the soft limit (when the gluon is soft to the
quark) corresponds to x1 = x2 = 1�

p
⇠. The soft boundary of the phase space 1� x2 = ⇠/(1� x1)

is denoted by the red curve.

3.3.1 Thrust

Thrust is one of the most studied event shapes and it has a historical connection with the determi-

nation of strong coupling constant ↵s. It is defined as [20]

T = Max
n

P
i |pi · n|P

i Ei
, (3.14)

where pi denotes the 3-momentum of the i-th particle in the final state and n is a unit vector.

In order to determine the range of T , we need to consider two extreme cases: a most spherical

configuration and a pencil like configuration. For a spherical configuration, T attains a minimum

42



value 1/2 and for a pencil like configuration, T attains a maximum value 1. Thus, thrust varies in

the range 1/2  T  1. For a three particles final state, the numerator in Eq. (3.14) is maximum

when n is along the direction of the largest pi. Thus, the thrust for all massless particles final state

is given by

T = Max{x1, x2, x3}. (3.15)

In presence of a massive o↵-shell gluon in the final state, the definition of thrust needs some simple

modifications which was first given in [186] and has the form,

T = Max

⇢
x1, x2,

q
x2
3 � 4⇠

�
. (3.16)

Substituting in the definition Eq. (3.4) of the characteristic function, the squared matrix element

Eq. (3.13) and the definition of thrust Eq. (3.16), we obtain

F(T, ⇠) =

Z Z
dx1 dx2

2

(1� x1)(1� x2)
�

✓
T �Max

⇢
x1, x2,

q
x2
3 � 4⇠

�◆
. (3.17)

When the radiated (dressed) gluon is soft, this integral receives contributions from the regions I and

II as shown in Figure (3.1). Region I contributes when x1 is the largest, and region II contributes

when x2 is the largest of x1, x2,
p
x2
3 � 4⇠. Naming these contributions as F1(T, ⇠) and F2(T, ⇠)

respectively, we have

F(T, ⇠) ' F1(T, ⇠) + F2(T, ⇠), (3.18)

where

F1(T, ⇠) =

Z 1�⇠�T
1�T

2�T�
p

T 2+4⇠
dx2 M(T, x2, ⇠)

F2(T, ⇠) =

Z 1�⇠�T
1�T

2�T�
p

T 2+4⇠
dx1 M(x1, T, ⇠), (3.19)

Note that the integrals F1 and F2 are same due to the symmetry of M(x1, x2, ⇠) under interchange

of x1 and x2. The limits of the integration are determined by the boundary of the phase space shown

in red in the Figure (3.1). The characteristic function immediately evaluates to

F (t, ⇠) = �4

t
log

✓
⇠

t(q � t)

◆
, (3.20)

where t ⌘ 1 � T and q =
p
T 2 + 4⇠. Now, using Eqs. (3.6) and (3.20) the Borel function for the

thrust takes the form,

B(t, u) =
4 sin⇡u

⇡u

1

t
e

5u
3

Z t

t2
⇠�u�1d⇠, (3.21)
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where the lower limit is determined using the collinear gluon boundary conditions, x1 = 1 � ⇠,

x2 = 0 and the upper limit is determined from the soft gluon boundary condition x1 = x2 = 1�
p
⇠.

Evaluating the integral we immediately obtain

B(t, u) =
sin⇡u

⇡u
e

5u
3
4

u

1

t

✓
1

t2u
� 1

tu

◆
, (3.22)

this agrees with the leading singular terms of the same function presented in [185]. Thus, it is possible

to calculate the leading singular terms in F (t, ⇠) and B(t, u) using the eikonal matrix element.

3.3.2 C-parameter

The C-parameter was originally defined in [22, 25] using the eigenvalues of the matrix

✓↵� =
1P

j |p(j)|
X

i

p(i)
↵ p(i)

�

|p(i)|
, (3.23)

where p(i)
↵ are the spatial component of the momentum of i-th particle. If the eigenvalues of the

above matrix are denoted by �1, �2 and �3, then the C-parameter is given by

C = 3(�1�2 + �2�3 + �1�3). (3.24)

This can be cast into a Lorentz invariant form

C = 3� 3

2

X

i,j

�
p(i) · p(j)

�2

(p(i) · q)(p(j) · q)
, (3.25)

where p(i) denotes the four momentum of the i-th particle and q denotes the total four-momentum.

C takes a minimum value 0 for a two-jet event and C attains a maximum value 1 for a spherical

event. If, however, the final state has a planar configuration the largest value that the parameter

can attain is 3/4. This upper limit also applies for the case of 3-body final state that concerns us.

The above expression of the C-parameter and its rescaled version can be written down using the

energy fractions and the virtuality of the o↵-shell gluon.

c =
C

6
=

(1� x1)(1� x2)(x1 + x2 � 1 + 2⇠)� ⇠2

x1x2(2� x1 � x2)
. (3.26)

Now, we define the eikonalized version of the c-parameter

ceik(x1, x2) =
(1� x1)(1� x2)

(1� x1) + (1� x2)
, (3.27)

which coincides with the above definition in the soft gluon limit. Note that ceik is not a function

of the virtuality ⇠. We will use ceik to calculate the characteristic function for C-parameter; it is

convenient to change variables from x1 and x2 into y = 2 � x1 � x2 and z = (1 � x2)/y. In these

new variables ceik(y, z) = yz(1 � z). The characteristic function (Eq. (3.4)) in this limit takes the
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form,

F =

Z
dy dz y Msoft(y, z, ⇠) �(ceik(y, z)� c), (3.28)

where,

Msoft(y, z, ⇠) =
2

y2z(1� z)
(3.29)

The symmetry of M under x1 $ x2 appears as symmetry under z ! 1� z. In order to perform the

integral in Eq. (3.28), it is required to determine the limits of the z-integration using the boundary

of the soft region that is given by x2 = (1 � ⇠ � x1)/(1 � x1). The integral in Eq. (3.28) has an

explicit form,

F =

Z 1+⇠

2
p
⇠

dy

Z 1
2+

1
2

p
1�4⇠/y2

1
2�

1
2

p
1�4⇠/y2

dz
2

yz(1� z)

1

y
p

1� 4c/y

⇣
�(z � z1) + �(z � z2)

⌘
, (3.30)

where

z1 =
1

2
+

1

2

p
1� 4c/y and z2 =

1

2
� 1

2

p
1� 4c/y. (3.31)

This integral has a symmetry under z $ (1 � z) interchange, therefore the integral over z equals

twice the integral between z = 1/2 and the upper limit in Eq. (3.30), where only the �(z � z1) is

relevant. The condition z  1
2 + 1

2

p
1� 4⇠/y2 implies that y � ⇠/c. With this the integral in Eq.

(3.30) takes the form

F =
4

c

Z 1+⇠

⇠/c
dy

1

y
p
1� 4c/y

. (3.32)

Evidently, it is only the lower limit of the integration that gives rise to singular contribution in the

⇠ ! 0 limit. As we are only interested in the derivative of F , we get, without even evaluating the

integral

dF
d⇠

= � 4

c⇠

p
⇠p

⇠ � 4c2
. (3.33)

Contrast this to the computation of dF/d⇠ presented in [51] where the computation proceeds with

the full definition of the c-parameter. In that paper the authors had to deal with the complicated

elliptic integrals and had to carefully consider small c and small ⇠ limits. These complications are

completely absent in our method.

Now we are in the position to compute the Borel function B(c, u) for the c-parameter. We have

to substitute dF/d⇠ into Eq. (3.5),

B(c, u) =
4 sin⇡u

⇡u

1

c
e

5u
3

Z c
1�c

4c2
d⇠

⇠�up
⇠(⇠ � 4c2)

(3.34)

where the lower limit in the above integral is determined using x1 = x2 = 1 �
p
⇠ (soft limit),

and the upper limit is determined using x1 = 1 � ⇠, x2 = 0 (collinear limit). We are interested
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in the logarithmically enhanced terms, thus we can replace the upper limit of the integration by

c/(1� c) ⇡ c. Carrying out the integral yields the Borel function

B(c, u) = 4
sin⇡u

⇡u
e

5u
3
1

c


1

(2c)2u

p
⇡�(u)

�(u+ 1
2 )

� 1

ucu

�
. (3.35)

Our result agrees with the soft contribution of the same function presented in [51]. We conclude

thus, that the leading singular terms in F(c, ⇠) and B(c, ⇠) can be captured with significant ease if

we use the eikonal version ceik that we have introduced for the c-parameter.

3.3.3 Angularities

As a demonstration of the wide applicability of our method we consider one more event shape

variable – the angularities. Angularities are novel observables that allow us to transform between

recoil-insensitive to recoil-sensitive observables in a continuous manner. Angularities were first

introduced almost twenty years ago in [26–28] and they were defined as

⌧a =
1

Q

X

i

Ei(sin ✓i)
a(1� | cos ✓i|)1�a, (3.36)

where ✓i is the angle made by i-th particle with the thrust axis, Ei is the energy of the particle i

and a is a continuous parameter. The thrust axis is defined as the axis with respect to which Eq.

(3.36) is minimized at a = 0. One can easily realize that angularities with a = 0 corresponds to

1� T , where T is the thrust, while a = 1 refers to jet broadening [187]. The continuous parameter

a has a range �1 < a < 2, where the upper limit on a is fixed by infrared safety. In terms of xi

and ⇠ angularities were defined in [52] as,

⌧a(x1, x2, ⇠) =
1

x1
(1� x1)

1�a/2

(1� x2 � ⇠)1�a/2(x1 + x2 � 1 + ⇠)a/2

+ (1� x2 � ⇠)a/2(x1 + x2 � 1 + ⇠)1�a/2
�
, (3.37)

where, thrust axis is considered along p1 (quark momentum). As we did for the c-parameter we

introduce an eikonal version of the angularities:

⌧eika (x1, x2, ⇠) = (1� x1)
1�a/2(1� x2)

a/2. (3.38)

Now, Using Eq. (3.4) and (3.13) the characteristics function takes the form,

F =

Z
dx1dx2

2

(1� x1)(1� x2)
�
�
⌧eika (x1, x2, ⇠)� ⌧a

�
. (3.39)

It is straight-forward to perform the x1 integration to obtain

F =
4

⌧a(1� a
2 )

Z
dx2

1

1� x2
. (3.40)

We determine the upper limit of this integration using the soft boundary 1 � x2 = ⇠/(1 � x1). As

shown in [52], the lower limit of this integration does not contribute to the logarithmically enhanced
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terms. The upper limit of the integration is

1�
✓
⇠1�

a
2

⌧a

◆ 1
1�a

.

We finally have the characteristics function

F(⌧a, ⇠) = � 4

⌧a

1

1� a
log ⇠. (3.41)

Taking the derivative with respect to ⇠ and substituting in Eq. (3.6) we get the Borel function

B(⌧a, u) =
4 sin⇡u

⇡u

1

1� a

1

⌧a
e

5u
3

Z ⌧
2

2�a
a

⌧2
a

d⇠ ⇠�u�1, (3.42)

where the limits are determined using the collinear and soft gluon boundary conditions mentioned

in Figure (3.1). Upon performing the integration in Eq. (3.42) we obtain

B(⌧a, u) =
sin⇡u

⇡u
e

5
3u

4

1� a

1

u

1

⌧a

"
1

⌧2ua
� 1

⌧
2u

2�a
a

#
, (3.43)

which agrees with the soft contribution of the same function presented in [52]. We have, thus

obtained, the leading singular terms in F(⌧a, ⇠) and B(⌧a, ⇠), which are responsible for power

corrections by considering the eikonal matrix element and the eikonal version of the angularities

⌧eika (x1, x2, ⇠) which again substantially simplifies the computation.

3.4 Borel function using Eikonal Dressed Gluon Exponenti-

ation in the light-cone variables

In this section, we will follow the same steps of Sec. (3.3) and calculate Borel function for thrust,

C-parameter and angularities using a di↵erent set of kinematic variables. Instead of the energy

fractions that we used in the previous section we would employ the transverse momentum k? and

rapidity y of the massive eikonal gluon. In the soft gluon approximation, a number of event shapes

for massless particles were defined in [188, 189]. We will consider a class of event shapes which, for

massive soft gluon emission, can be written as

ē(k,Q) =

s
k2? + k2

Q2
he(y) , (3.44)

where k? and y denote transverse momentum of the gluon and pseudo-rapidity measured with

respect to the thrust axis respectively. The function he(y) characterizes the given event shape.

Some of the approximations described below apply to more general event shapes as well, but the

results are especially simple for those which can be cast in the form of Eq. (3.44).

The contribution from the emission of a soft o↵-shell gluon can easily be computed applying the

eikonal approximation to the vertex for the emission from the hard parton. Since o↵-shell soft-gluon

phase space factorizes [49] from the hard partons, and also the matrix element factorizes, the soft
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cross section takes on a simple and universal form,

d�

�
=

1

3

4

k2 + k2?
dk2?dy . (3.45)

The characteristic function is also then given, in the soft limit, by a simple and universal expression

F(e, ⇠) =

Z
dk2?dy

2

k2 + k2?
�
�
e� ē

�
k2, k2?, y

��
, (3.46)

which integrates to the remarkably simple form,

F(e, ⇠) =
8

e

Z

ymin

dy (3.47)

where the only information on the chosen observable is the phase space boundary given by the

minimum rapidity ymin. The upper limit of integration is not relevant, since it does not give any

singular contributions in the ⇠ ! 0 limit, which is the only significant limit for power corrections.

Up to now, we have kept the discussion generic, for any shape belonging to the class given in

Eq. (3.44). Let us now illustrate the results by looking at some specific examples.

3.4.1 Thrust

The thrust for a generic process is defined in Eq. (3.15). In the two jet events all event shape

variables that we consider tends to 0, except thrust which tends to 1. Thus, it is convenient to

define t = 1� T . In the soft gluon approximation, thrust in terms of the k? and rapidity y is given

by [188]

t =
1

Q

q
k2? + k2 e�|y|. (3.48)

Note that, for our case the gluon is massive and k2 6= 0. In order to perform the integral in Eq. (3.47),

we need to determine the lower limit of the rapidity. The lower limit of rapidity y is determined by

putting k? = 0 in Eq. (3.48), thus minimum rapidity is given by,

ymin = ln
⇣1
t

p
⇠
⌘
. (3.49)

Now, using Eq. (3.47) and (3.49) the characteristics function has the form,

F = �8

t
log(

p
⇠

t
). (3.50)

The Borel function B(t, u) is then given by

B(t, u) =
sin⇡u

⇡u
e

5
3u

4

u

1

t


1

t2u
� 1

tu

�
, (3.51)

which is in well agreement with the soft approximated version of the characteristics function and

Borel function presented in [185].
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3.4.2 C-parameter

The C-parameter for a generic process is defined in Eq. (3.3.2). The C-parameter in the soft

approximation and expressed using k? and y is given by [188]

c =
C

6
=

1

2Q

q
k2 + k2?

1

cosh y
. (3.52)

As for the case of thrust we determine the lower limit of rapidity by putting k? = 0 and obtain

ymin = cosh�1
⇣p

⇠/(2c)
⌘
. (3.53)

Now, substituting ymin in Eq. (3.47) we obtain the characteristic function in the soft gluon limit:

F = �8

c
cosh�1

✓p
⇠

2c

◆
. (3.54)

This yields the Borel function

B(c, u) = 4
sin⇡u

⇡u
e5u/3

1

c


1

(2c)2u

p
⇡�(u)

�(u+ 1
2 )

� 1

ucu

�
, (3.55)

in full agreement with the soft contribution to the same function in [51]. Notice that, while collinear

e↵ects present in [51] are not properly reproduced, as expected, the cancellation of the pole at u = 0,

which is a consequence of the IR safety of the event shape, is preserved.

3.4.3 Angularities

In the soft gluon limit, angularities takes the form [188, 189],

⌧a =
1

Q

q
k2 + k2? e�|y|(1�a), (3.56)

and the minimum rapidity is given by

ymin =
1

1� a
ln
⇣ 1

⌧a

p
⇠
⌘
. (3.57)

Now, using Eq. (3.47), one easily finds

dF(⌧a, ⇠)

d⇠
= � 1

1� a

4

⌧a⇠
. (3.58)

The Borel function B(⌧a, u) is then given by

B(⌧a, u) =
sin⇡u

⇡u
e

5
3u

4

1� a

1

u

1

⌧a

"
1

⌧2ua
� 1

⌧
2u

2�a
a

#
, (3.59)

again in agreement with the soft contribution to the results of [52], and reproducing, in the limit

a ! 0, the results for thrust of Ref. [50].
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3.5 The Sudakov exponent

In this section, we will describe the computation of Sudakov exponent for thrust. Similar conclusions

hold true for the other two shape variables as well that we have considered in this article. We can

calculate the Borel function in the Laplace space Bt
⌫(u) in the eikonal limit using B(t, u) that we

wrote above in Eq. (3.22), we obtain,

Bt,eik
⌫ (u) =

4 sin⇡u

⇡u
e

5u
3

1

u

✓
⌫2u�(�2u, ⌫) +

1

2u

◆
�
✓
⌫u�(�u, ⌫) +

1

u

◆�
, (3.60)

where, we have used

Z 1

0

dt

t
eu log 1

t (e�⌫t � 1) = ⌫u�(�u, ⌫) +
1

u
, (3.61)

and �(�u, ⌫) = �(�u) � �(�u, ⌫). In the Sudakov region (⌫ ! 1), we can replace �(�u, ⌫) by

�(�u, ⌫). Retaining only the logarithmically enhanced terms (powers of log ⌫), in the small u limit

Bt
⌫(u) takes the form,

Bt,eik
⌫ (u) = 2 e

5
3u

sin⇡u

⇡u


�(�2u)

✓
⌫2u � 1

◆
2

u
� �(�u)

✓
⌫u � 1

◆
2

u

�
. (3.62)

The first term inside the square brackets corresponds to large-angle soft gluon emissions and the sec-

ond term to collinear gluon emissions. Note that this expression is free from any u = 0 singularities.

There are two sources of the poles in this expression: �(�2u) has poles for all positive integers and

half-integers, and �(�u) has poles for all positive integers. However, the pre-factor sin⇡u regulates

the poles at the integer values of u. Thus, B⌫,eik
t has renormalon poles only at half-integer values of

u.

We will now compare our result with the full result for Bt
⌫ presented in [51, 185] which is given

by,

Bt
⌫(u) = 2e

5
3u

sin⇡u

⇡u


�(�2u)

�
⌫2u � 1

� 2
u
� �(�u) (⌫u � 1)

✓
2

u
+

1

1� u
+

1

2� u

◆�
. (3.63)

Note the poles at u = 1 and u = 2 which are absent in the collinear term of our eikonalized Bt,eik
⌫ (u).

We further notice that no spurious renormalon poles are present in the eikonalized version. Recall

that, for thrust approximation was done only for the matrix element and not for the definition of

the variable. To show that our eikonal versions of the shape variables do not spoil the above feature

we present the results for the c-parameter. The eikonal version and full result [51] are as follows:

Bc,eik
⌫ (u) = 2

sin ⇡u

⇡u
e

5u
3


�(�2u)(⌫2u � 1)21�2u

p
⇡�(u)

�(u+ 1
2 )

� 2

u
�(�u)(⌫u � 1)

�
, (3.64)

Bc
⌫(u) = 2

sin ⇡u

⇡u
e

5u
3


�(�2u)

�
⌫2u � 1

�
21�2u

p
⇡�(u)

�( 12 + u)

� �(�u) (⌫u � 1)

✓
2

u
+

1

1� u
+

1

2� u

◆�
. (3.65)

Again, no spurious poles are introduced. As expected, the EDGE does not reproduce the collinear
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renormalon singularities as it cannot capture the hard-collinear emissions correctly.

The perturbative coe�cients of the Sudakov exponent in the large-�0 limit can be determined by

expanding Bt
⌫(u) in powers of u and replacing un by n!/(�0↵s/⇡)n+1. We notice that the large-angle

soft gluon emission terms – the coe�cient of �(�2u), are identical in the eikonalized and full versions

of the Borel function in the Laplace space. This implies that the leading logs – the terms of the form

Ln+1↵n
s where L = log ⌫ , will be the same between the two. The di↵erences in the sub-leading

logarithms appear due to the absence of the u = 1 and u = 2 poles in the collinear terms. We will

now expand the two functions to the first few orders to demonstrate the matching of the LL terms

and the discrepancy in the sub-leading logarithms. The expansion of the full result gives,

Bt
⌫ (u) = �2L2 + 0.691L

+
�
�2L3 � 5.297L2 � 6.485L

�
u

+
�
�1.167L4 � 5.527L3 � 14.491L2 � 31.655L

�
u2

+
�
�0.5L5 � 3.262L4 � 12.329L3 � 39.003L2 � 80.940L

�
u3

+
�
�0.172L6 � 1.405L5 � 6.832L4 � 28.452L3 � 87.21L2 � 175.80L

�
u4 (3.66)

+O(u5) + . . .

whereas, the expansion of the eikonal result gives,

Bt,eik
⌫ (u) =� 2 L2 � 2.31 L

+ (�2L3 � 6.79L2 � 15.71L) u

+(�1.167L4 � 6.02L3 � 19.10L2 � 44.59L) u2

+(�0.5L5 � 3.38L4 � 13.86L3 � 45.47L2 � 93.66L) u3

+(�0.172L6 � 1.429L5 � 7.216L4 � 30.61L3 � 93.57L2 � 187.395L) u4 (3.67)

+O(u5) + . . . .

As expected, the leading logarithms are appearing correctly in the eikonal approximated version of

the Borel function in the Laplace space. We observe that the di↵erences in NLL and NNLL terms

between Bt
⌫ and Bt,eik

⌫ are decreasing as we go higher order in u.

Let us now discuss the power corrections. The Sudakov exponent is an integral over u and the

poles of Bt
⌫ that occur on the real u-axis make it an ill defined integral. The integral can be defined

by shifting the poles above or below the axis or equivalently indenting the contour below or above

the poles. This however, introduces an ambiguity that is proportional to the residue of the poles.

The poles of Bt
⌫ that occur at u = m/2, where m is an odd integer give the ambiguity [51] originating

from the large-angle soft gluon emissions. From Eq. (3.9) we see that the ambiguity would be of the

form (⇤⌫/Q)m which implies the existence of non-perturbative power corrections of the same form.

In Table (3.1) we present the residues of poles at u = m/2 arising from Bt,eik
⌫ (u) which contribute

to the soft power corrections. The full result Bt
⌫(u) also has poles at u = 1 and u = 2 which give

indications to the size of the collinear power corrections whereas these are absent in Bt,eik
⌫ (u). Thus,

the collinear power corrections exist only for ⌫1 and ⌫2, and using the full expression for Bt
⌫(u) we

find that they are given by �2
�
⇤
Q

�2
and � 1

2

�
⇤
Q

�4
respectively. Note that, in the calculation of the

residues for the collinear terms we have ignored the O(1) factor CF /2�0. We see, thus, that the
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residue of the collinear power correction is suppressed by ⇤̄/Q as compared to the soft correction

for ⌫1 term. For example at the LEP where Q = 209 Gev and ⇤̄ = 200 e
5
6 Mev, the ratio of the size

of the collinear correction to the soft correction for ⌫1 is approximately �0.0017. Thus, at colliders

like LEP, the soft power corrections are more important as compared to the collinear corrections.

As pointed out in [185], the dominant power correction arising from the residue at u = 1/2 is

proportional to ⌫ and thus generates a shift in the resummed cross-section.

For the other event shapes considered in this article one can calculate the Borel function in

Laplace space using EDGE. It remains true that soft power corrections are dominant over the

collinear corrections for all the event shapes considered in this paper.

Correction Residue

⌫1 8⇤
Q

⌫3 � 4
27

�
⇤
Q

�3

⌫5 1
375

�
⇤
Q

�5

⌫7 � 1
30870

�
⇤
Q

�7

Table 3.1: The size of the residues of renormalon singularities for soft power corrections. The
numbers quoted are ⇡ times the residue and ⇤ = ⇤ e5/6. We ignore here the O(1) factor CF /2�0 in
Eq. (3.9).

3.6 Conclusions

In this work, we have introduced Eikonal Dressed Gluon Exponentiation which is a combination

of Dressed Gluon Exponentiation and Eikonal approximation. Using our method, we have demon-

strated for several event shapes at e+e� colliders that the leading singular contributions for the

respective Borel functions in the single dressed gluon approximation are produced with remarkably

simple calculations. It is straightforward to construct the Sudakov exponent in the large-�0 limit for

the power corrections using the procedure presented in [49, 186]. This exponentiation e↵ectively

resums both the large Sudakov logarithms and the power corrections. We observe that EDGE does

not introduce any spurious renormalons and correctly produces the dominant power corrections

originating from soft emissions.

We have shown that in order to accurately capture the leading singular terms of the characteristic

function F(e, ⇠) and Borel function B(e, ⇠) for an event shape variable e, it is su�cient to use the

eikonal squared matrix element M, together with the eikonal version of the event shape variable.

Typically the shape variables such as C-parameter and angularities have complicated expressions

especially so when the final state gluon is o↵ the mass shell. We have demonstrated that the

simplification of the computations is achieved, both when one uses the energy fractions as the

variables, and also when we uses light-cone variables to parameterize the phase space of the eikonal

dressed gluon. When using the latter variables, we observe that the minimum value of rapidity ymin

is the source of the leading singular terms in F(e, ⇠). We believe that this method is su�ciently

simple and flexible to be implemented also in the more intricate environment of hadron collisions,

where hadronic event shapes and jet shapes provide important tools for QCD analyses.

52



Chapter 4

Conclusions and Future directions

Resummation is a well-known method to obtain precise theoretical predictions for several relevant

physical quantities in the present and future colliders. The method of resummation is crucially

based on the concept of factorization of Infrared singularities from hard (finite) part of a scattering

amplitude and cross-section. In this thesis we have studied resummed pT distribution for pseudo-

scalar Higgs bosons and power corrections of event shape variables.

Resummed pT distribution for pseudo-scalar Higgs bosons

We have studied the resummed pT distribution for pseudo-scalar Higgs bosons at the LHC for both

the centre-of-mass energy 13 TeV and 14 TeV at next-to-next-to-leading logarithmic accuracy by

matching the resummed curve with approximated fixed order next-to-next-to-leading order result.

Our results show a significant reduction in sensitivity to the choices of resummation, renormal-

ization and factorization scales that are artefact of the perturbation theory. In our work, we also

studied the uncertainty due to di↵erent choices of parton density sets. These results provide us with

precise estimate for the distribution especially in the region around 15 GeV where the cross-section

is large and the fixed order results are completely unreliable due to the breakdown of fixed order

perturbation series.

Power corrections of event shape variables

We have introduced Eikonal Dressed Gluon Exponentiation by combining Dressed Gluon Exponen-

tiation [49] and Eikonal approximation. As an application of our method, we have calculated the

leading singular contributions of the characteristic function and their respective Borel functions for

the event shapes in the single dressed gluon approximation for e+e� collider. Our method greatly

simplifies the calculations of the leading singular contributions. We have shown that this simplifica-

tion in the calculation happens while using both the energy fractions and the light-cone variables.

We have also observed that while using light-cone variables, the minimum value of rapidity is the

source of leading singular terms.

It is straightforward to construct the Sudakov exponent in the large-�0 limit for the power

corrections using the procedure presented in [49, 186]. This exponentiation e↵ectively resums both

the large Sudakov logarithms and the power corrections. We observe that EDGE does not introduce
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any spurious renormalons and correctly produces the dominant power corrections originating from

soft emissions.

We believe that this method is su�ciently simple and flexible to be implemented also in the

more intricate environment of hadron collisions, where hadronic event shapes and jet shapes provide

important tools for QCD analyses.
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Appendix A

Useful Relations needed for this

thesis

A.1 Feynman Rules

Feynman rules are like cornerstone of theoretical QFT. We need results from the theory side, which

can be derived using Feynman rules, in order to forecast and match experimental data. In the

Figure (A.1) all momenta are incoming and at each vertex momentum is conserved.

fermion propagator :
i�ij

/p�m+ i✏

gluon propagator : �i
gµ⌫ + (1� ⇠)p

µp⌫

p2

p2 + i✏
�ab

ghost propagator :
i�ab

p2 + i✏

quark gluon vertex : iĝs�
µT a

ij

ghost gluon vertex : �ĝsf
abcpµ

3 gluon vertex : ĝsf
abc [gµ⌫(k � p)⇢

+ g⌫⇢(p� q)µ + g⇢µ(q � k)⌫ ]

4 gluon vertex : �iĝ2s
⇥
fabef cde (g⌫⇢g⌫� � gµ�g⌫⇢)

+ facef bde (gµ⌫g⇢� � gµ�g⌫⇢)

+ fadef bce (gµ⌫g⇢� � gµ⇢g⌫�)
⇤
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j i
p

p
⌫; bµ; a

µ; a

qj

qi µ; a

⌫; b

⇢; c

p

k

q

µ; a ⌫; b

⇢; c �; d

fermion propagator

gluon propagator

quark gluon vertex

3 gluon vertex

4 gluon vertex

p

ghost propagator

ghost gluon vertex

b a
p

b

c

p

µ; a

Figure A.1: QCD Feynman rules
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A.2 Relations between Gamma Matrices

In d dimensions,

gµ⌫gµ⌫ = d

{�µ, �⌫} = 2gµ⌫ (A.1)

tr[1] = d

In d = 4� " dimensions,

�µ�⌫�µ = �(2� ")�⌫

�µ�⌫�⇢�µ = 4g⌫⇢ � "�µ�⇢ (A.2)

�µ�⌫�⇢���µ = �2���⇢�⌫ + "�⌫�⇢��

For d = 4� 2" dimensions, just replace " by 2"

A.3 Trace Technology

(v̄�µu)⇤ = u†(�µ)†(�0)†v = u†(�µ)†�0v = u†�0�µv = ū�µv

(v̄�µ1�µ2u)⇤ = ū�µ2�µ1v

(ūSµ↵v✏↵)
⇤ = v̄Sµ↵u✏⇤↵

X

s

ūs(p)us(p) = /p+m (A.3)

X

s0

v̄s
0
(p)vs

0
(p) = /p�m

/p�
µ = 2pµ � �µ/p

A.4 Casimir Invariants of SU(N)

In QCD, we generally talk about only the two most valuable representations, namely fundamental

and adjoint representations. The lowest non-trivial representation is called fundamental represen-

tation. For SU(N) fundamental representation is presented by (N ⇥ N) matrices but for adjoint

representation matrices are ((N2�1)⇥ (N2�1)). Both representations are basis-dependent, but we

can also represent basis-independently through the introduction of Casimirs. Casimir operators are

those which commute with other generators of the group. According to the Schur’s lemma Casimir

operators should be proportional to Identity. For, SU(N) group, we define,

J2 =
X

a

T a
RT

a
R = C2(R) I . (A.4)

In any representation the generators can be chosen so that,

tr[T a
RT

b
R] = T (R) �ab , (A.5)
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where T(R) is the index of the representation. For fundamental representation, TF = 1/2 and for

adjoint representation, TA = N . Now set a = b and sum over a is implicit then,

d(R) C2(R) = T (R) d(G) , (A.6)

where, d(R) is the dimension of the representation, for example d (fund)= N and d (adj)= N2 � 1

and d(G) is the dimension of the group; number of group generators for SU(N) group is d (SU(N))=

N2 � 1. So, casimir for the fundamental representation, CF = (N2 � 1)/2N and for the adjoint

representation, CA = N .
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Appendix B

Proof of some relations used in the

main section

B.1 Proof of the eikonal identity regarding soft photon emis-

sions

If n photons are coming out from an outgoing electron line with momenta k1, ....., kn ( see Fig-

ure (1.7)) , there will be n! permutations possible. Let ⇧ indicate one such permutation where ⇧(i)

is the number between 1 and n to which i is assigned. Using this notation as a guide we will prove

the following identity (see [67], for example).

X

all
permutations

⇧

1

p · k⇧(1)

1

p ·
�
k⇧(1) + k⇧(2)

� · · · 1

p ·
�
k⇧(1) + k⇧(2) + · · ·+ k⇧(n)

�

=
1

p · k1
1

p · k2
1

p · k3
· · · 1

p.kn

Let’s check the above formula for n = 2

X

⇧

1

p · k⇧(1)

1

p · (k⇧(1) + k⇧(2))

=
1

p · k1
1

p · (k1 + k2)
+

1

p · k2
1

p · (k2 + k1)

=
1

p · (k1 + k2)


1

p · k1
+

1

p · k2

�

=
1

p · (k1 + k2)

p · k2 + p · k1
(p · k1)(p.k2)

=
1

p · k1
1

p · k2

we notice that the last factor for any n is always same for every permutation ⇧. For n = 2 this

factor
1

p · (k1 + k2)
(B.1)
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So, we can write the L.H.S of the formula as follows

L.H.S =
X

all permutations⇧

1

p · k⇧(1)

1

p · (k⇧(1) + k⇧(2))
· · · 1

p · (k⇧(1) + k⇧(2) + · · ·+ k⇧(n))

=
1

p ·
P

k

nX

i=1

X

⇧0(i)

1

p · k⇧(1)

1

p · (k⇧(1) + k⇧(2))
· · · 1

p · (k⇧(1) + k⇧(2) + · · ·+ k⇧(n�1))

where,
X

⇧

=
nX

i=1

X

⇧0(i)

(B.2)

⇧0(i) is the set of all permutations except i.

L.H.S =
1

p ·
P

k

nX

i=1

1

p · k1
1

p · k2
· · · 1

p · ki�1
1

p · ki+1
· · · 1

p · kn
(B.3)

write down explicitly,

L.H.S =
1

p ·
P

k


1

(p · k2)(p · k3) · · · (p · kn)
+

1

(p · k1)(p · k3) · · · (p · kn)
+ · · ·

+
1

(p · k1)(p · k2)(p · k3) · · · (p · ki�1)(p · ki+1) · · · (p · kn)
+

1

(p · k1)(p · k2) · · · (p · kn�1)

�

If we now multiply and divide each term in this sum by (p · ki) we will have

L.H.S =
1

p ·
P

k


p · k1

(p · k2)(p · k3) · · · (p · kn)
+

p · k2
(p · k1)(p · k3) · · · (p · kn)

+ · · ·

+
p · ki

(p · k1)(p · k2)(p · k3)....(p · ki�1)(p · ki+1) · · · (p · kn)
+

p · kn
(p · k1)(p · k2) · · · (p · kn�1)

�

=
1

p ·
P

k


(p · k1) + (p · k2) + · · ·+ (p · kn)

⇧i(p · ki)

�

=
1

p ·
P

k

p ·
P

k

⇧i(p · ki)

=
1

⇧i(p · ki)

=
1

p · k1
1

p · k2
1

p · k3
· · · 1

p · kn
(B.4)

B.2 Borel Summation and Renormalons

In perturbative QCD observables are expanded in series with the strong coupling constant as expan-

sion parameter. In general, perturbative series are divergent and, at best, asymptotic. We can try

to give a value to the sum of a divergent series in various ways whenever we come across one. Here,

we will concentrate on the Borel summation method. Let us pretend that R is a divergent series.

R ⇠
1X

n=0

rn↵
n+1
s (B.5)

60



The series diverges as rn ⇠ n! when n ! 1. The Borel transform of R is defined as

B[R](u) =
1X

n=0

rn
un

n!
(B.6)

We can define the Borel integral as

eR =

Z 1

0
due�u/↵sB[R](u) (B.7)

Next we show that eR has the same series expansion of R

eR =

Z 1

0
due�u/↵sB[R](u)

=

Z 1

0
due�u/↵s

1X

n=0

rn
un

n!

=
1X

n=0

↵n+1
s

Z 1

0
due�uun

=
1X

n=0

rn
n!
↵n+1
s �(n+ 1)

=
X

n

rn↵
n+1
s (B.8)

If eR exists, we say that Borel sum of R exists.

Let us consider the gauge invariant observables R and subtract the tree level contribution from it.

So, the higher order corrections look like
1P

n=0
rn↵n+1

s , where r0 originates from diagrams with a

single gluon line. The coe�cients rn are polynomials in nf [190].

rn = rn0 + rn1nf + · · ·+ rnnn
n
f . (B.9)

The set of bubble diagrams give the coe�cient rnn with largest power of nf . The renormalized

fermion loop is defined as follows

⇧(k2) = ��0f↵s


ln

✓
�k2

µ2

◆
+ C

�
, (B.10)

with a scheme dependent constant C, in the MS scheme C = �5/3. �0f is the fermion contribution

to the one-loop � function [191]. Let us define Borel transform by

B[R](u) =
X

n

rn
n!

(��0f )�n un . (B.11)

This Borel transform can be used as a generating function for perturbative coe�cients:

rn = (��0f )�n
dn

dun
B[R](u)

�����
u

= 0 . (B.12)
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q q
k

Figure B.1: Bubble chain diagram where we can see fermion loop insertion into a single gluon line
which leads to renormalon

In order to evaluate B
h

↵s
1+⇧(k2)

i
we first expand the following

↵s

1 +⇧(k2)
=

↵s

1� �0f↵s ln
⇣
� k2

µ2 eC
⌘

= ↵s


1 + �0f↵s ln

✓
�k2

µ2
eC
◆
+ (�0f )

2↵2
s ln

2

✓
�k2

µ2
eC
◆
+ · · ·

�
, (B.13)

once we have the above expansion we can immediately identify

rn = �0f ln

✓
�k2

µ2
eC
◆

. (B.14)

Using Eq. (B.11) we can now do the Borel summation

B[R](u) =
X

n

�0f ln
⇣
� k2

µ2 eC
⌘

n!
(��0f )�nun

= exp

"
ln

✓
�k2

µ2
eC
◆�u#

=

✓
�k2

µ2
eC
◆�u

. (B.15)

The following relations are used to calculate the Borel transform of bubble graphs [191]

B


↵s

1 +⇧(k2)

�
=

✓
�k2

µ2
eC
◆�u

. (B.16)

B


�0f↵2

s

|1 +⇧(k2)|

�
= � sin(⇡u)

⇡

✓
�k2

µ2
eC
◆�u

. (B.17)
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