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Abstract

Precision calculations in Quantum field theory has been a field of active research for several years,
as they act as a reference to experimentalists to test numerous hypothesis of the Standard Model
and also to obtain the signatures of new physics. This thesis is based on both the study of standard
Model and beyond standard Model precision studies from the theoretical point of view.

The discovery of the Higgs boson discovery at the LHC completes the last missing piece in the
Standard Model, and the next step toward precision measurement is to look for a signature from
BSM. Pseudo-scalar Higgs is one of the BSM candidates we are interested in due to the similarities
with the Higgs boson as long as production procedure is concerned. The small pr region that supplies
most of the cross-section is inaccessible to fixed-order perturbation theory due to the presence of large
logarithms in the perturbative series. We present the calculation of the combined O (a#) fixed order
result for the transverse momentum distribution of a pseudo-scalar Higgs boson, with a resummation
of large logarithms in the small py limit to NNLL. We have observed a significant reduction going
from NLO 4 NLL to NNLOa + NNLL for pr distribution. The calculation is performed assuming
the top quark is infinitely heavy. Thus, the phenomenological relevance depends to a large extent
on whether a pseudo-scalar Higgs boson of mass below twice the top mass will be found or not. The
calculation builds on well-known methods and results but fills a noticeable gap in the theoretical
landscape of higher-order Higgs predictions. We present a complete phenomenological assessment
in the setting of 14 TeV and 13 TeV center-of-mass energy of the LHC, considering various masses,
scales, and parton distribution functions, which will be beneficial in the future hunt for such particles
at the LHC.

In the context of ete™ collider, we have used well-studied event shape variables to study
hadronization effects. Power corrections, a non-perturbative effect, can be recovered from the per-
turbative ambiguity of Borel-resummed distributions and can be studies efficiently using Dressed
gluon exponentiation (DGE). We offer a simplified version of the DGE approach that finds all domi-
nant power corrections to event shapes using straightforward computations. We named our method
Eikonal Dressed Gluon Exponentiation (EDGE). Using this method, we computed the Characteris-
tic and Borel functions for three widely used event shapes in literature: thrust, C' parameter, and

angularities. We have also shown how to calculate the Sudakov exponent in the case of thrust.
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Chapter 1

Introduction

The Standard Model (SM) of particle physics, which describes the physics at the subatomic levels,
is a very successful theory to date. With the discovery of Higgs Boson at the Large Hadron Collider
(LHC) [1, 2] the Standard Model is complete. New physics could manifest as minor deviations from
the precise SM predictions. The primary objectives of the theoretical studies are: SM verification
with extraordinary precision and the search for physics beyond the SM (BSM). To this end, reliable
theoretical predictions are necessary to fulfil these essential tasks. As the theory is not solvable
exactly, perturbation theory is the most practical and accepted method, in which an observable 19)

has the following form:
O=00+as 014020y + ..., (1.1)

where, ay is the coupling constant. 60 is the leading order (LO) term, 61 is the next-to-leading order
(NLO) term and so on. At leading order SM has been tested for a wide range of phenomena and
found to be exceptionally successful. However, we witnessed a revolution in technology in the past
three decades [3-7], as a result we have more powerful colliders, from which we are getting enormous
amount of data. To match the experimental data, one needs to perform precision calculations.

In general, the observables beyond the leading order contain large logarithms, and a well moti-
vated strategy to handle these logarithms is resummation. In the resummation method, Eq. (1.1) is
reorganized in such a way that the potentially large logs are combined into an exponent to obtain a
finite result.

A crucial property in performing resummation is the factorization of Infrared singularities from
the non-singular parts. This factorization introduces a factorization scale, denoted by pp in general.
Also, renormalization of UV singularities in a theory introduces a renormalization scale pg. Fixed
order results in general depend on both the renormalization (ug) and factorization (up) scale. This
scale dependency becomes weaker as we go higher-order in perturbation theory. Thus, theoretical
predictions will be improved as we calculate the observables at higher-orders in as.

This thesis has been divided into two parts: the first deals with pseudo-scalar Higgs pr resum-
mation, and the second with power corrections to event shapes. A brief discussions of these two
works are as follows:

(I) pr resummation: Several beyond the standard model (BSM) scenarios predict the existence
of pseudo-scalar Higgs particles. Among the several BSM models, the minimal supersymmetric

standard model (MSSM) is the most popular one. In this model, we have five Higgs bosons rather



than one as in the standard model: two scalars (h, H), one pseudo-scalar (A), and two charged
Higgs Bosons (HT). One of the important differences between pseudo-scalar Higgs and scalar Higgs
is that the former is CP-odd, whereas the latter is CP-even. They have many similarities; for
example, the most dominant channel of production for both is gluon fusion. The typical feature of
the perturbation theory is that the observable depends on the renormalization (ug) and factorization
(ur) scale. This scale dependency becomes weaker as we go higher-order in perturbation theory.
Consequently, theoretical predictions will be improved. Pseudo-scalar Higgs pr spectrum upto
NLO+NLL accuracy [8] has been known for long. It shows scale uncertainty as high as 25%. We
obtained the various components required for the py resummation of a pseudo-scalar Higgs boson
to NNLL precision. The resummed contribution has to be matched with the fixed order result to
get a realistic distribution valid in the full py spectrum. We apply the ansatz prescribed in [9] to
extract the NNLO piece to an excellent approximation. We modified publicly available code HqT
[10-12] to get the full pr spectrum. At NNLO+NNLL scale uncertainty reduces to 11%. At the
LHC, we are looking beyond SM signatures, and we need accurate prediction from the theory side
to cross-check the results from the experiment. In the literature, we already have pseudo-scalar
Higgs pr distribution up to NLO 4 NLL accuracy. So, the next step towards precision physics
calculation should be the result of pr distribution, which is one order higher than the previous one,
i.e., NNLO + NNLL. We have done extensive phenomenological studies on pseudo-scalar Higgs pp
which will be tested in the upcoming run at the LHC.

(IT) Power Corrections: Shape variables are among the most commonly used observables for
validating QCD and better understanding its dynamics. The study of event shapes began in the late
1970s as a tool to verify whether gluons were vector particles or scalar. Event shape variables are
computed in perturbative QCD as they are IR-safe observables. The precision event shapes study
are also be used to determine the strong coupling [13-17] . The most accurate global event shape
result for a; determination shows discrepancies compare to even more precise lattice result. Some
commonly used event shapes are, namely thrust [18-21], C' parameter [22-25] and angularity [26—

28]. Event shapes are also addressed in experiments and the study of event shapes in ete™ collider
points toward significant non-perturbative effects, which are of comparable size to next-to-leading-
order perturbative predictions. The state-of-the-art for fixed orders is next-to-next-to-leading order
(NNLO) accuracy [29-33], whereas next-to-leading log (NLL) resummation has been known for some
time [34-37]. The NNLL resummation architecture has also been developed in recent years [13, 38—
48]. We combine an eikonal version of the matrix element and a soft version of the event shapes in
the EDGE technique. This merger is accomplished [49] through the dressed gluon exponentiation
approach (DGE), which was already applied in a wide range of event shapes [50-52] and other
key QCD observables [53-55]. DGE, in addition to including the NLL resummation of Sudakov
logarithms on such a consistent basis, gives a renormalon-based assessment of both soft and collinear
power corrections. One of the important points about the event shapes is that no other observable
class except shape variables show non-perturbative effects such as power corrections which generally
vary as significant as 1/@Q, where @ is the hard scale. The complete calculation of these shape
variables is complicated, and we have developed a method where we can calculate the leading power

corrections to these shape variables easily.

The thesis is structured as follows. In the rest of this chapter, we discuss the basics of Infrared

singularities and exponentiation which are crucial for resummation. In chapter 2, we describe pr



resummation for pseudo scalar Higgs boson. Further in chapter 3, we describe power corrections
to event shape variables using a new method, which we call EDGE. In chapter 4, we conclude our

findings and give a flavour of future directions.

1.1 QCD Lagrangian

Quantum Chromodynamics (QCD) is based on the SU(3) group of the Standard Model. The
theoretical predictions and experimental verification have established QCD as a theory of strong

interaction among the quarks and gluons. The Lagrangian for QCD is given by,

EQCD = Eclassical + ‘Cgauge-ﬁx + Eghost ; (12)

Here the classical part is the Lagrangian of a system that is invariant under SU(3) group, and is
given by,

= .y 1 a A \TpANTa a
Letassical = Y (i7" 0y — m)¥ — 1<pr)2 + g \I/Au ) (1.3)

where ¢ are the fermion fields, A, are the gauge boson fields, and the field tensor Fy, is given by,
FY, = 0,A% — 0,A% + g f*"° AL A (1.4)

Here g, is the strong coupling constant. To remove the unphysical degrees of freedom of the massless
gauge bosons, one needs to perform Gauge fixing by adding a gauge-fixing term to the Lagrangian

in Eq. (1.3), which has the following form,

Connge-ix = —2—15 (9nA%)° | (15)

Note that the gauge fixing parameter £ can take any value, and throughout the thesis we have

considered £ = 1, which is known as Feynman gauge. The addition of gauge-fixing term brings in

ghosts which are scalar fields anti-commuting among each other and the Lagrangian for this term is
given by,

Lghost = "X (0apOu — s favcAS,) X, (1.6)

The appearance of Gell-Mann matrices T which are generators of the Lie group SU(3) form a Lie

algebra and the algebra is defined as
[T, T%] = if**T°, (1.7)

where, f%°¢ are known as structure constants. The Feynman rules corresponding to QCD Lagrangian

are shown in Appendix A.

1.2 Asymptotic freedom in QCD

The Lagrangian and the corresponding Feynman rules enable us to calculate the Green functions in
a given QFT. At higher order in the perturbation theory, these Green functions, and the associated

physical quantities involve loop integrals and suffer from singularities. In a theory involving massless



gauge bosons, such as QED and QCD suffer from two kinds of singularities: UV and IR singularities.

We start our discussion on UV singularities and the process of removing them from a theory.

The UV singularities appear in a theory when the momentum of the particle flowing in the
loop becomes infinite. A well-known method of renormalization removes the UV singularities from
the Green functions of a given quantum field theory. Renormalization involves following two steps:
introduction of a regulator that regulates non-physical quantities, and absorption of the divergences
into the redefinition of fields and parameters. There are many ways to regularize a theory, and all
of them are equivalent to each other. The most common methods of renormalizations are: cut-off,
Pauli-Villiers, on-shell, dimensional regularization, etc. Throughout the thesis, we use dimensional
regularization [56] method due to its Lorentz invariant nature and wide applications in perturbative
QCD. In this method, instead of working in 4 dimensions, one works in 4 — € dimensions; then the

singularities in the Green functions show up as poles in e.

The first step of renormalization is to define the bare fields and parameters in terms of renormal-
ized fields. For our discussion on asymptotic freedom, it is sufficient to consider only the renormalized
coupling, which is given by,

Gs = Zg (Hr ©) ()% 95 () (1.8)
Gs g\HRs€) (KR 9s\HR) - :

Here ¢, and gs are known as the bare coupling and the renormalized coupling respectively;
and pp is called renormalization scale. The renormalization scale has been introduced to make
the renormalized coupling dimensionless while performing the renormalization. The equations that
control the behaviour of all the parameters in a Lagrangian on the renormalization scale are called
renormalization group equations. To study the asymptotic freedom, it is sufficient to calculate only
the variation of coupling constant with the renormalization scale. In literature this is commonly

known as g-function, and is given by,

B () = i 55 (1.9

where a, = g2/4n. Now, using Eq. (1.8), the 3 function is given by,

€ dlog Z?
Blas(ih) = as(uF) — as(ufz)/ﬁzTQg : (1.10)
R

At one loop, the renormalization constant Z, is given by (in M S scheme) [57],
2
1
Zy=1+ %6(”0“ — ATpny) + O(a2(12)) - (1.11)
using Z, and the definition of the beta function we can write,

Blas(ug)) = %as(u?a) — Boal(u%) — Brad(ud) — Boat(u) — Bsal () — - (1.12)

The beta function has been calculated upto five loops till date [58]. Below we have mentioned few



of them

11 4
Bo = ECA - gnfTF ; (1.13)
34 4
B = 303‘ - gnfTF(3CF + 50,4) , (1.14)
2857 1415 58 44
205
— 7OACanTF + QCanTF s (115)
17152 448 4204 352
Bs = (243 CS) CACanTF + <—27 C3) CaCsniTr

424 7073 656 7930 224
+ CA fTF (243 Cg,) C’ACanTF-‘r( 31 C3>

1232 39143 136 150653 44
CF -l-(— <3) CinfTF—ﬁ-(— C)CA

TF

81 486 9
1352 704 512 1664 N(N? +6)
704 512 ( N* —6N? +18) 80 704 N?%(N? + 36)
+ +5 G - R T

9 962 9" 24

(1.16)

In QCD, we have, Cy = 3, Cr = 4/3 and Tr = 1/2. From the expression of (y, note that for
ny < 16, By is positive. As a result, the beta function at leading order is negative, and the theory
is asymptotically free. Thus one is allowed to perform perturbative calculations at high energies in
QCD. The § function for QCD has been calculated upto five loops and the asymptotic freedom has

been proved to hold even at higher perturbative orders.

1.3 IR divergence

The Infrared divergence appear in a theory when a massless gauge particle becomes either soft
or collinear to the emitting particle. To determine their source, we consider a simple example of
Figure (1.1), where the blob does not contain any IR divergences and we denote it by My. From
My, a fermion is being emitted, further from this fermion a photon is being emitted. The matrix

element for this diagram is then given by,

Pk

M =eu(p) Y —————
(®) (p+k)* +ie

0> (1.17)

In the limit £ < p, neglecting all other factors we can write down denominator of the above equation

p
p+k

Figure 1.1: Emission of one soft photon from a hard matrix element.



as,
1 1 1

p+k2 2p-k 2po ko (1 — cosf)

(1.18)

where we have considered that both the photon and the fermion are massless. The singularities in
the amplitude of Eq. (1.17) when the denominator of the above equation vanishes. Note that we

have three possible sources of singularities:
(i) when photon becomes soft, that is, kg — 0
(ii) when fermion becomes soft, that is, pg — 0
(iii) when photon becomes collinear to fermion, that is, cos — 1.

We encounter divergences only from the configurations of (i) and (iii), however (ii) always leads
to integrable singularities because of an additional power of momentum originating from the wave
functions of spinors in the numerator of Eq. (1.17). Note that in a case where fermions are massive,
the only singularities that can appear in this configuration is when the photon becomes soft.

Due to the infrared safety of a physical observable, the IR singularities cancel among the real and
virtual contribution at a given perturbative order. The cancellation of singularities at all perturbative
orders is guaranteed by the Bloch and Nordsieck theorem [59]. Here, we show briefly this one loop
cancellation for eTe™ — ptu~ process.

In the soft limit squared four momentum of the photon vanishes and thus one cannot identify
between a soft virtual and a real photon. Thus in this limit at one-loop, the physical process does
not contain only g p~ final states, but also contains the state p*p~vy. The IR singularities that
appear in the cross-section for one-loop correction of ete™ — u™p™ cancels out with the singularities
associated with the cross-section of ete™ — putu=7.

The diagrams for eTe™ — p* =+ are shown in Fig. (1.2). The cross-section for these diagrams
are obtained by writing down the scattering amplitude using the Feynman rules of appendix A and
then performing the three-body phase space integration. The final expression for cross-section is
given by [57],

2 —vg 2\ 4-d 2
d eq [ 4me TEpug 1 13 5« 259
=gy 2 —_ LR B Y 0 . 1.19
TR =000 ( Q2 ) <e2 e 21 T 00 (1.19)

Here, Q% = (p1+p2)? is the center-of-mass energy, oy is the tree level cross-section which is computed

in 4 dimension instead of d dimensions, ep, is the renormalized coupling and pp is the renormalization

e K e’ "

Figure 1.2: Real emission diagram



scale. Note that the cross-section is divergent in ¢ — 0 limit. The singularities associated with the
double pole (1/€2) is due to the configuration where the emitted photon is both soft and collinear
simultaneously, however the single poles (1/€) are related to the configuration when the emitted
photon is either soft wide angle or hard collinear.

The Feynman diagram for virtual exchange of one gluon is shown in Fig. 1.3. The cross-section
for this diagram is calculated by writing down the scattering amplitude and then performing the
two-body phase space integration. The final result of the cross-section for one-loop correction is

given by [57],

et mwo

Figure 1.3: Virtual correction diagram

2 —vE 2\ 474 2
d en [4me "Eug 1 13 bom 29
— ot (M€ MR S22 L2 06 . 1.20
Ov = 000 ( Q2 ) (e2 e T3P0 (1.20)

Clearly, the cross-section due to virtual exchange of photon is divergent in the ¢ — 0 limit.
The total cross-section at O(ay) is the obtained by adding the contributions coming from real
emission diagrams and the virtual exchange diagram, and is given by,

d d ek
Otot = 04 + 0% = 0y (1.21)

1622
which is finite, that is, free from any IR divergences.

In QCD, the cancellation of singularities is guaranteed by the KLN theorem [60, 61], which states
that, in a theory with massless fields, transition rates are free of the infrared divergence (soft and
collinear) if summation over the initial and final degenerate states is performed. However in QCD,
the initial state singularities do not get cancelled after adding the real and virtual contributions.
It seems a violation of KLN theorem, however note that in QCD forming degenerate states is
not possible as the hadrons cannot be described as perturbative objects. Note that in QCD the
double poles associated with the configuration when a gluon is becoming both soft and collinear get
cancelled, however the single poles do not get cancelled. A common way of removing this collinear
poles from the final result is to perform mass factorization. The cancellation of final state real and
virtual singularities give rise the large logarithms. These logarithms are large in certain kinematic
limits and may disturb the convergence of the perturbation series, and as a consequence they need
to resummed to obtain a precise and sensible prediction.

More precisely, the incomplete cancellation of real and virtual diagrams leave behind logarithms
of the form log (Q2 / /ﬁ%), which can be potentially large, and we need to resum these logs to get a
physically justified result.



Pi

Figure 1.4: Born diagram

Figure 1.5: Soft photon emission from an outgoing electron line with momentum &

1.4 Exponentiation

In this section, we discuss the exponentiation of the effects of soft photons emission from the fermions.
To discuss the exponentiation we consider a process shown in Fig. (1.4). The diagram shown in
Fig. (1.5) shows an emission of an extra photon from the external fermion line.. The amplitude for

this process is given by,

M (pi) = (p;) Mo (pi) (1.22)

where M denotes the contribution arising from the blob, and is free from any kind of IR divergences;
and @(p;) denotes the spinor associated with the fermion with momentum p;. The amplitude then

for emission of one photon from the fermion line is then given by,

M(pi) = —ieﬂ(pi)v“i [(}é i }i) i m} eu(k) Mo (pi + k) , (1.23)
(pi + k)" —m?

where e is the electron charge and ¢, (k) is the photon polarization vector, carrying Lorentz index

. Now, in a configuration where photon is soft, we can perform the following approximations:

e we neglect the powers of k£ in the numerator, then using the relation between the Dirac gamma

matrices and Dirac equation, we write the numerator as,

NF = 2a(p) pl (1.24)

e Further, we neglect the k2 terms in the denominator, which gives

D= 2p k. (1.25)



k 1

Figure 1.6: Two soft photon emissions in QED

e when the photon radiated is soft |k| < |p;|, then,

Mo(pi + k) = Mo (pi) - (1.26)

Finally, using Eq. (1.4), (1.25), (1.24), the matrix element of Eq. (1.23) is given by,

Di - G(k)
ik

M(pi) =e [ ] Mo (pi) - (1.27)

From this equation, we can make two important observation:
1. The effect of emission of soft photon factorize from the hard part.

2. The factor for the emission of soft photons from a fermion line is described by Eikonal Feynman

rule, given by,

Pi'ﬁ(k)
pi-k

(1.28)

Note that the Eikonal Feynman rules do not depend on the spin of the particle from which it is
being emitted. The reason behind this fact is that the soft photons have very large Compton

wavelength and thus cannot resolve the magnetic moment of the emitting particle.

Real soft emissions

In a configuration when two soft photons are emitted from the same fermion, shown in Figure (1.6),

the matrix element is given by,

o [ P Pl Py Py
M(p;) = L L + = . o (K > (k2) Mo(pi
(pi) ¢ Lpi - k1 pi - (k1 + k2) pi'kZPi'(lirk?):l o (1) € (k) Mo(p)
— 2 [ ﬂ p’W € (kl)e (kz)MO(pi)
\pi k1) \pi-ka )] "
2| pi'G(kl)) (pi'e(kQ))]
_ Molps) 1.29
‘ ( pi- k1 pi - k2 o) ( )




where &k and ks are momentum of the soft photons and Mg is the hard matrix element. Note that
the first factor inside the square bracket is due to the emission of photon with momentum ki, while
the second factor is due to the emission of photon with momentum ks. Thus, the factor associated

with the emission of one photon does not have the information about the second photon.

Now, doing the similar calculation for a process where n photons are being emitted from a fermion

line with momentum p;, shown in Fig. (1.7), the matrix element is given by,

Pi l‘

tVAVAVAVAVAVERR.
AVAVAVAVAVAVERRR

W/W kn

Figure 1.7: n soft photons attached to an external electron line

a(pi) <epi 've(k1)> (ep” : 6(k2)> (epi'e(k")> M. (1.30)

D;i - k1 Di - ka Di - kn

For a detailed derivation of the above equation, see Appendix (B). Similar to the case of emission of
two soft photons, in this case a soft photon does not have the information about the other emitted
photons from the same fermion lines.

Let us now consider QED form factor that contains two fermion lines attached to a hard in-
teraction vertex and soft photons are being emitted from the fermion lines. A general diagram of
this configuration is shown in Fig. (1.8) in which the blob contains all the information about hard
interaction vertex, while the ellipse contains informations about the soft radiations. A formal proof
of this type of factorization can be found in [62-65], for a recent review, see ref. [66].

The effect of the factorization discussed above is exponentiation, which we discuss very briefly

here. The matrix element for the Feynman diagram shown in Fig. (1.8) is given by [67],

b

ks
ks

7 s

Figure 1.8: Factorization of soft and hard process
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M =u(p) iMo u(p)
Xe(z) € (k1) _p-e(k1)> Xe(p € (k2) _p-f(k2)> » <p € (k) p-&(kkn)> '

Pk Pk P k2 p ke P kn D kn
(1.31)
Now, summing over polarizations using > | €,€}, = —g,..,, the contribution in the cross-section due to
pol
the emission of soft photons is given by,
d‘gk 1 9 p/u py plu pu
——e”(— - — =A. 1.32
/(27‘()32]{306( ng)<p/.k v )\ k Dok (1.32)

Considering the energy of photon in the range pu < F < Ej, the explicit calculation of A gives [67],

QO (real) 2 2
A=— 1 — 1.33
2 ri o () (1.33)

where

1 2 2
(real) _ m- —q /2 _
m (6% = /0 <m2 I C)) ¢ -1, (1.34)

and ¢? = (p’ —p)?, E; is the energy below which detector cannot detect, u is the infrared cut off. As
q? is negative and ((1 — ¢) can only have a maximum value of 1/4, the first term is bigger than 1,
thus, f I(?;al) (¢) is positive. For the case in hand, there will be n factors of A and a overall symmetry

factor of 1/n! as the photons are identical particles.

In a collider one cannot perform a measurement where the collider can distinguish between (i)
a final state with a certain number of fermions, (ii) and a final state with same number of fermions
and soft photons. Thus by Bloch-Nordsieck we sum the contribution of these two processes in
physical observables to obtain a finite result. Thus, using Block-Nordsiek theorem, we can write the

cross-section for emission of n-photons as,

= do , _do | "
nz::odig(p_)p +n7)—d*Q(P—>P)nz::OEA
do

=0 (p—p').exp(A) . (1.35)

This equation is important as it tells that the effects of emission of soft photons are factorized for

both the scattering amplitudes and cross-section.

u(pa) ’

o(p1)

I

Figure 1.9: 1%¢ order correction with only one photon
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Virtual soft emissions

Till now, we have discussed about the factorization of soft singularities for real emission diagrams.
This kind of factorization is not only a feature of diagrams involving the real emission diagrams but
also happens for diagrams involving virtual corrections.

Now, using the eikonal Feynman rules for virtual gluon exchange of Fig. (1.9), the matrix element

is given by,
—ie? 1 1 1
v=—— [ d'% —A4p1 - p2)0(p1)..... (1.
M (277)4/ P e O R 1) @ kb e g ie A p2)opn)ulpe) - (136)
My =M x B, (1.37)
where,
Bo—i /d4k ! ! ! X (—4p1 - pa2) (1.38)
- (2m)* k2 +ie (2p1 - k + k2 + i€) (2p2 - k + k2 + i€) PLp2) '

and M, is the Born matrix element. The explicit form of B is given by [67]

. _ 42
B =g 5 og (5 ) | (1.39)

virtual)

where, fI(R (¢%) has the same expression as of Eq. (1.34), with ¢®> = (pa — p1)?. For exchange

u(ps)

%lﬂ § ko
o(p1)

u(pa)

7(p1)

Figure 1.10: 2"¢ order correction with two photons

of two virtual photons between the fermion and the anti-fermion, we have contributions from two

diagrams shown in Figure (1.10), the matrix element for these diagrams are given by,

1
M, = Mg x 532 . (1.40)

The above result for two photons generalizes trivially to all orders in the perturbation theory. The

matrix element for exchange of m virtual photons is given by,

M, = Mg x (nlﬂBm) . (1.41)
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The term inside the bracket is m-th order term of an exponential. Thus, the generalized form for

exchange of any number of soft photon can be written as,
= 1
M= My=Mox ) —B"=Moxexp(B). (1.42)
m=0
Thus, the cross-section for emissions of virtual soft photons has the form

do do

Note that the factor B is one-loop correction and thus, the knowledge of one-loop result is sufficient

to calculate the effects of soft photons at all orders in the perturbation theory.

1.5 Factorization and resummation

Factorization of Infrared singular parts from finite parts is the backbone of modern perturbative
QCD. This type of factorization is based on the analytic structure of the loop integrals that generates
IR singularities [60, 68-74] and power counting [75-77].

A general scattering amplitude factorizes into process independent soft and collinear functions

and a process dependent hard function as,
M=SRJ®H, (1.44)

where S contains the singularities associated with the emission of soft gluons, J contains the sin-
gularities related to the emission of collinear gluons and H is free from IR singularities and is in
general process dependent.

The consequence of the factorization results in evolution equation and solving them results in
exponentiation [78]. The generalization of exponentiation discussed in the previous section for QED
generalizes non-trivially in non-abelian gauge theories as the gluons contain colour charges. However,
the generalization of exponentiation for soft function has been achieved through a set of diagrams

known as webs. The soft function can be written as,
S=exp(W). (1.45)

where W are known as webs [79-84]. Webs are defined as the closed sets of diagrams that differ
by the order of attachment to each fermion line (Wilson line). A generalization of webs and their
application at four loops and beyond are discussed in [85, 86].

The jet functions follow an evolution equation controlled by jet anomalous dimension and solving
the RG equation, one can also obtain exponentiation of the contributions coming from emission of
collinear emissions.

The exponentiation of the effects of soft and collinear gluons are the facts that will be exploited
throughout the thesis for resummation of these contributions. Thus, it is possible to capture the
singularities appearing at higher orders by exponentiating the contributions from the lower order

diagrams in both QED and QCD. We will now move on to discuss the factorization that happens
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for cross-section in QCD and the method to resum large logarithms.

1.5.1 A demonstration of how large logarithms arise: The case of thrust

distribution

In this section we will show a simple example of how to resum the large logarithms that appear in
thrust distribution for eTe™ — ggg process, which is relevant at colliders like LEP. Thrust is defined

as

T = Max =P ml
n Zl E;
where p; are the momenta of the final state particles and n is direction which maximises the nu-

merator. It is straightforward to find 7" = 1 for pencil like (back-to-back) events and 7" = 1/2 for

spherically symmetric events.

(1.46)

The differential cross-section with respect to thrust for eTe™ — ¢q is given by,

L doo

oar —0a=T), (1.47)

that is thrust is equal to 1 for this process. At next perturbative order in ag, we have the thrust

distribution as,

1 @ Crag 4 1 3

= — 1 _
oo dT o |1-T ®1-T 1-7

+ORE5(1-T) (1.48)
47

This distribution is divergent in the limit 77 — 1. The experimental and fixed order theoretical
distributions do not match at low values of T'. The logarithms of the above equation are required to
be resummed to obtain a sensible prediction. In the following two chapters of the thesis, we discuss
two kinds of resummation: py resummation and Dressed gluon exponentiation.

In the following we give the derivation of the thrust distribution at NLO arising from the emission
of a gluon in the final state. We consider that all final state particles are massless while computing
thrust distribution at next-to-leading-order; however when we examine dressed gluon exponentiation,
the gluon is not massless rather possesses virtuality k2. In order to differentiate between massless
and massive case scenario we have different attributes. When we study the massless case, we have
the following characteristics: v* — ¢(p2)@(p1)g(ps) yet in the massive case we have the following
traits v* — q(p1)@(p2)g(k). For matrix element square in the massless case, we use |M]?, but in

the massive case, we have M. We are interested in the event shape variables in eTe™ collider.

Gi> 1, 51

-
V5 4 €
dj; P2, S2

Figure 1.11: Born process
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qQu, 1

qj, P2

qjs P2

Figure 1.12: Feynman diagrams for real emission of one gluon

In order to study thrust we are interested in the process v* — qqg ; o9 = 30[6362 represents Born
cross-section for the event v* — ¢gg. Now, we will look into next-to leading order process which is

v* = q(p2)d(p1)g(p3). The amplitude for these two diagrams given as

7
A = u(pa, s2)(—igs1Ti5) (f;) (—ieeqy,)v(p1,s S1)€ues, (1.49)
! = s % i a /
A" = u(pa, s2)(—ieeqyu)v(p1, 51) e (—igsnTij)ene, (1.50)
b

Spin averaged matrix squared element
(MO = qdg)]” = |A]? + [A'] + A(A)" + A'A” . (1.51)

Conservation of momentum ¢ = p; + ps + p3. In center-of-mass frame, E.,, = Q = \/qi2 We
introduce dimensionless variables, xz; = 2E;/Q. Here all particles involving decay are massless. In
this scenario, p; - p; = %QQ(l — xk). We will use the following relation corresponding to photon
polarization ), €,(\)e;(X) = —g,,. We will have the following constraint equation in terms of z;’s.

T1 + 2o + 23 = 2 We introduce the Mandelstam variables :

s=(p1+p3)’=2p1-ps=Q°(1—12), (1.52)
t=(pa+p3)*=2p2-ps=Q*(1 —z1), (1.53)
w=(p1+p2)®=2p1-pa=Q°(1—u3) . (1.54)

If |M]? is a Lorentz scalar, it can be a function of p?, p2, p2, p1 - p2, p1 - P3, P2 - p3. As all the final
state particles are massless we have p? = p3 = p3 = 0. Thus there are three variables of which |M|?
can be a function of. Now there is one scalar condition Q? = (p; + p2 + p3)? thus there are really
3 — 1 = 2 variables, which we take to be (2 p; - Q)/Q? , (2 p2 - Q)/Q%.

First term of Eq. (1.51) becomes,

o _ gic’e]
|A] =TTT[TaTa]TT[pﬂupawﬁlwﬁa%] (1.55)

a
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222

2 1 1
|A]? = g q64 ( (u+ 8)t— 2ut>
2.2 2 2,22 (1 —a2)
= 32¢3e = 32¢3e 1) (1.56)
Similarly,
1—x
|A'|? = 32g2€%e? El — x;; (1.57)
While,
1—x3)
A(A)* = A" A" = 3292¢2 2(—3 1.58
2 .2
J— +x
M(v* = qqg)? = 329223 — L2 1.59
M = qdg)|? Y (1.59)
Differential decay rate given by the equation
3 dgp
dw = 2E |/\/l|2 <H (277)3(21E)> (27T)454(q —p1 —Pp2 — ps3) (1.60)
now, integration over 3-momenta of particle 3 (which is gluon) we will have,
/dp354(q —p1—p2 —p3) =0(Q — By — Ey — Ej) (1.61)
s+t+u=Q> (1.62)
For, massless particles,
Ipi| = E
So,
d3p 7T
o E; sin 0;d0;de;dE; = EidE; (1.63)
and
d*py d®py 6(Q — Ey — E5 — E3)
2F, 2E, 2B,
4.2 —F—FEy—F
( 7T) %/ sin 91d91 (Q 12E3 2 S)EldElEngg
0
1 1 E - F
= 2@ /1 P Cl 12E3 3)E1dE1E2dE2 , (1.64)

where z = cos o is the relative angle between particle 1 and 2. Now, we will use the following

property of delta function

S = S (165
if fzi) =0 .
(1 — l‘z) = szxk(l — COS ij) s (166)
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Figure 1.13: The phase space for qqg, where all particles are massless. The lines AC, BC, AB
correspond to 21 = 1, o = 1 and a3 = 1 respectively. At point D x1, 22, x5 all equal to value 2/3.
It is easy to check that any point in the plane identically satisfies the constraint xy + zo + x3 = 2.

5(Q — E12;3E2 —E3) _ 5((q —p1 — p2 — p3)?)

—5(@2 <1m1m2+;(1z)>> : (1.67)

Integrating this expression over z gives 2/(Q?z122), such that Eq. (1.64) becomes

2

_ 1.
16(2’/T)3 dl’ldxg ( 68)
Now, from Eq. (1.60) we have,
Q w2
dW = dxid 1.69
E (M| dz1ds (1.69)

finally we will have the following differential distribution,

1 o 2ay 23 + a3
g0 dl’ldl'g o 3 (]. —LEl)(]. —.’£2) ’

(1.70)

Eq. (1.70) will diverge if either x1 or x5 approaches 1. They both can simultaneously approaches
1 and in that case also the above equation diverge. This scenario happen when gluon becomes
either soft or it become collinear to the quark or anti-quark. At next-to-leading-order do/dT can be
calculated from Eq. (1.70); if we integrate over x; and xo with the constraint 6 (T — Max{x1, 2, z3}).
Working in centre of mass frame of v* where ¢ = 0, the energy fractions are x; = 2E;/Q. Where,
¢" = (Q,0,0,0) and p! = (E;,p;). Calculation of thrust for this 3 body process will give us,
considering p1 > p2 and p3

> Ipi-n|=|p1-n|+[pz -0+ |ps-n|. (1.71)
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Asn = “‘;—i‘, that will give us

> Ipi-n|=2[py . (1.72)
i
As we are considering massless case of final state particles, the value of thrust will come out to be

25
Q

finally for any three body final states the expression for thrust in massless case become

T =1, (1.73)

T = Max{z1, z2, 23} . (1.74)

Figure (1.13) shows the Dalitz plot for the process at hand. The boundaries of phase space in
Figure (1.13) are given by collinear configurations and the three vertices A, B, C corresponds to soft
configurations. We can divide the region of integration into three such that in each region one of

the x; is the largest. Consider first the case T = x7.

1 do 200
oo dT — 3 /da:l dro dxs 5(1‘1 + 22 + 3 )
2 2
T+ 23
T — T — T — _
X (S( 1‘1)9( l‘2)9( 33‘3) (1—%1)(1—%2)

205 /T T? + 23
= drg ——————
3m 2(1-T) (1-T)(1 - x2)

_ 2a; 1+T21 2T — 1 372 — 14T + 8
- 37 1-T 2(1—-T)

1.
7 (1.75)

From the matrix squared element in Eq. (1.59) we see that the expression is symmetric under the

exchange of x1 and x3. So, for T = x5 we will have

1 do 2c5 [1+T7 2T — 1 372 — 14T + 8
— = ——lo (1.76)
(o) dT T=z5 3 1-T 1-T 2(1 —T)
For case T' = x3 we will have the following expression
1 do 2a
—— =" [ dx, dzo dx3 § -2
0o dT T=xz3 37(- / o 2 :1:3 (xl + 2 + x3 )
2?3 + 23
(T — 23)0(T — 21)0(T — xy) —2—2
X 6(T — w3)0(T — x1)6( xz)(l T p——
2c x2 + 23
= [ day das 6(T — 2 1t
3 / z1 dza O( + 1 +$2)(17$1)(17z2)
20, [T (2T — x9)% + 23
= — dd?g
3T 2(1-T) (T + T — 1)(1 — .%'2)
Ao 1+ (1-1T)2 2T -1

Adding the contributions from the three regions using Eqgs. (1.75) - (1.77) we obtain the total thrust
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distribution as

1do 20, 2@ﬂ-3T+mk)(ﬂu4>_3@T—m@—T)

- 1—T 1—-T

il — 1.
oodl' 3m T(1-T) (1.78)

The above equation diverges as T — 1 which is in agreement with the appearance of infrared
singularities. Eq. (1.78) becomes unreliable when T is very close to 1 value. The logarithms appearing
in the expression becomes large in that limiting case and correction terms become larger than the

lowest order result and thus, the large logarithms need to be resummed.
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Chapter 2

Resummed p7 distribution of

Pseudo-scalar Higgs

2.1 Introduction

The Standard Model is the most successful theory of particle physics — it explains the properties of
the fundamental particles and their mutual interactions. The discovery of the Higgs boson in 2012
by the ATLAS [1] and the CMS [88] detectors at the Large Hadron Collider, has further cemented
the status of the SM as the theory of particle physics. Even though the properties of the Higgs
boson are in agreement with the SM predictions so far, SM is certainly not the complete theory
of nature as it can not provide a description for the baryogenesis, the origin of neutrino masses.
There is no resolution to the hierarchy problem within the framework of the SM, etc. Several of
these issues can be addressed by introducing new fields in the theory thereby extending the model
beyond the Standard Model. One of the goals of the LHC has been to discover the existence of any
physics beyond the SM. A large class of such models predicts existence of multiple scalar or pseudo-
scalar Higgs particles. The models like the Minimal Supersymmetric SM (MSSM) or Next-to-MSSM
etc., predict existence of several Higgs bosons which differ among each other by their mass, charge,
CP-parity and couplings. A simple example contains an additional Higgs doublet along with the
usual Higgs doublet of the SM. After the symmetry breaking this gives rise to two CP-even (scalar)
Higgs bosons (h, H), one of which is identified with the SM Higgs boson (h), a CP-odd (pseudo-
scalar) Higgs boson (A) as well as a pair of charged scalars (H*). This allows phenomenologically
interesting scenarios particularly with pseudo-scalar resonances. One of the important goal at the
LHC Run-II is to search for such resonances which requires a precise theoretical predictions for both
inclusive as well as for exclusive observables.

In order to come up with a theoretical prediction one needs to first figure out what are the
most dominant channels through which pseudo-scalar Higgs bosons are produced. It makes sense to
concern ourselves with the calculation of cross-sections in production channels that are subdominant
only after a precise prediction is available for the dominant channels. That is, we need to obtain
results for which me might need to go to higher orders in perturbation theory to ensure that the
theoretical uncertainties are under control.

The dominant production mode for pseudo-scalar Higgs boson is through the gluon fusion gg —
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A. Therefore a large gluon flux can uplift its production cross-section to a great extent, and this is
precisely the case at the LHC. Similar to the case of the Higgs boson production, the leading order
(LO) prediction for gg — A suffers from large theoretical uncertainties arising from its dependence
on the renormalization scale pupr through the strong coupling constant. The next-to-leading order
(NLO) correction [89-92] is known to increase the cross section by a large amount — 67% compared
to the Born contribution. Furthermore the scale uncertainty also remains quite large, around 35%.

These uncertainties arise from
1. the freedom that we have in choosing the renormalization scale pug, as well as

2. the freedom that we have in choosing the factorization scale ur that enter the parton densities

and partonic cross-sections.

As is well known, these theoretical uncertainties are an artefact of the perturbation theory and
reduce upon the inclusion of higher order corrections. A completely non-perturbative result would
be completely free of these arbitrary renormalization and factorization scales.

The foregoing essentially means that we require a result that includes terms beyond NLO. For this
reason the total (inclusive) cross section at the next-to-next-to-leading order (NNLO) was calculated
in the early 2000s by several groups [93-97]. While NNLO correction reduces the scale uncertainties
to 15% the cross-section jumps further by 15%. A 15% uncertainty is still high and to further
reduce the scale dependences it is required that we go even higher in the perturbation order and
obtain the full next-to-next-to-next-to-leading order (N3LO) corrections. The complexity in full
N3LO correction is even higher and only recently [98] has been obtained for the SM Higgs boson
production with infinite top mass limit which reduces the scale uncertainty to 3%. The large top mass
approximations turned out to be a good approximation for the Higgs case and the predictions are
found to be within 1% [99-101] and one could expect similar behaviour in pseudo-scalar production
as well.

As we have discussed in the previous chapter of this thesis, large enhancements arise in per-
turbative results due to soft (and collinear) emissions as the matrix elements take large values for
these emissions and actually blow up in the strict soft (or collinear) limit. Even though these en-
hancements do not appear in inclusive total cross-sections they become important if the emissions
are restricted to the soft or the collinear configurations. Such a situation arises when one considers
cross-section at the threshold of the production of the final state. This forces the emission to become
soft and the parameter that controls the closeness to the threshold appears in the calculations as
the argument of logarithms. Of course, the blunt poles in € are canceled against the virtual cor-
rections the large logarithms enhance the cross-sections. As moving one order higher is technically
very difficult, the first attempt towards the N3LO corrections is made through the calculation of
the threshold enhanced soft-virtual (SV) corrections. For the Higgs production these are known for
a long time up to N3LOgy [102-107]. Associated production [108] and bottom quark annihilation
[109] are also known at the same accuracy.

As in the case of Higgs production, the effect of soft gluon emission at threshold of pseudo-scalar
production has been computed at N3LOgy level [110]. Fixed order cross section may however give
unreliable results in certain phase space regions due to large logarithms arising from gluon emission
that are forced to be soft and, as we have seen in the previous chapter of this thesis, these needs

to be resummed to all orders in the perturbation theory. The soft gluon resummation for inclusive
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Higgs production accurate up to next-to-next-to-leading logarithmic (NNLO-+NNLL) were obtained
in [111]. The full N®LO result [98] enables to perform soft gluon resummation at next-to-next-to-
next-to-leading logarithmic (N3*LO+N3LL) [112-114] accuracy (see also [115] for renormalization
group improved prediction.). For pseudo-scalar production, an approximate N3LO 4 result has been
matched with N3LL threshold resummation in [9] (see [116, 117] for earlier works in this direction).

Resummation is especially important for exclusive observables. Rapidity distributions at NN LO+
NNLL accuracy for the Higgs [118] and Drell-Yan [119] are predicted by resumming large threshold
logarithms (see [62, 63, 120] for earlier works). Also see [121-125] for a different QCD approach
and [126-128] for SCET approach..

Transverse momentum (pr) distribution is a very important and widely studied observable. Even
though perturbation theory is the right tool to study transverse momentum distribution at values of
pr that are close to and above the typical hard scale M in the theory, it breaks down for small values
of the transverse momentum. This breakdown occurs due to soft and collinear emissions when the
pr value of the observed final state is small, ie pr <« M. The reason behind this breakdown is the
appearance of large logarithms of the type In"(M?/p2.) at each order in the perturbation theory,
where the exponent of the logarithm increases with the perturbation order. By resumming these
large logarithms [129-141], the predictivity of the QCD can be recovered in the full phase space
region for pr distribution.

Resummation of large logarithms is possible because the universal properties of the QCD in the
infrared region [130-136, 139, 142, 143]. Soft-collinear effective theory (SCET) also provides tools
for resummation using an effective field theory set up (see [144-148]). Resummation techniques
have been used for Higgs boson pr spectrum in gluon fusion up to NNLO+NNLL [149-157] and
to the bottom quark annihilation up to NNLO+NNLL [158, 159]. The pp distribution for the
Higgs boson has been pushed to one order in logarithmic accuracy to NNLO+N3LL accuracy in
[160-162]. Another approach to resum these large logarithms is through the parton shower (PS)
simulations which has been also successful in recent times through the implementation in Monte
Carlo generators like MADGRAPH5_AMC@NLO [163], POWHEG [164] etc. mostly up to NLO+PS
accuracy. However the accuracy of PS prediction is often not clear and has remained an active topic
of research these days*. Even though the resummation formulae provide us with results to be used in
the low transverse momentum region we can not use them directly. A matching between the high pr
spectrum and low pr spectrum has to be done before we can claim that we have a prediction of the
distribution over the entire pr range. This effectively brings in a matching scale (resummation scale
or shower scale) which defines the infrared region and the hard region. Although its dependence is
of higher logarithmic order, a suitable choice is needed to properly describe the full pr spectrum
in a meaningful way. We will discuss about the matching condition and matching scale in section
2.2.1.

A clear understanding of the pseudo-scalar properties is also based on the precise knowledge of
differential observables like transverse momentum, rapidity etc. For the pseudo-scalar production in
association with a jet, the two-loop virtual amplitudes can be found in [166], which is important to
predict the differential distribution. The small py region of the pseudo-scalar py spectrum renders
the fixed order prediction unreliable due to the large logarithms in this phase space region as is

the case for the Higgs production. These logarithms have to be resummed in order to get a valid

*For a recent study see [165] and references therein.

22



prediction and this has been carried out at next-to-leading logarithmic (NLO+NLL) in [8] using
universal infrared behaviour of QCD. Before we proceed further, let us clarify our counting of orders
for the distribution. In this thesis we count the gg — A, which is proportional to §(pr) as there is
no emission of QCD particles in the final state as the Leading Order contribution.. Emission of a
single QCD particle in the final state will contribute at the NLO and so on. The scale uncertainty
in the peak region of the resummed result at the NLO+4NLL is fairly large and was found to be
25% when the scale is varied simply by a typical factor of two. Along with the PDF uncertainty,
the total theoretical uncertainties reach as large as 35% near the peak. These findings show that
a calculation at the next order in perturbation theory is required to bring down these theoretical
uncertainties. In this thesis we extend this accuracy to Next-to-Next-Leading-Logarithmic accuracty.
We obtained different pieces necessary for pp resummation of a pseudo-scalar Higgs boson up to
NNLL accuracy. As we discussed above , we will be requred to match with the fixed order predictions
that are valid for higher values of pr with the resummed results that are valid for low values of pr in
order to obtain a distribution that is valid for the pr range. We use the ansatz prescribed in [9] to
obtain the NNLO piece to a very good approximation and call it as NNLO 4. Finally the matched
prediction is presented up to NNLO 4+NNLL accuracy for the pseudo-scalar pr spectrum in light
of phenomenological study both at 14 TeV and 13 TeV LHC.

The chapter is organised as follows: in Sec. 2.2 we set up the theoretical framework for the
resummation of large logarithms for small pr region relevant for pseudo-scalar Higgs boson produc-
tion. In Sec. 2.3, we will provide a detailed phenomenological study of the py spectrum for different
masses, scales and parton distribution functions (PDFs) relevant at the LHC. Finally we draw our

conclusion in Sec. 2.4.

2.2 Theoretical Framework

In this section we give the resummation formula and discuss various coefficients that enter in it. We

also describe the matching prescription that we follow to obain the distribution valid over the entire

pr range.

Resummation formula

Let M be the mass of the colourless final state (pseudo-scalar Higgs boson in our case). If we
calculate the pr distribution of M for transverse momentum values that are significantly smaller than
M, large logarithms of the form In (py/M) arise in the distribution do/dpr due to an incomplete
cancellation of soft and collinear contributions. At each successive order in the strong coupling
constant, as(= g2/4m), the highest power of the logarithm that appears increases which renders the
naive perturbative expansion in «; invalid as pr — 0. However, thanks to the factorization of soft
and collinear radiation from the hard processes we can resum these large logarithms to all orders in
perturbation theory. The transverse momentum of all the final state particles — M and the QCD
radiations, are tied together so that the total pr of the final state vanishes. This is so because the
incoming gluons that vanishing transverse momentum. Thus a Dirac delta function ensures that
the sum of the transverse momenta of all the final state particles adds up to zero. Thus in order to
factorise the phase space (the Dirac delta function) we need to work in the Fourier space conjugate

to pr called impact parameter space in which the Delta function can be converted to an exponential
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function. Suppose g(pr) is a function of the two dimensional vector transverse momentum vector
pr - This is basically the projection of momentum vector p in the plane transverse to the beam
axis. Let us denote the variable conjugate to pr by the two dimensional vector b. The Fourier

transform of a function of the function g(pr) is then defined by:

1 —ib-pr
o(pr) = o / d2b PPy (b) (2.1)

Note that the limit of vanishing transverse momentum, py — 0 corresponds to b — oco. As we
discussed in the beginning of this section conservation of momentum puts a constraint that the
transverse momentum pr of the final state massive particle (Higgs Boson or psedo-scalar Higgs
boson) should be equal to the sum of the transverse momenta lp = >, 1; 7 of the outgoing partons.
This constraint which appears as a Dirac delta function can be put in a factored form by going to

the Fourier space — b space, using
1 b
S(pr +1r) = e /de e~ b (PrtlT) (2.2)

It is easy to perform the integration over the angular variable utilising the rotational invariance and
this gives Bessel function Jy. The distribution for low pp values compared to M has the following

behaviour which is obtained by resumming the large logarithms to all orders in perturbation theory:

dO.F,(res) 00 b
TapE T/ db 5 Jo(bpr) W (b, M, 7). (2.3)
T 0

here S is the hadronic centre-of-mass energy and
T=M?/S. (2.4)

Note that this equation only defines W (b, M, 7) and does not contain any physical information.
The proper inclusion of terms pr 2 M will be described in Sec. 2.2.1. Here and in what follows,
the superscript F' is attached to final state specific quantities. In what follows, we will not work
in the 7-space but make a transition to the corresponding Mellin-space. This will be convenient
because the convolutions that appear in the distribution would get turned into ordinary products.

The Mellin transform of W (b, M, 7) with respect to the variable 7 is defined by

1
WE (b, M) = / drrN W (b, M, 7). (2.5)
0

which has the following form for Higgs and pseudo-scalar Higgs production [136, 139, 151]

fThroughout this work the parameters that are not crucial for the discussion will be suppressed in function
arguments.
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M2 qp2 M2
W (b, M) = 65 exp |- / = [Ag(as(ﬁ)) In 5+ B (as(l2))}
b6/b? (2.6)
Z gip1va, uzugcgilul 05]'2”2 fZ,N(bO/b) f],N(bO/b) )
where
(}g(o) = parton level cross-section at LO (2.7)

This is a result obtained after resumming the soft and collinear gluon emissions to all orders in the
perturbation theory. Note that the argument k2 of the running coupling constant c is the variable
of integration and is one of the sources of the powers of log(b). The function f; y(¢) in Eq. (2.6)
is the Mellin transform of the density function f;(z,q) of parton i in the proton, where z is the

momentum fraction and ¢ the momentum transfer. The numerical constant
bp = 2exp (—7vg), Euler constant vy = 0.5772..., (2.8)

is introduced for convenience. Unless stated otherwise, we have put the renormalization and the
factorization to be equal: up = ur = M. We will use the short hand notation [H;C’l Cg} to denote
the factors that appear in the second line in Eq. (2.6):
F F
[Hy C1Cs] = H, Coi " Cg3™ s (2.9)

99,1J gip1VL, H2V2

and the structure of partonic tensor, C’gk , is given by

05]:(27 q1,42, b7 a5> = dﬂ”(ql’ qQ)Cgk(za as) + D/“’(qh q2; b)ng (Z7 Oés) 9 (210)

where

qi'as + dyaf
q1-92
b

D*(q1,42;b) = (a1, 42) = 25 (2.11)

d*(q1,q2) = —g"" +

The vector b* = (0,b,0) is the two-dimensional impact parameter vector in the four-dimensional
notation and qp, g2 are the momenta of colliding partons. All the coefficients that appear in the

resummation formula in Eq. (2.6) and Eq. (2.10) have series expansions in as = a/4m:

Cyi(z505) = 65:0(1 = 2) +Za"0‘" (2),

n=1
Gyilz; as) }:wcm HE () =1+ alHE™,
n=1
[ee]
Aglay) = Z a? A, By(ay) = > alBM. (2.12)
n=1 n=1
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The order upto which these coefficients are included in Eq. (2.6) determines the logarithmic accuracy

of the resummed cross section;

e Leading Logarithmic (LL) accuracy: Only the coefficient Agl) is included and all higher order

coefficients are dropped.

e Next-to-Leading (NLL) Logarithmic accuracy: Ounly the coefficients Ag), Bél), W and

gi
H;’(l) are included.

e All the coefficients that are required for the resummation of the transverse momentum distri-
bution of the pseudo-scalar Higgs boson at Next-to-next-to-leading (NNLL) accuracy will be

given in Sec. 2.2.2.

Resummation Scheme: The coefficients A4, By, and Cy; that enter in the resummation formula
contain information about the soft and collinear radiation and is independent of the hard scattering
process. Ofcourse, there is a freedom of absorbing the function H into these coefficients. Since these
resummation coefficients are process independent (i.e. they do not depend on specific final state),
the coeflicients A4, By, and Cy; that enter in the resummation formula for the Higgs production
with H, 5 = 1 can be used for the pseudo-scalar production as well. This choice for the resumma-
tion coefficients will be termed as Higgs resummation scheme in this thesis (see [11] for details on
resummation schemes).

As far as the resummation formula, that is valid for low transverse momentum values is concerned
the information of pseudo-scalar Higgs enters through the the hard coefficient H, f and the Born

factor 6'55}(0)

. All the other coefficients are resummation coefficients are known in the Higgs scheme
mentioned above up to the perturbative order required in this work (see Sec. 2.2.2), except for the
two coefficients Hf M) and HgA ‘@ that we need to evaluate upto NNLO. This will also be presented
in Sec. 2.2.2.

In the infinite top quark mass limit the effective Lagrangian [167] describing pseudo-scalar pro-
duction is given by

Ly = o (x) —éCGOG - %CJOJ ; (2.13)

where the operators are defined as,

06 = G" Gy = €upe GI G2 0y = 0y, (V" y510) - (2.14)

The Wilson coefficients C'¢ and C; are obtained by integrating out the loops resulting from top
quark. G*¥ and v represent gluonic field strength tensor and light quark fields, respectively. In this
study we will only consider contributions arising from the operator Og in the effective Lagrangian
and will not include the contributions arising from Oj operator. The Born cross section for the
pseudo-scalar production at the parton level including the finite top mass dependence is given by

7T\€$c13(30‘526 ’TAf(TA)‘Q. (2.15)

G5 (W) =

Here 74 = 4mf/m?4, my is the M S top quark mass at scale pur, my is the mass of pseudoscalar
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particle and the function f(74) is given by

.2 1
arcsin® —— TA> 1,

fra)=9 |/ f/ﬁ 2 (2.16)
—7(1 H_\/#—Fm) TA<1.

In the above equation, G is the Fermi constant and cot 3 is the ratio between vacuum expectation

values of the Higgs doublets.

Perturbative expansion of resummation formula:

Note that the parton densities that appear in Eq. (2.6) are evaluated not at the factorization scale
wr but at by/b. Evolving the parton densities from by /b to up in Eq. (2.6) (see Ref. [11]), one can

define the partonic resummed cross section W i, through

W (b, M) Z G (0, M, ) fion (e fiv () - (2.17)

Now we can separate the large logarithms that appear in W} i3 N from the remaining terms. However,
we have a freedom in what we choose as the argument of the logarithm. Instead of working (re-
summing) with L = In(M?2b?/b3) we can equally well choose to work with L = In(Q?b?/b2), where
@ is some arbitrary scale of the order of M. The difference between the these two choices is not a

divergent quantity but a finite one. Thus we write W as

WE N (0, M, pp) = 6L <0>{’HQQHJ ~N(M,Q, pur) + Engj7N(L,M,Q,uF)} ; (2.18)

where L = In(Q?bh?/b2) denotes the logarithms that are being resummed in W¥ and Q is an ar-
bitrary resummation scale. Note that the left hand side of the above equation is independent of
the resummation scale Q and so is the right hand side. However a truncation of the perturbative
expansion in the right hand side will introduce a dependence on ). This dependence on @ will be
however, of higher order in the strong coupling constant. Note that the dependence on b — the
Furthermore X%
so defined that they vanish at L = 0; for the perturbative expansions up to NNLO refer to Ref. [11].
depends on the coefficients H}" and Cy; of Eq. (2.12).

variable conjugate to pr — is contained entirely in the functions 27 are

cCig” cC1ij

The hard-collinear function ’H ggij N

2.2.1 Matching the cross section across the large and small pr regions

The resummed result given in the previous section is valid at small values of transverse momentum
where the logarithms of pr are summed to all orders, and to emphasize that these results are accurate
to a certain logarithmic accuracy such as NLL or NNLL we attach a subscript to the resummed cross
section: (daF 7(“’5)/ dp%)l_a_. As the IR and collinear radiation does not give any enhancements at
the high values of transverse momentum, the fixed order results accurately describe the distribution

which we will denote by (daF / dpQT) ¢, - Lo obtain a prediction valid over the entire pr region, which
we denote by (

q ) , we following the additive matching procedure defined below:
pT f.o.+l.a.
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(2.19)

(daF> <dJF) (do_F,(res)> <d0.F,(res))
—_ = | —— + | ——— - =
dp% f.o.+1l.a. dp% f.o. dp% la. dp% la.

Here the first term on the right hand side is the fixed order result which is what is relevant at large

f.o.

values of transverse momentum; the second term provide the resummed result that is valid at low
values of the transverse momentum. Clearly, the enhanced effects of soft and collinear radiation is
included twice: first in the fixed order result and then in the second term which is the resummed
result. The purpose of the third term is to remove this double counting. At low pr the divergences
in pr spectrum arising due to the fixed order result in the first term are subtracted by the last term,
which is nothing but the expansion of the resummation formula in a4 truncated to appropriate order.
Even, though this takes care of the double counting at low values of the transverse momentum, the
third term has still an undesired effect: it contributes at large values of transverse momentum! At

large values of pr we can reduce the effect of the last term by making the replacement [11]

L—>izln<Q”+1>. (2.20)

Now as pr — oo or eqivalentaly b — 0 the argument of the logarithm approaches unity and thus

the logarithm vanishes.

2.2.2 Resummation coefficients and determination of H;"(z)

Here we list down the Aél), B_((Jl), Aéz) (135, 137] , B(Z) [138, 168, 169], A(3) [170] coefficients along
with Cy; [138, 168, 169, 171] and G; [151] coefficients that enter into the computation. Whenever,

a coefficient is scheme dependent we have given it in the Higgs scheme.

Al =4Cy,
67 w2 5
2) _ - _
lrt 67n? 245 11 572 209 7
AB) — 64 2 (=2 =22 L
g = 04041 O4 ( 720 216 96 C3>  Cany (108 432 12C3)

55 1 101 7 7
+CF”f( %6 CS) 108”7 * 860 ( (216_ 16C3> _108”f>] ’

2
BV = -3 (11Ca = 2ny) ,

23 11 3 1 2
2) _ 2 2

Bg(i)_16CA<24+18 —2C3>+ C’an—CAnf<12+ 9>—CFCA,
Ci) = [(6+m%)Ca—3CF|6(1—2),

Cly) =2Crz,

1—
1
Gl =4Cy —,

1
Gl = 4Cr (2.21)
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where By = (11 C4 — 2ny)/3, with the SU(N) QCD color factors Cr = (N? —1)/2N, C4 = N and
ny = 5 is the number of active quark flavors. The coefficients Agi), (1) Céé , G %q) and G(q) are
scheme independent. The scheme dependent coefficients B!SQ) and C’g_q have been given above in

Higgs scheme.

2.3 The results: Hard coefficients and matched distributions

In this section we will first calculate the hard coefficients H;‘ M and H_;‘ ’(2), then we will describe
how we obtain the fixed order pp distribution that we need for the matching, and finally obtain the

distributions.

2.3.1 Evaluation of hard coefficient

The only coefficients that remain to be determined are the first and second order hard coefficients.

These can be extracted from the knowledge of form factors up to 2-loop for the pseudo-scalar. The

(n)

unrenormalised form factors ]:';4 " up to 2-loop are given here

2 _ 2\ "% )
FA=Y lag (l;ﬁ) S?]—";"(")] . (2.22)
n=0

We present the unrenormalised results after factoring out Born term for the choice of the scale

e = p% = —q*> as follows:

) 8 7

f;‘@:CA{—EQ+4+<2+e<—6—343> (7—52+<2>}

. 80 7 8 20  1(106
A,2) _ ¥ r : S 42

]_‘g C’an{ 3+61n(mt2)+843}+c,4nf{ 3€3+962+ (27 +2C2>

1591 32 44 1 422 890
— — = — — —+ = —— -4 - — —11
]1 42 43} + CA{ + 363 + 62 ( 9 <2> B ( 27 CQ
50 3835 115 21 11

+ 3C3> + T 7(2 - *Cz Cs} . (2.23)

The strong coupling constant as = ag (/ﬂR) is renormalised at the mass scale ugr and is related to

the unrenormalised one, a5 = §2/1672, through

,LLQ €/2
asSe = <2> Lo, 05, (2.24)
MR

with Sc = exp[(yg — In4m)e/2] and the scale p is introduced to keep the unrenormalised strong
coupling constant dimensionless in d = 4 + € space-time dimensions. The renormalization constant
Z,. up to O(a?) is given by

2 4 1 8 14 2
Za, =14as |=fo| +a3 | 565+ =bi| +aj | 560 + w501 + P - (2.25)
€ € € € 3€ e
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The coefficients of the QCD /S function §; are given by [172]

11 2
= Oy —
Bo=75Ca—3ny,
34 10
51 = EOE‘ — anCF — gnfCA,
2857 1415 205
/82:HC,§4_ 51 CA’I”Lf—I— OATLf+ CFTLf 18 C’FC’Anf—FC’%nf, (2.26)

where ny is the number of active light quark flavors. The operator renormalization is needed to

remove the additional UV divergences and UV finite form factor is given by
FMr=Z2F2, (2.27)

where the operator renormalization constant up to O(a?) is given by

1] 484 176 16 1] 34
21 ) 2= n2 L) 9% 2
62{ 9 CA CATLf‘i’ 9 }+€{3CA

10 [ 1 [ 10648 1936 352, 64
_SCAnf_2Oan} + ay 63{ o7 CA CA f+ 9 OAnf_an}

15236 , 2492 308 280 . . 56 .

62{ 57 C o7 CA ng— 9 CACFTLf-i- o7 CAnf+ QOan}

1 [ 2857 1415
{ 81 Ch -

€

205 2 79 22
CA ng — 97 —CaCFnys + gC%nf + 8—10,471? + 270}77’1?}] . (2.28)

We can obtain the hard coefficient function by removing infrared singularities from renormalised
form factor given in Eq. (2.27) by multiplying the IR subtraction operators [173]. This gives the
hard function in what is called hard scheme. We would however use the B and C' functions in the
Higgs scheme. Finally, hard coefficient functions can be calculated in the Higgs scheme by using

following relations [159]:

HA ( ) HA (1) _ Hhv(l)

g,hard g,hard ’
A, A,(2) h,(2) h,(1) A,(D) (1)
H @) — Hg hard Hg hard + (Hg,hard) Hg harng hard (229)

where the subscript ‘hard’ denotes hard scheme. The first and second order coefficients that appear

in the expansion of the hard function when calculated in the Higgs scheme are

3 1
HH O = 5C0F = 5Ca,
1 41 13 1 2
HM = 50r+5 CA+ CAnf+< +41gm"‘>cpnf
37 11 137 7 m?
—lo ——71 2. 2.
+<24+ mtz)cAcF+(288 mt>OA (2.30)
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2.3.2 Fixed order distribution at NNLO

It has been long observed that the inclusive pseudo-scalar Higgs coefficient function can be obtained
from the scalar Higgs coefficient at each order of perturbation theory by a simple rescaling (see Eq.
13-16 of [9]) after factoring out the born cross-section. The rescaling is exact at NLO; and at NNLO
the correction terms do not contain scales explicitly and are suppressed by partonic (1 — z)2. The
fact that at NLO the rescaling is exact, is already highly non-trivial and is a direct consequence of
similarity of the two processes. At NNLO level the difference is only sub-dominant. We use the
same scaling factor to obtain the approximate fixed order pr spectrum (denoted as NNLO4) for
pseudo-scalar since both the processes share similar kinematics. The only difference comes from the
vertex corrections through virtual loop calculation which only affects the low pr spectrum and does
not affect the very high pr tail. Thus we have obtained the approximate fixed order pr distribution
for pseudo-scalar Higgs from scalar-Higgs spectrum by multiplying same rescaling factor as in Eq.
13 in Ref. [9]. We find that at NNLO level in the high pr tail, only the rescaling coefficient from one
lower order contributes to the py spectrum. In particular the contribution comes from H, ;4 D The
fixed order distribution obtained this way has been matched to the NNLL resummed spectrum at low
pr completely within HqT framework. In the next section we describe the detailed phenomenology

for the matched pr spectrum.

2.3.3 Matched distributions

In this subsection we present the phenomenological aspects of the differential distribution that we
have obtained using our FORTRAN code, which we created by modifying the publicly available code
HqT [10-12]. We studied the distributions for the LHC centre-of-mass energy both at 13 TeV and
14 TeV. Our default choices for different quantities in this study are:

For 14 TeV centre-of-mass energy,

1. Pseudo-scalar mass m4 = 200 GeV,

2. Resummation scale Q = m4,

3. MMHT 2014 [174] parton density sets with the corresponding «.
For 13 TeV centre-of-mass energy,

1. Pseudo-scalar mass m4 = 200 GeV,

2. Resummation scale Q = m /2,

3. MMHT 2014 [174] parton density sets with the corresponding «.

In Fig. 2.1 (14 TeV) and Fig. 2.2 (13 TeV) we study the effect of resummation over the fixed
order result, where in each figure, the left panel shows the result for NLO and NLO+NLL; the right
for NNLO4 and NNLO 4+NNLL. For LHC 14TeV we set ugp = prp = my; for LHC 13 TeV we
keep ur = pr = ma/2 and use MMHT2014 PDF sets for both the cases. We observe that the
divergent behaviour of the distribution at fixed order is cured upon resummation. Precisely, at NLO
the distribution diverges to positive infinity and at NNLO 4 to negative infinity. Upon resummation

a regular behaviour is displayed in both the cases.
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Figure 2.1: Resummation scale variation for (a) NLO+4NLL and (b)
NNLO4+NNLL at 14 TeV
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Figure 2.2: Resummation scale variation for (a) NLO+4NLL and (b)
NNLO 4+NNLL at 13 TeV

Uncertainty due to @: in Fig. 2.1 and Fig. 2.2 we also show the sensitivity of the resummed
results to the choice of resummation scale @), where we have varied @ from m4 to m4 /8. For each
diagram, in the left panel we see the results are quite sensitive to the choice, where by sensitivity we
mean the range of variation of the maxima of distribution for different choices of Q. Not surprisingly,
upon going to the next logarithmic accuracy (right panel) the sensitivity is significantly reduced
around the peak region and the results at moderate values of py are almost insensitive to the choice.
It is reassuring that in the right panel at moderate and large values of pr the resummed curve is
coincident with the fixed order curve, as desired. We note that the position of the peak is unchanged
in going to the next order. For @Q = m4 and centre-of-mass energy 14 TeV we see that the peak
value changes by 25% in going from NLO+NLL to NNLO 4+NNLL. Similarly for @ = m4/2 and
centre-of-mass energy 13 TeV, the peak value changes by 11% upon going from NLO+NLL to the

next level of accuracy.
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Uncertainty due to ur and pp:

in Fig. 2.3(a) and Fig. 2.3(b) we show the sensitivity of our
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(a) (b)
Figure 2.3: ugr and pp variation at NLO+NLL and NNLO 4+NNLL for (a) 14
TeV and (b) 13 TeV

results to the variation of ur and pp. The bands in this figure have been obtained by varying of
ur and pp independently in the range [ma/2,2m 4], while excluding the regions where pug/up > 2
or ur/pr < 1/2. More specifically, for 14 TeV centre-of-mass energy we see that at the peak, the
variation is about 38% for NLO+NLL which gets reduced to about 19% upon going to the next
level of accuracy. Similarly for 13 TeV centre-of-mass energy we see that at the peak the variation is
about 22% for NLO+NLL and about 15% for NNLO 4+NNLL. We have also studied the individual
variation of pugr and pupg for both the energies at the LHC in Fig. 2.4 and Fig. 2.5 respectively. In
Fig. 2.4 we keep up = my and vary pg in the range [ma/2,2my]. For 14 TeV centre-of-mass
energy we find that at the peak, the variation for NLO+NLL is about 32%, which gets reduced
to about 17% at NNLO 4+NNLL. Similarly for 13 TeV centre-of-mass energy we see that at the
peak the variation is about 21% for NLO+NLL and about 13% for NNLO4+NNLL. In Fig. 2.5
we set urp = m4 and vary up in the same range as above. For 14 TeV centre-of-mass energy we
find that at the peak, the variation for NLO+NLL is about 4%, which gets reduced to about 2% at
NNLO 4+NNLL. Similarly for 13 TeV centre-of-mass energy we see that at the peak the variation
is about 4% for NLO+NLL and about 0.5% for NNLO 4+NNLL.

in Fig. 2.6(a) and Fig. 2.6(b) we show the

sensitivity of our results to the variation of Q, g and pr. The bands in this figure show independent

Combined uncertainty due to Q,ur and pp:

variation of Q, pr and pp in the range [ma/2,2m4] with constraints pur/pr € [1/2, 2], Q/ur €
[1/2, 2] and Q/pr € [1/2, 2]. When we take into account all scale variations together we notice that
both at 13 TeV and 14 TeV the variation at the peak is 38% for NLO+NLL which gets reduced to
20% upon going to the next level of accuracy. It is to be noted that this amount of decrement is
almost same as the case discussed in Fig. 2.3(a).
Uncertainty due to parton density sets: as there are several PDF groups in the literature,

it is necessary to estimate the uncertainty resulting from the choice of PDFs within each set of a

33




-2 —— —— —— NNLO,+NNLL -2 —— —— —— NNLO,+NNLL
NLO+NLL NLO+NLL
— 1 = 1
> /D S
g / \\ [m,/2,2m,] g u [m /2,2m ]
~ ‘uR = mA ’ A ~ R = A ’ A
4 0.8 | \ b, = m, = 200 Gev 8 0.8 // \\ b, = m, = 200 Gev
. MMHT2014 . MMHT2014
g 0.6 Vo= & 0.6 V5=
E S=14 TeV \ S=13 TeV
© 0.4 ® 0.4
0.2 0.2
0 20 40 60 80 100 120 0 20 40 60 80 100 120
P, [GeV] p, [GeV]
(a) (b)
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Figure 2.5: Variation of up at NLO+NLL and NNLO 4+NNLL keeping pur fixed
at my for (a) 14 TeV and (b) 13 TeV

given PDF group. Using PDFs from different PDF groups namely MMHT2014 [174], ABMP [175],
NNPDF3.1 [176] and PDF4LHC [177] we have obtained the differential py distributions along with
the corresponding PDF uncertainty. In Fig. 2.7(a), we have demonstrated the uncertainty bands for
various PDF sets as a function of pr at energies of 14 TeV. In order to demonstrate the correlation
of PDF uncertainty with the py values we have tabulated in Table 2.1, the corresponding results for
few benchmark values of pr along with percentage uncertainties. We have also performed the same
exercise for 13 TeV centre of mass energy, as shown in Fig. 2.7(b). We have tabulated the results

for few benchmark values of pr along with percentage uncertainties in Table 2.2.

in Fig. 2.8(a) and Fig. 2.8(b) we show how the distri-

bution behaves as the mass of the final state is changed. We have kept the renormalization and

Pseudo-scalar Higgs mass variation:
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Figure 2.7: PDF variation at NNLO 4+NNLL for (a) 14 TeV and (b) 13 TeV
using various sets. The y-axis represents the ratio of extremum variation over
the central PDF set.

factorization scales fixed at 200 GeV for 14 TeV, at 100 GeV for 13 TeV LHC energies and varied
m 4 from 100 to 300 GeV. We see that the cross-section decreases with the increase in the mass of

the final state.
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gr | MMHT ABMP NNPDF | PDFALHC
7.0 | 0.8027997% | 0.8287026% | 0.8217509% | 0.8047}-30%
13.0 | 0.9417993% | 0.928F080% | 0.96075 7% | 0.9437 ) 30%
19.0 | 0.88279-96% | 0.8471058% | 0.8973-65% | 0.884 1] 2%
25.0 | 0.7727004% | 0.7297085% | 0.78373-55% | 0.7747 1267
31.0 | 0.6607095% | 0.6167099% | 0.66975357% | 0.662753%%

Table 2.1: ¢p distributions at NNLO4+NNLL using different PDF sets along with percentage
uncertainties for g7 = 7.0,13.0,19.0,25.0,31.0 for /s = 14 TeV.

gr | MMHT ABMP NNPDF PDF4ALHC
7.0 | 0.762799%% | 0.78371%.52% | 0.78072200% | 0.761723.32%
13.0 | 0.8807791% | 0.8647035% | 0.898T393% | 0.882F156%
19.0 | 0.8207095% | 0.78370570 | 0.8347555% | 0.82275 5%
260 | 00987008 | 065 | 00T | oot
32.0 | 0.5967090% | 0.5527099% | 0.602755%% | 0.597T) 3%

Table 2.2: gp distributions at NNLO4+NNLL using different PDF sets along with percentage
uncertainties for ¢r = 7.0, 13.0,19.0, 26.0, 32.0 for /s = 13 TeV.
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Figure 2.8: Pseudo-scalar Higgs mass variation at NNLO 4+NNLL for (a) 14 TeV
and (b) 13 TeV

2.4 Conclusions

In this study we obtained the resummed pr distribution for pseudo-scalar Higgs bosons at the
LHC for both the centre-of-mass energy 14 TeV and 13 TeV at next-to-next-to-leading logarithmic

accuracy by matching the resummed curve with approximated fixed order next-to-next-to-leading
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order result. We showed that we achieve a very significant reduction in sensitivity to the choices of
resummation, renormalization and factorization scales that are artefact of perturbation theory. We
also studied the uncertainty due to different choices of parton density sets. These results provide us
with precise estimate for the distribution especially in the region around 15 GeV where the cross-
section is large and the fixed order results are completely unreliable due to the breakdown of fixed

order perturbation series.
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Chapter 3

Power corrections to event shapes

3.1 Introduction

Infrared-safe event shape variables play a very significant role in understanding the collider data
both at the lepton and hadron colliders. Several shape variables have been studied in the literature
and among them the most studied variables are the Thrust, C-parameter and Angularity. These

shape variables, (one of which, the Thrust was introduced in (1.5.1))
e are essential tools for the precise determination of the strong coupling constant, and
e they are classic testing grounds for both analytical and numerical models of hadronization.

As we saw in (1.5.1) large logarithmic corrections to the distributions of event shape variables arise
at fixed orders in perturbation theory, when the shape variable e takes values corresponding to pencil
like configurations. In Eq. (1.78) we see that these large logarithms appear as log(1 —T)/(1 — T),
which is divergent in the soft-collinear limit where 7" — 1. The term log(1 —T)/(1 —T) is a leading
logarithmic term at the leading power; leading power in 1 — 7. In the same Eq. (1.78) we also see
that subleading logarithms at leading power (log’(1 — T)/(1 — T')) are also present.

Not only that owing to their infrared and collinear safety, they can be computed in perturbation
theory in QCD, the large logarithmic corrections to the distributions can be resummed to all orders
by a variety of methods. At fixed orders, the state of the art is next-to-next-to-leading order (NNLO)
accuracy [29-33], while the next to leading log (NLL) resummation has been known for a while [34—
37]. In recent years, the NNLL resummation framework has also been developed [13, 38-48].

In this work we will be concerned with analytic estimates of non-perturbative corrections, which
are suppressed by powers of A/Q (where A is the QCD scale and @ is the center-of-mass energy) with
respect to the perturbative result. The basic idea of such analytic estimates goes back to the Operator
Product Expansion (OPE), and was first applied to observable that do not admit an OPE in the
early papers [178-180]. Very roughly speaking, one notes that a generic (dimensionless) observable

in perturbative QCD is a sum of a ‘leading power’ perturbative series plus power corrections, of the

o (gaas> = Opert (37 /Lfaas) + ;Un (/jj;as) (g) , (31)
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where p¢ is a perturbative factorization scale, ultimately to be traded for the strong interaction
scale A. Generically, with a dimensional regulator, different terms in the sum in Eq. (3.1) mix
with each other under renormalization. In dimensional regularization, the same effect arises in
a subtler fashion: each term in Eq. (3.1) is ambiguous due to the divergence of the corresponding
perturbative expansion, which manifests itself via singularities in the Borel plane. These ambiguities
are power-suppressed and are compensated by corresponding ambiguities in subsequent terms in the
sum in Eq. (3.1). This opens the way for a perturbative estimate of hadronization corrections
based on the study of singularities in the Borel plane. Phenomenological studies of event shapes
and other basic QCD observables with these tools were first systematically pursued in [181], and
subsequently developed in a vast literature, reviewed in [182]. The phenomenological importance
of these power-suppressed corrections cannot be understated: for example, they are crucial for a

precise determination of the strong coupling [13-17].

In the case of event shape distributions, denoted by do/de below, the situation is more subtle.
Such distributions peak in the two-jet region, which can be taken to correspond to e — 0, and
which is dominated by soft and collinear emissions; in this region, the distributions are typically
affected by enhanced power corrections of the form (A/(eQ))", associated with the emission of soft
gluons, as well as corrections scaling as (A2 / (eQQ))n, associated with hard collinear gluon emission.
We will refer to the first of these as ‘soft’ power corrections, and to the second ones as ‘collinear’
power corrections for the sake of brevity. When e ~ A/Q, which is typically close to the peak of
the distribution at least at LEP energies, all soft power corrections become equally important and
need to be resummed in order to get a stable prediction. At even smaller values of e, e ~ A?/Q?,

collinear power corrections become relevant as well.

An elegant and efficient method to handle simultaneously large perturbative logarithms (up
to NLL accuracy) and power corrections in the two-jet region is Dressed Gluon Exponentiation
(DGE) [49], which has already been applied to a variety of event shapes [50-52], as well as to other
important QCD observables [53-55]. DGE, aside from consistently including the NLL resummation
of Sudakov logarithms, provides a renormalon-based estimate of both soft and collinear power cor-
rections. Collinear power corrections have been shown to enjoy a degree of universality [50, 51, 54]
across several inclusive observables. When, however, this universality breaks down, as for example
in [52, 183], collinear power corrections can be very cumbersome to compute; furthermore, they only
become relevant at extremely small values of the event shape, usually out of experimental range, or

in a region where very few data points are available.

These facts suggest that it would be useful to construct a systematic approximation to DGE
which would suffice to capture all soft power corrections, while remaining simple to implement in
practice. In this chapter, we will introduce such an approximation, which essentially consists in com-
bining DGE with the eikonal approximation for the relevant matrix elements. We call the resulting
construction Eikonal Dressed gluon exponentiation or EDGE. The universality and simplicity of soft
emission can then be used to express soft power corrections to a large class of event shapes in terms
of a very simple integral, which reproduces known results for all event shapes for which soft power
corrections are known. This chapter is structured as follows: 3.2 briefly summarizes the essential
aspects of DGE, section 3.3 shows how to implement EDGE using energy fractions by taking ex-
amples from three very well known event shapes: thrust, C-parameter and angularities, section 3.4

describes the implementation of EDGE using the transverse momentum and the rapidity, in section
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3.5 we present Sudakov exponent and discuss power corrections.

3.2 Dressed Gluon Exponentiation

The starting point for DGE is the event shape distribution in the single dressed gluon approximation,
which is constructed from the one-loop real emission contribution to the event shape for a gluon
with virtuality k2 # 0. From this, one easily obtains [179] the (renormalon) resummation of quark

vacuum polarization corrections which dominates in the large Ny limit. One can write the result as

1 do 9 _ Cp [t dF(e€) 2
e, = —gr | e e, (32)
where 8y = 15Ca — ¢ Ny, £ = k*/Q?, and A(£Q?) is the large-53 running coupling (4 = Boc /) on

the time-like axis. In the MS scheme, it admits the Borel representation

LSINTU 5

oo

Q) = [ du(@/a?) R eug . (3:3)
0 U

The cornerstone of Eq. (3.2) is the characteristic function F(e, £), which is the one-loop event shape

distribution with a non-vanishing gluon virtuality k2 [181, 184],

F(e, &) = /d$1d$2M($1,$2»§)5(3_é(xlaﬂﬁzaf)) ) (3.4)

where x; are the customary energy fraction variables, M is the matrix element for the emission of
a gluon with k? # 0, and € is the explicit expression of the event shape in terms of the kinematic
variables. Interchanging the order of integrations in Eq. (3.2) we can construct a Borel representation

as
1do

——(e
o de

) = Cr / " du(Q2/A%) " Blesu) (3.5)

spa 2B

where the Borel function B(e,u) is defined by

Ble,u) = —Sh:r;f“e%u /0 e g—"df((i?f). (3.6)

The Borel function B(e,u) has a simple structure in the u plane, without renormalon singularities.
Renormalon poles are however generated when the single dressed gluon distribution is exponentiated

via a Laplace transform [49].

The additive property of the event shapes with respect to the multiple gluon emissions together
with the factorization of soft and collinear emissions from the hard part of the matrix element leads
to the exponentiation of the logarithmically enhanced terms in the Laplace space and the resummed
cross section is given by [50, 51],

1 do(e, Q?) Ctico gy,
= / — e”“explS(v, Q?)], (3.7)

C—ico 271

where C lies to the right of the singularities of the integrand. The Sudakov exponent has the form
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[185],

S(v,Q?) = /0 de 1dole, @) (e77¢ —1). (3.8)

o de ‘SDG

The Sudakov region e — 0 corresponds to v — oo. Using Eq. (3.5), the Sudakov exponent takes

the form

S(v,Q?) = % /000 du <5\2§) h B (u), (3.9)

where the Borel function in the Laplace space, B¢(u), is defined as

B (u) = /0 de B(e,u) (e77¢ —1). (3.10)

This exponentiation effectively resums both large Sudakov logarithms and power corrections in the

two-jet region.

3.3 Borel function using Eikonal Dressed Gluon Exponenti-

ation

In this article we undertake the calculation of the Borel function that was defined in Eq. (3.6) for
three very well known event shape variables: (a) the thrust [18-21], (b) the C-parameter [22-25]
and, (c) the angularities [26-28], and we propose a simplified version of the well-established method
of Dressed Gluon Exponentiation (DGE), which we call Eikonal DGE (EDGE), which determines
all dominant power corrections to event shapes by means of strikingly elementary calculations. We
believe our method can be generalized to hadronic event shapes and jet shapes of relevance for LHC
physics. There are two aspects to this simplification. First, as we will see in the later parts of this
article, we only need to work with the squared matrix element in the eikonal limit. Second, and
more importantly, the event shape definitions can be simplified (eikonalized) to significantly simplify
the computations, however, still capturing the dominant power corrections. The definition of thrust
is simple enough and does not require any eikonalization, however we will introduce the eikonalized
versions of C-parameter and angularities for the computation of their respective Borel functions.
As discussed above we need to construct the characteristic function F (e, §) for these three event
shape variables for the order «a; process v* — ggg. The color stripped squared matrix element after

removing the coupling is

@)@+ &€
M(xbeaE) - (1*1’1)(1*502) (1*LE1)2 (1 7112)2? (311)
where the energy fractions are defined by

xrp = To = T3
Q7 Q* Q?

Here k denotes the momentum of the off-shell gluon and, p; and ps are the momenta of the quark and
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anti-quark respectively. Momentum conservation ) = p;+po+k gives the constraint x1+zo+x3 = 2.
Figure (3.1) gives the Dalitz plot for this processes. In the soft gluon limit we approximate the

squared matrix element to,

2

Msoft(whl'%g) = m

(3.13)

Note that this is the same as what we would write in the soft gluon limit for the case of massless
gluon.
Next we will take the mentioned three shape variables in turn and construct eikonalized versions

of them and then compute the corresponding characteristic functions, and their Borel functions.

1
1€ 1 LT
I
B
P U
1—+€ - - ==X/
N [
NS
I N |
T/ N\ !
1+¢ N
v
T3
0 Q ,C > T2
1-E 1-¢

Figure 3.1: Dalitz plot showing phase space for v — ¢gg with off-shell gluon. The energy momentum
conservation condition x7 + x2 + x3 = 2 is satisfied throughout this z; — z2 plane and the actual
length along 23 axis is v/2 times the measured length. The collinear limit (when the gluon is collinear
to the quark) corresponds to 1 = 1 — &, o = 0, while the soft limit (when the gluon is soft to the
quark) corresponds to 1 = x2 = 1 — /€. The soft boundary of the phase space 1 —zo = /(1 — 1)
is denoted by the red curve.

3.3.1 Thrust

Thrust is one of the most studied event shapes and it has a historical connection with the determi-

nation of strong coupling constant as. It is defined as [20]

T = Max 721 p: - n|
n Zz E;

where p; denotes the 3-momentum of the i-th particle in the final state and n is a unit vector.

, (3.14)

In order to determine the range of T, we need to consider two extreme cases: a most spherical

configuration and a pencil like configuration. For a spherical configuration, T attains a minimum
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value 1/2 and for a pencil like configuration, T' attains a maximum value 1. Thus, thrust varies in
the range 1/2 < T < 1. For a three particles final state, the numerator in Eq. (3.14) is maximum
when n is along the direction of the largest p;. Thus, the thrust for all massless particles final state

is given by
T = Max{z1, T2, %3} (3.15)

In presence of a massive off-shell gluon in the final state, the definition of thrust needs some simple

modifications which was first given in [186] and has the form,

T:Max{xl,ajg,\/x%—élf}. (3.16)

Substituting in the definition Eq. (3.4) of the characteristic function, the squared matrix element
Eq. (3.13) and the definition of thrust Eq. (3.16), we obtain

F(T,€) = //d:c1 dxg(l_xlfﬂ(S (T—Max {xl,x27\/ﬂ}). (3.17)

When the radiated (dressed) gluon is soft, this integral receives contributions from the regions I and
IT as shown in Figure (3.1). Region I contributes when x; is the largest, and region II contributes
when z9 is the largest of z1, 9, /2% — 4¢. Naming these contributions as Fi(7,¢) and Fa(T,¢€)

respectively, we have

F(T.€) ~ Fi(T.€) + FolT.€), (3.18)
where

1I£;T

f1<T,§)=/2 — R
—T—./ 2+
IIE;T

FoT,€) = /2 et M T, (3.19)
T 2+

Note that the integrals F; and F» are same due to the symmetry of M(z1, 22, ) under interchange
of x1 and 5. The limits of the integration are determined by the boundary of the phase space shown

in red in the Figure (3.1). The characteristic function immediately evaluates to

F(t.€) = jlog< ) (3.20)

t(q—1)
where t =1 — T and ¢ = /T? + 4¢. Now, using Eqgs. (3.6) and (3.20) the Borel function for the
thrust takes the form,

Adsinul su

t
B(t,u) = —— e’ th—u-ldg, (3.21)
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where the lower limit is determined using the collinear gluon boundary conditions, z; = 1 — £,
2o = 0 and the upper limit is determined from the soft gluon boundary condition z; = x5 = 1 — /€.

Evaluating the integral we immediately obtain

sin Tu su 4 1 1 1

this agrees with the leading singular terms of the same function presented in [185]. Thus, it is possible

to calculate the leading singular terms in F (¢,€) and B(t,u) using the eikonal matrix element.

3.3.2 (-parameter

The C-parameter was originally defined in [22, 25] using the eigenvalues of the matrix

Poc p/j)

p@|

Oop = > |pm| Z (3.23)

where pg) are the spatial component of the momentum of i-th particle. If the eigenvalues of the

above matrix are denoted by A1, A2 and Ag, then the C-parameter is given by
C = 3(/\1)\2 4+ AoA3 + )\1)\3). (324)

This can be cast into a Lorentz invariant form

) N2
3 (p® - p)
C=3-°>N"_+ ~ J 3.25

2%:(1?(’)-61)(1?(3)-61) (3.25)

where p( denotes the four momentum of the i-th particle and ¢ denotes the total four-momentum.
C takes a minimum value 0 for a two-jet event and C' attains a maximum value 1 for a spherical
event. If, however, the final state has a planar configuration the largest value that the parameter
can attain is 3/4. This upper limit also applies for the case of 3-body final state that concerns us.
The above expression of the C-parameter and its rescaled version can be written down using the
energy fractions and the virtuality of the off-shell gluon.

C_ (A—a)( —xo)(w1 + a2 —1426) - &

= — = . 3.26
=% x129(2 — 21 — T3) ( )

Now, we define the eikonalized version of the c-parameter

(1 — Il)(l — IQ)
(1—$1)+(1 —{EQ),

Ceik(T1,T2) = (3.27)
which coincides with the above definition in the soft gluon limit. Note that c;; is not a function
of the virtuality £&. We will use cg;; to calculate the characteristic function for C-parameter; it is
convenient to change variables from z; and zg into y = 2 — 1 — z3 and z = (1 — z2)/y. In these

new variables ¢.ik(y, z) = yz(1 — z). The characteristic function (Eq. (3.4)) in this limit takes the
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form,

F = /dy dz Yy Msoft(y; 275) 6(Ceik(yvz) - C)v (328)

where,

2

Msoft(yv 2 E) - m

(3.29)
The symmetry of M under ;1 <+ x2 appears as symmetry under z — 1 — z. In order to perform the
integral in Eq. (3.28), it is required to determine the limits of the z-integration using the boundary
of the soft region that is given by zo = (1 — & — x1)/(1 — x1). The integral in Eq. (3.28) has an

explicit form,

1+¢ 1-4¢/y? 9 1 -
F = / dy/ dz 5z — 21) + 6(z — 29)). .
o imagse 2= 2)y /T —defy <( 1) +6( 2))

where

1 1 1 1
z1:§—|—§ 1—4c¢/y and zQ:§—§\/1—4C/y. (3.31)

This integral has a symmetry under z <+ (1 — z) interchange, therefore the integral over z equals
twice the integral between z = 1/2 and the upper limit in Eq. (3.30), where only the d(z — 21) is

relevant. The condition z < % + %\/1 — 4¢/y? implies that y > £/c. With this the integral in Eq.
(3.30) takes the form

4 (M 1
F= 7/ dy —————. (3.32)
€ Je

Je yy/1—4c/y

Evidently, it is only the lower limit of the integration that gives rise to singular contribution in the
& — 0 limit. As we are only interested in the derivative of F, we get, without even evaluating the

integral

ar 4 V&
e~ e Jisi

Contrast this to the computation of dF/d{ presented in [51] where the computation proceeds with

(3.33)

the full definition of the c-parameter. In that paper the authors had to deal with the complicated
elliptic integrals and had to carefully consider small ¢ and small £ limits. These complications are
completely absent in our method.

Now we are in the position to compute the Borel function B(c, ) for the c-parameter. We have
to substitute dF/d¢ into Eq. (3.5),

. c
dsinmul su [T-¢ 5 v
3

—e
™ C 42 ,/ g 402

where the lower limit in the above integral is determined using ;7 = o = 1 — /€ (soft limit),

B(e,u) = (3.34)

and the upper limit is determined using z1 = 1 — &, 2 = 0 (collinear limit). We are interested
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in the logarithmically enhanced terms, thus we can replace the upper limit of the integration by
¢/(1 —¢) = ¢. Carrying out the integral yields the Borel function
sinTu su 1 1 /7l(w) 1

B =4 5 - —. )
(c,u) A LR et s 1 o (3.35)

Our result agrees with the soft contribution of the same function presented in [51]. We conclude
thus, that the leading singular terms in F(c, ) and B(c,§) can be captured with significant ease if

we use the eikonal version ce;; that we have introduced for the c-parameter.

3.3.3 Angularities

As a demonstration of the wide applicability of our method we consider one more event shape
variable — the angularities. Angularities are novel observables that allow us to transform between
recoil-insensitive to recoil-sensitive observables in a continuous manner. Angularities were first

introduced almost twenty years ago in [26-28] and they were defined as
1 : a —a
Ty = 0 ZEi(smei) (1 —|cos ;) (3.36)

where 6; is the angle made by i-th particle with the thrust axis, E; is the energy of the particle ¢
and a is a continuous parameter. The thrust axis is defined as the axis with respect to which Eq.
(3.36) is minimized at a = 0. One can easily realize that angularities with a = 0 corresponds to
1 — T, where T is the thrust, while a = 1 refers to jet broadening [187]. The continuous parameter
a has a range —oo < a < 2, where the upper limit on « is fixed by infrared safety. In terms of z;

and & angularities were defined in [52] as,
_i . 1—a/2 o _ ¢\1—a/2 o a/2
rali22,€) === (1= )2 (L= 0 = 121 +02 —~ 1+)

+ (1= — )2y + a5 — 1+ )2, (3.37)

where, thrust axis is considered along p; (quark momentum). As we did for the c-parameter we

introduce an eikonal version of the angularities:

ek (@1, 22,8) = (1 — 21)' 72 (1 — 0) /2. (3.38)

a

Now, Using Eq. (3.4) and (3.13) the characteristics function takes the form,

2

= Teik 1, T 7). .
(1—x1)(1—x2)5(a (21,,€) = 7a) (3.39)

]‘—:/dl‘ldl‘g

It is straight-forward to perform the z; integration to obtain

F = 74 a) /d.’lﬁg 1 (340)

171’2.

We determine the upper limit of this integration using the soft boundary 1 —xzo = £/(1 — 7). As

shown in [52], the lower limit of this integration does not contribute to the logarithmically enhanced
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terms. The upper limit of the integration is

- <£1_3> 11(1.
Ta

We finally have the characteristics function

Flra§) =~ 1=

To1l—a

logé€. (3.41)

Taking the derivative with respect to £ and substituting in Eq. (3.6) we get the Borel function

2

2—a

4si 11 s [
B(rg,u) = 202~ 0% dg €71, (3.42)

™ l—aT, -2
a

where the limits are determined using the collinear and soft gluon boundary conditions mentioned

in Figure (3.1). Upon performing the integration in Eq. (3.42) we obtain

u

B(7a,u) = (3.43)

ou T 2w
7-{1 Ta2—a

sin Tu 3 4 11 1 1
e il
T l—auT, ’

which agrees with the soft contribution of the same function presented in [52]. We have, thus
obtained, the leading singular terms in F(7,,£) and B(7,,§), which are responsible for power
corrections by considering the eikonal matrix element and the eikonal version of the angularities

Telk'

1% (11, X2, €) which again substantially simplifies the computation.

3.4 Borel function using Eikonal Dressed Gluon Exponenti-

ation in the light-cone variables

In this section, we will follow the same steps of Sec. (3.3) and calculate Borel function for thrust,
C-parameter and angularities using a different set of kinematic variables. Instead of the energy
fractions that we used in the previous section we would employ the transverse momentum k; and
rapidity y of the massive eikonal gluon. In the soft gluon approximation, a number of event shapes
for massless particles were defined in [188, 189]. We will consider a class of event shapes which, for

massive soft gluon emission, can be written as

k3 + k2

e(k, Q) = o

he(y) , (3.44)
where k; and y denote transverse momentum of the gluon and pseudo-rapidity measured with
respect to the thrust axis respectively. The function h.(y) characterizes the given event shape.
Some of the approximations described below apply to more general event shapes as well, but the
results are especially simple for those which can be cast in the form of Eq. (3.44).

The contribution from the emission of a soft off-shell gluon can easily be computed applying the
eikonal approximation to the vertex for the emission from the hard parton. Since off-shell soft-gluon

phase space factorizes [49] from the hard partons, and also the matrix element factorizes, the soft
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cross section takes on a simple and universal form,

1 4
1

do

g

The characteristic function is also then given, in the soft limit, by a simple and universal expression
2
2 _ (12 12
Fle, &) = /dwy m(s (e —e (K K2 ,y)) . (3.46)
which integrates to the remarkably simple form,

F(e,§) = §/ o dy (3.47)

e

where the only information on the chosen observable is the phase space boundary given by the

minimum rapidity ymin. The upper limit of integration is not relevant, since it does not give any

singular contributions in the £ — 0 limit, which is the only significant limit for power corrections.
Up to now, we have kept the discussion generic, for any shape belonging to the class given in

Eq. (3.44). Let us now illustrate the results by looking at some specific examples.

3.4.1 Thrust

The thrust for a generic process is defined in Eq. (3.15). In the two jet events all event shape
variables that we consider tends to 0, except thrust which tends to 1. Thus, it is convenient to

define t =1 — T'. In the soft gluon approximation, thrust in terms of the k£, and rapidity y is given

by [188]
_ 1 2 2 oyl
t=—\/k2 + k2 el (3.48)

Note that, for our case the gluon is massive and k2 # 0. In order to perform the integral in Eq. (3.47),
we need to determine the lower limit of the rapidity. The lower limit of rapidity y is determined by

putting k; = 0 in Eq. (3.48), thus minimum rapidity is given by,

Ymin = In (1\/5) (3.49)

t

Now, using Eq. (3.47) and (3.49) the characteristics function has the form,

8, (V¢

= ——log(—>). 3.50
F=Siog( %) (3.50)
The Borel function B(t,u) is then given by
sintu 5,41 | 1 1
B(t,u) = Y | — — — 3.51
( ,U) U € wt |:t2u tu:| ’ ( )

which is in well agreement with the soft approximated version of the characteristics function and

Borel function presented in [185].
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3.4.2 (-parameter

The C-parameter for a generic process is defined in Eq. (3.3.2). The C-parameter in the soft
approximation and expressed using k; and y is given by [188]
C 1 5 1

= — = — kQ
c= 50 +k

. 3.52
L cosh y ( )

As for the case of thrust we determine the lower limit of rapidity by putting £, = 0 and obtain

Yanin = cosh ™ (\/E/Qc)) . (3.53)

Now, substituting ymin in Eq. (3.47) we obtain the characteristic function in the soft gluon limit:

F = f§cosh_1 <\/g> (3.54)
c 2c
This yields the Borel function
sinmu 11 1 /7l(u) 1
B =4 P32 - — — 3.55
(c,u) — e [(20)2u P+ 1) uc“} (3.55)

in full agreement with the soft contribution to the same function in [51]. Notice that, while collinear
effects present in [51] are not properly reproduced, as expected, the cancellation of the pole at u = 0,

which is a consequence of the IR safety of the event shape, is preserved.

3.4.3 Angularities

In the soft gluon limit, angularities takes the form [188, 189],

1
_ = 2 2 ,—lyl(1-a)
=gy e , (3.56)

and the minimum rapidity is given by

Yorin = — ln(i\/E). (3.57)

1—a Ta
Now, using Eq. (3.47), one easily finds
d¢ 1—a 78" '
The Borel function B(7,,u) is then given by
i 5 4 11 1 1
B(7q,u) = ST Gu —— [2 - 21] ) (3.59)
™ l—aur, |72¢ .

again in agreement with the soft contribution to the results of [52], and reproducing, in the limit
a — 0, the results for thrust of Ref. [50].
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3.5 The Sudakov exponent

In this section, we will describe the computation of Sudakov exponent for thrust. Similar conclusions
hold true for the other two shape variables as well that we have considered in this article. We can
calculate the Borel function in the Laplace space B! (u) in the eikonal limit using B(t,u) that we

wrote above in Eq. (3.22), we obtain,

; 4 i su 1 1 1
Blt/,elk (u) = sin mu o - |:(y2“’7(_2u7 v)+ 2u> — (y"fy(—u, v)+ u>:|7 (3.60)

U

where, we have used

1

dt 1

/ = elosy (et — 1) = py(—u,v) + —, (3.61)
o t u

and y(—u,v) = I'(—u) — I'(—u,v). In the Sudakov region (v — o0), we can replace y(—u,v) by

I'(—u,v). Retaining only the logarithmically enhanced terms (powers of log v), in the small u limit

B! (u) takes the form,

BLek(y) — 9 Fu STY {F(Qu) <y2“ - 1> 2 p(-w) <y“ - 1) 2} . (3.62)

™™u u u

The first term inside the square brackets corresponds to large-angle soft gluon emissions and the sec-
ond term to collinear gluon emissions. Note that this expression is free from any v = 0 singularities.
There are two sources of the poles in this expression: I'(—2u) has poles for all positive integers and
half-integers, and I'(—u) has poles for all positive integers. However, the pre-factor sin wu regulates
the poles at the integer values of u. Thus, B; % has renormalon poles only at half-integer values of

U.
We will now compare our result with the full result for B! presented in [51, 185] which is given

by,

54, SIMTTU

B (u) = 2e3

I'(—2u) (v** —1) % —[(—u) (v* —1) (2 TN )] . (3.63)

™ u l1l—u 2-—u

Note the poles at u = 1 and u = 2 which are absent in the collinear term of our eikonalized B% ek (u).
We further notice that no spurious renormalon poles are present in the eikonalized version. Recall
that, for thrust approximation was done only for the matrix element and not for the definition of
the variable. To show that our eikonal versions of the shape variables do not spoil the above feature

we present the results for the c-parameter. The eikonal version and full result [51] are as follows:

Beeik(u) = 2 Sh;;rue‘%“ {F(2u)(y2“ - 1)21%% - %F(fu)(uu ~ 1)}, (3.64)
. B sinﬂu%u —ou) (12 — _ou VTL(u)
By (u) =2 P [F( 2u) (v — 1) 217 I(5 +u)

u 1l—u 2-—u

() (" — 1) (2+ Lt )} . (3.65)

Again, no spurious poles are introduced. As expected, the EDGE does not reproduce the collinear
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renormalon singularities as it cannot capture the hard-collinear emissions correctly.

The perturbative coefficients of the Sudakov exponent in the large-f3; limit can be determined by
expanding B! (u) in powers of u and replacing u™ by n!/(Byas/m)" 1. We notice that the large-angle
soft gluon emission terms — the coefficient of I'(—2u), are identical in the eikonalized and full versions
of the Borel function in the Laplace space. This implies that the leading logs — the terms of the form
L"t1a” where L = log v , will be the same between the two. The differences in the sub-leading
logarithms appear due to the absence of the u = 1 and uw = 2 poles in the collinear terms. We will
now expand the two functions to the first few orders to demonstrate the matching of the LL terms

and the discrepancy in the sub-leading logarithms. The expansion of the full result gives,

B! (u) = —2L* +0.691 L
+ (—2L° —5.297L* — 6485 L) u
+ (-1.167L* — 5.527 L* — 14.491 L* — 31.655 L) v’
+ (—0.5L° —3.262 L* — 12.329 L* — 39.003 L* — 80.940 L) *
+ (—0.172 L% — 1.405 L° — 6.832 L* — 28.452 L — 87.21 L* — 175.80 L) u* (3.66)
+0(u’) +

whereas, the expansion of the eikonal result gives,

Bbek(y) =—2L%-231L

(—2L% —-6.79L* —15.71 L) u

(=1.167 L* — 6.02 L — 19.10 L? — 44.59 L) u*

(—0.5L% —3.38 L* —13.86 L* — 45.47L? — 93.66 L) u®

(—0.172 L% — 1.429 L° — 7.216 L* — 30.61 L® — 93.57 L* — 187.395 L) u* (3.67)
o

(u”) +

+++++

As expected, the leading logarithms are appearing correctly in the eikonal approximated version of
the Borel function in the Laplace space. We observe that the differences in NLL and NNLL terms

between B! and B%°k are decreasing as we go higher order in u.

Let us now discuss the power corrections. The Sudakov exponent is an integral over w and the
poles of B! that occur on the real u-axis make it an ill defined integral. The integral can be defined
by shifting the poles above or below the axis or equivalently indenting the contour below or above
the poles. This however, introduces an ambiguity that is proportional to the residue of the poles.
The poles of B!, that occur at u = m/2, where m is an odd integer give the ambiguity [51] originating
from the large-angle soft gluon emissions. From Eq. (3.9) we see that the ambiguity would be of the
form (Av/Q)™ which implies the existence of non-perturbative power corrections of the same form.
In Table (3.1) we present the residues of poles at u = m/2 arising from B%*¥(u) which contribute
to the soft power corrections. The full result B! (u) also has poles at u = 1 and u = 2 which give
indications to the size of the collinear power corrections whereas these are absent in B%¢¥(u). Thus,

1

the collinear power corrections exist only for v and v?, and using the full expression for B! (u) we

find that they are given by —2(%)2 and —% (%)4 respectively. Note that, in the calculation of the

residues for the collinear terms we have ignored the O(1) factor Cr/28y. We see, thus, that the
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residue of the collinear power correction is suppressed by A/Q as compared to the soft correction
for v! term. For example at the LEP where @ = 209 Gev and A = 200 es Mev, the ratio of the size
of the collinear correction to the soft correction for v! is approximately —0.0017. Thus, at colliders
like LEP, the soft power corrections are more important as compared to the collinear corrections.
As pointed out in [185], the dominant power correction arising from the residue at v = 1/2 is
proportional to v and thus generates a shift in the resummed cross-section.

For the other event shapes considered in this article one can calculate the Borel function in
Laplace space using EDGE. It remains true that soft power corrections are dominant over the

collinear corrections for all the event shapes considered in this paper.

Correction Residue
A
Vl 48 @K .
v? — 5 Q )5
7| hG)
v - 30§70 (%)

Table 3.1: The size of the residues of renormalon singularities for soft power corrections. The
numbers quoted are 7 times the residue and A = A e>/®. We ignore here the O(1) factor Cr /28, in
Eq. (3.9).

3.6 Conclusions

In this work, we have introduced Eikonal Dressed Gluon Exponentiation which is a combination
of Dressed Gluon Exponentiation and Eikonal approximation. Using our method, we have demon-
strated for several event shapes at eTe™ colliders that the leading singular contributions for the
respective Borel functions in the single dressed gluon approximation are produced with remarkably
simple calculations. It is straightforward to construct the Sudakov exponent in the large-5y limit for
the power corrections using the procedure presented in [49, 186]. This exponentiation effectively
resums both the large Sudakov logarithms and the power corrections. We observe that EDGE does
not introduce any spurious renormalons and correctly produces the dominant power corrections
originating from soft emissions.

We have shown that in order to accurately capture the leading singular terms of the characteristic
function F(e, &) and Borel function B(e, &) for an event shape variable e, it is sufficient to use the
eikonal squared matrix element M, together with the eikonal version of the event shape variable.
Typically the shape variables such as C-parameter and angularities have complicated expressions
especially so when the final state gluon is off the mass shell. We have demonstrated that the
simplification of the computations is achieved, both when one uses the energy fractions as the
variables, and also when we uses light-cone variables to parameterize the phase space of the eikonal
dressed gluon. When using the latter variables, we observe that the minimum value of rapidity ¥min
is the source of the leading singular terms in F(e,&). We believe that this method is sufficiently
simple and flexible to be implemented also in the more intricate environment of hadron collisions,

where hadronic event shapes and jet shapes provide important tools for QCD analyses.
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Chapter 4

Conclusions and Future directions

Resummation is a well-known method to obtain precise theoretical predictions for several relevant
physical quantities in the present and future colliders. The method of resummation is crucially
based on the concept of factorization of Infrared singularities from hard (finite) part of a scattering
amplitude and cross-section. In this thesis we have studied resummed pr distribution for pseudo-

scalar Higgs bosons and power corrections of event shape variables.

Resummed p; distribution for pseudo-scalar Higgs bosons

We have studied the resummed pr distribution for pseudo-scalar Higgs bosons at the LHC for both
the centre-of-mass energy 13 TeV and 14 TeV at next-to-next-to-leading logarithmic accuracy by
matching the resummed curve with approximated fixed order next-to-next-to-leading order result.
Our results show a significant reduction in sensitivity to the choices of resummation, renormal-
ization and factorization scales that are artefact of the perturbation theory. In our work, we also
studied the uncertainty due to different choices of parton density sets. These results provide us with
precise estimate for the distribution especially in the region around 15 GeV where the cross-section
is large and the fixed order results are completely unreliable due to the breakdown of fixed order

perturbation series.

Power corrections of event shape variables

We have introduced Eikonal Dressed Gluon Exponentiation by combining Dressed Gluon Exponen-
tiation [49] and Eikonal approximation. As an application of our method, we have calculated the
leading singular contributions of the characteristic function and their respective Borel functions for
the event shapes in the single dressed gluon approximation for ete™ collider. Our method greatly
simplifies the calculations of the leading singular contributions. We have shown that this simplifica-
tion in the calculation happens while using both the energy fractions and the light-cone variables.
We have also observed that while using light-cone variables, the minimum value of rapidity is the
source of leading singular terms.

It is straightforward to construct the Sudakov exponent in the large-£y limit for the power
corrections using the procedure presented in [49, 186]. This exponentiation effectively resums both

the large Sudakov logarithms and the power corrections. We observe that EDGE does not introduce
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any spurious renormalons and correctly produces the dominant power corrections originating from
soft emissions.

We believe that this method is sufficiently simple and flexible to be implemented also in the
more intricate environment of hadron collisions, where hadronic event shapes and jet shapes provide

important tools for QCD analyses.
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Appendix A

Useful Relations needed for this

thesis

A.1 Feynman Rules

Feynman rules are like cornerstone of theoretical QFT. We need results from the theory side, which
can be derived using Feynman rules, in order to forecast and match experimental data. In the

Figure (A.1) all momenta are incoming and at each vertex momentum is conserved.

fermion propagator : 27
P—m+e
s
9" + (1= &Pk
gluon propagator : —1 SR P 5ab
p° + 1€
iaab
host tor : ——
ghost propagator P
quark gluon vertex : iG55
ghost gluon vertex : —gs foept
3 gluon vertex : s S 9" (k — p)?
+977(p = @) + 9" (g - k)]
4 gluon vertex : —ig2 [f*f% (979" — g"7g"")

+ facefbde (gp,ugpo' o guagl/p)
4 fadefbce (guugpa _ gupgua)]
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i fermion propagator

Yy

gluon propagator

p
qj
p
quark gluon vertex
M a
qi s a
k
v;b 3 gluon vertex
D q
p; ¢
ia vy b
4 gluon vertex
p;c o;d
b R a ghost propagator
p
b
) p
‘.
/m w;a  ghost gluon vertex

O

Figure A.1: QCD Feynman rules
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A.2 Relations between Gamma Matrices

In d dimensions,

gl“jg,uu =d
{77} = 29" (A1)
trjl] =d

In d = 4 — ¢ dimensions,

YA Y = —(2 =€)y
VYAV = 49" — exty? (A.2)
YA AN = =297y + ey

For d = 4 — 2¢ dimensions, just replace € by 2¢

A.3 Trace Technology

(07"u)" = ul (7)1 (7)o = ulf (37) 170 = uly 90 = ayv
(07" 92 u)" = a2yt

(uS”ave )* = vSH%ue,

Zu =p+m (A.3)
Z =p-m

p,yu — 2pu _ ,yup

A.4 Casimir Invariants of SU(N)

In QCD, we generally talk about only the two most valuable representations, namely fundamental
and adjoint representations. The lowest non-trivial representation is called fundamental represen-
tation. For SU(N) fundamental representation is presented by (N x N) matrices but for adjoint
representation matrices are ((N? —1) x (N2 —1)). Both representations are basis-dependent, but we
can also represent basis-independently through the introduction of Casimirs. Casimir operators are
those which commute with other generators of the group. According to the Schur’s lemma Casimir

operators should be proportional to Identity. For, SU(N) group, we define,

=N TETE = Ca(R) 1 (A4)
In any representation the generators can be chosen so that,

tr[TETH = T(R) 6°° (A5)
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where T(R) is the index of the representation. For fundamental representation, Tr = 1/2 and for

adjoint representation, T4 = N. Now set a = b and sum over a is implicit then,
d(R) C2(R) = T(R) d(G) , (A.6)

where, d(R) is the dimension of the representation, for example d (fund)= N and d (adj)= N? — 1
and d(G) is the dimension of the group; number of group generators for SU(N) group is d (SU(N))=
N? — 1. So, casimir for the fundamental representation, Cr = (N? — 1)/2N and for the adjoint

representation, C4 = N.
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Appendix B

Proof of some relations used in the

main section

B.1 Proof of the eikonal identity regarding soft photon emis-

sions

If n photons are coming out from an outgoing electron line with momenta ki, .....,k, ( see Fig-
ure (1.7)) , there will be n! permutations possible. Let II indicate one such permutation where II(4)
is the number between 1 and n to which 7 is assigned. Using this notation as a guide we will prove

the following identity (see [67], for example).

1 1 1
%1: p-knqyp- (kngy +kne) 2o (knay +kne) + -+ k)
permutations

111 1
p-kip-kop-ks  pky

Let’s check the above formula for n = 2
> 1
= P knay - (knay + ko)
1 1 L1 1
p-kip-(k1+ks) p-kap-(ka+Fk1)

o [ Lo, }
p-(k1+ko) [p-k1 p-ko

_ 1 p-ka+p-k
p-(ky+k2) (p-ki)(p-ka)
1
p-kip-ko

we notice that the last factor for any n is always same for every permutation II. For n = 2 this

factor
1

p- (k1 + k2) (B
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So, we can write the L.H.S of the formula as follows

1 1 1
L.HS =
all permutationsIl p- kH(l) p- (kH(l) + kH(2)) b (kn(l) + kH(Q) +ot kH(n))
R 1 1 1
T peyk ; HX(;) p-koay - (knay +koe) P (Boay + koe) + - + koge-1))
where,

n

Y = (B.2)
II

i=1 I (i)

IT'(4) is the set of all permutations except .

1 & 1 1 1 1 1
L.HS = B.3
p~2k;p-k1p-kz prkicip-kiyn pekn (B3)
write down explicitly,
1 1 1
L.H.S = + 4+
p~Zk[(p'kz)(p~k3)~~(p-kn) (p-ki)(p-ks) - (p-kn)
+ ! + ! ]
(p-k1)(p-ka)(p-ks) - (p-kic1)(p-kiv1) - (p-kn)  (P-k)p-k2) - (P kn-1)
If we now multiply and divide each term in this sum by (p - k;) we will have
1 p-ky D - ko
L.HS = + 4.
p-Zk{(p-kQ)(p-ka)-“(p-kn) (p-k)(p-ks)--(p-kn)
n Pk + P kn ]
(P k)P k2)(p-k3)ee(p ki) (P Kiv1) (P k) (P-k1)(p-k2) - (P Kn1)
_ 1 [(p-kl)+(p-kz)+-~-+(p~kn)
p-2k i (p - ki)
_ 1 p >k
p- 2 kIL(p- ki)
_ 1
i(p - ki)
1 1 1 1
(B.4)

T pkip kap-ks  p-kn

B.2 Borel Summation and Renormalons

In perturbative QCD observables are expanded in series with the strong coupling constant as expan-
sion parameter. In general, perturbative series are divergent and, at best, asymptotic. We can try
to give a value to the sum of a divergent series in various ways whenever we come across one. Here,

we will concentrate on the Borel summation method. Let us pretend that R is a divergent series.

R~ Z rna?"'_l (B5)
n=0
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The series diverges as 7, ~ n! when n — co. The Borel transform of R is defined as

oo un
B[R](u) = Z Tn v (B.6)
n=0
We can define the Borel integral as
E:/ due"/* B[R] (u) (B.7)
0

Next we show that R has the same series expansion of R

E:/ due—"/* B[R] (u)
0
= due ™/ rnu—n
/0 nz:;) n!
S o)
= Za?“/ due™"u"
n=0 0

0o oo
- Z EO‘SJFIF(nJr 1)

n=0

= Zrna;}“ (B.8)

If R exists, we say that Borel sum of R exists.

Let us consider the gauge invariant observables R and subtract the tree level contribution from it.

n+1

n+L where ro originates from diagrams with a

(&)
So, the higher order corrections look like > r,a
n=0
single gluon line. The coefficients r,, are polynomials in ny [190].

Tn =Tpo + Tniny + -+ Tnnn? . (Bg)

The set of bubble diagrams give the coefficient 7,, with largest power of ny. The renormalized

fermion loop is defined as follows
2 k?
H(k ) = —ﬁof()és [ln <—M2) + C:| 5 (B].O)

with a scheme dependent constant C, in the M S scheme C' = —5/3. By is the fermion contribution

to the one-loop 8 function [191]. Let us define Borel transform by
Tn —-n _n
BIR](u) :ZH(—ﬁof) u” . (B.11)
This Borel transform can be used as a generating function for perturbative coeflicients:

L, dn
d’U,”

Tn = (_BOf)

BIR)(w)| =0. (B.12)

u
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Figure B.1: Bubble chain diagram where we can see fermion loop insertion into a single gluon line
which leads to renormalon

In order to evaluate B [Hﬁi(kz)} we first expand the following

Qs Qs

L+II(R2) BorasIn (—z—iec)

k2 k2
= a, [1 + BoyasIn <_u260) + (Bog)*al In? (—Ngec) +-- ] : (B.13)
once we have the above expansion we can immediately identify
T = PosIn | ——e . (B.14)
0
Using Eq. (B.11) we can now do the Borel summation

BosIn (—,]%ZeC) (

BIR)(w) = 37— (o)
= exp lln (—ﬁzec> “]
_ <_l’i60> - (B.15)
The following relations are used to calculate the Borel transform of bubble graphs [191]
o) - () (210
2 . 2 —u
B[y = () (317
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