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A B S T R A C T

Double sided incremental forming (DSIF) has potential to form complex three-dimensional sheet metal com-
ponents without using component specific tooling. Forming tool deflection and sheet spring-back are significant
factors contributing to the geometrical inaccuracy of DSIF components. Numerical prediction and experimental
measurement of sheet spring-back is time consuming. In addition, available analytical methods to predict and
compensate sheet spring-back uses theory of small deflections by neglecting the membrane effects. With increase
in sheet deflection beyond its thickness, membrane forces experienced by the middle plane of sheet due to
stretching significantly resists the applied transverse load. In the present work, combination of small deflection
and membrane theories are used to predict and compensate sheet deflections, so that a single methodology can
be used for small as well as large components. Proposed methodology is validated using experimental and
numerical predictions and they are in very good agreement. Two geometries (axisymmetric, free form compo-
nents) with different component openings are formed to validate the proposed predictive methodology. Results
indicate there is significant improvement (maximum error is less than 800 µm) in accuracy of components
formed using compensated tool paths developed using proposed model. In addition, support tool maintained
contact with component throughout forming (maximum force on the support tool is less than 60 N).

1. Introduction

Incremental sheet forming (ISF) is a die-less forming process that
uses hemispherical/spherical or other shaped ended tools to form the
sheet progressively by a series of local deformations. Capabilities and
challenges of ISF process have been summarized by various researchers
[1–12]. Double sided incremental forming (DSIF) process is the most
flexible variant of ISF processes. DSIF uses two tools, at any instant one
tool will be forming the geometry while other provides local support
[2,9,13]. Two tools can swap their roles depending on the geometric
characteristics of the shape being formed. This process not only gives
the flexibility to form features on both sides of sheet but also reduces/
eliminates the unwanted bending at component opening. However,
continuous spring-back of sheet during forming and also forming tool
deflection (Fig. 1) will result in less accurate component [1,5,10,14].
Various researchers have tried to improve the accuracy of ISF compo-
nents either by applying compensations for errors or using different
forming strategies. Compensation methodologies are based on experi-
mental measurements [14–18], analytical predictions [19–23] and

regression model obtained using numerically predicted force–deflection
data [24]. Forming strategies include local heating in deformation zone
[25,26], squeezing tool path in DSIF [13,27–29], in-to-out tool path in
Accumulated DSIF [30,31].

Ambrogio et al. [14] studied the effect of tool diameter and incre-
mental depth on geometrical accuracy in single point incremental
forming (SPIF) of a truncated pyramid component having opening size
of 163 mm. They showed that elastic spring-back of sheet and bending
at component opening (in the absence of backing plate) are the major
causes for geometrical inaccuracies. Hirt et al. [15] proposed an ex-
perimental method to improve geometrical accuracy of SPIF compo-
nents. They formed a truncated pyramid of 180 mm opening size and
measured its geometry using coordinate measuring machine. The de-
viations at measured locations to that of corresponding target geometry
are used to correct the tool path. They reported that the maximum
deviation of measured profile to that of ideal profile is reduced from
2.5 mm to 1.5 mm by using corrected tool path. Ambrogio et al. [16]
studied the effect of process (incremental depth, tool diameter) and
geometrical parameters (wall angle, depth of component, thickness of
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sheet material) on the profile deviation of a truncated pyramid com-
ponent having opening size of 100 mm. A regression model is developed
by them to obtain the errors as a function of process and geometric
parameters. Behera et al. [17] proposed a tool path compensation
strategy to improve geometrical accuracy of SPIF components using
multivariate adaptive regression splines (MARS) model. The MARS
model was trained using the error between measured and ideal CAD
geometry for several patch interactions (planar, ribs, free-form).
Trained MARS engine is used to sequence the patches and adjust the
CAD model which is used for tool path generation. Maximum deviation
of the pyramid component (opening size of 150 mm) formed using
compensated tool path was 1 mm. Allwood et al. [18] demonstrated a
closed loop control strategy using spatial impulse responses to enhance

the accuracy in SPIF with feedback provided by a stereo-vision camera.
Weibull distribution curve was developed to predict the spatial im-
pulses using the error between measured and ideal profiles. For a
conical geometry having component opening of 120 mm formed using
closed loop control strategy and reduced the absolute error from
2.5 mm to 0.2 mm. Asghar et al. [19] developed a mechanics based
methodology to predict and compensate sheet and tool deflections in
SPIF and validated it for different geometries namely truncated cone,
varying wall angle cone and free-form geometry. For a conical com-
ponent of 60° wall angle and component opening of 70 mm, maximum
profile deviation is reduced from 1.2 mm to 0.3 mm by using compen-
sated tool path. For a varying wall angle component, maximum profile
deviation reduced from 1.5 mm to 0.6 mm by using compensated tool
path. However, their sheet deflection prediction methodology is valid
only when deflections are small compared to sheet thickness. Duflou
et al. [25,26] used local heating in deformation zone to reduce forming
forces and spring-back to enhance accuracy of SPIF components. They
reported that maximum profile deviation in the case of a conical
component of 40° wall angle (opening size of 160 mm) is reduced from
3.5 mm to 1.5 mm by using local heating strategy.

In SPIF process, bending of sheet between fixture and component
opening takes place due to absence of support. To avoid bending at
component opening, Yoshikawa et al. [32] used two tools for per-
forming incremental forming. A large flat ended tool is moved along the
component opening to provide support and small spherical tool is used
to form the geometry. Reddy et al. [33] used two tools moving in
synchronized manner to form components having features on either
side of sheet. At any instant one tool will be forming the geometry while
other provides local support. Meier et al. [13] used two robot arms to
perform DSIF process. They used position control for forming tool and
position as well as force control for support tool to ensure continuous
contact. Vision-based 3D surface scanner was employed to estimate

Fig. 1. Schematic showing the forming tool deflection due to radial force (Fr)
and sheet spring-back after tool retraction (Fz : axial force).

Fig. 2. (a) Tool configuration, (b) schematic showing the material movement to predict deformed sheet thickness [39], (c) tool coordinate system and principal
directions, and (d) schematic showing the tool-sheet contact area calculation [40].
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deviations from the ideal profile and to modify tool path to enhance the
accuracy. Profile deviation in the wall region of a truncated cone of
opening 90 mm and depth of 40 mm has reduced from 1.5 mm to
0.25 mm by using modified tool path. However, deviation of 0.5 mm to
1.0 mm is reported in the regions near the component opening as well
as at the base region. Malhotra et al. [27] carried out an experimental
investigation on DSIF of a 65° cone (opening size of 132 mm) using
squeezed tool path. Squeeze factor is defined as the ratio of the distance
between tool contact points (Fig. 2(a)) to that of thickness predicted
using sine law. They reported that the support tool maintained contact
with component to a higher depth when the squeeze factor is reduced
from 1 to 0.9. Further reduction of squeeze factor to 0.85 resulted in
lower fracture depth compared to squeeze factor of 1 and 0.9. Squeezed
tool path strategy ensured the support tool contact but not accuracy.
Malhotra et al. [28] used in-to-out tool path rather than out-to-in to
maintain continuous contact of support tool and termed it as accumu-
lative double sided incremental forming (ADSIF). Using ADSIF, max-
imum deviation of measured profile to that of ideal profile in case of
conical geometry having opening diameter of 60 mm is reported as
1.15 mm. Xu et al. [30] and Zhang et al. [31] proposed a mixed tool
path strategy, i.e., first, the component is formed using ADSIF process
(in-to-out tool movement) to ensure support tool contact and followed
by DSIF process (out-to-in tool movement) with squeeze factor to im-
prove the accuracy. Using this strategy they formed a pyramidal com-
ponent (opening size of 80 mm) with pockets and reported an average
deviation of 0.6 mm and maximum deviation of 1 mm while using the
squeeze factor of 0.8. Lingam et al. [20] adopted tool and sheet de-
flection compensation methodology proposed by Asghar et al. [19] to
DSIF process. They reported that the support tool had maintained
contact with the sheet throughout forming and the force experienced by
support tool while forming the wall region is less than 50 N (i.e., no
squeezing) when compensated tool path is used. In case of a 60° cone
with opening diameter of 70 mm, they reported that the profile devia-
tion reduced from 1.5 mm to 0.4 mm in the wall region, from 1 mm to
0.22 mm in base region when tool and sheet deflections are compen-
sated. While forming complex geometries using DSIF, the role of
forming and support tools have to be selected based on which side of
the sheet feature is to be formed. To apply compensations appro-
priately, features of a geometry have to be recognised and their forming
sequence has to be decided. Lingam et al. [22] developed a metho-
dology for automatic feature recognition either by splitting and/or
joining the multiple surfaces based on feature characteristics (i.e.,
saddle points, silhouette loops, boundary relations). However, the ac-
curacy of the multiple feature component is affected by the sequence in
which the features are formed. Lingam et al. [22] also studied the im-
portance of feature sequencing on the geometrical accuracy of the
component by forming various geometries (a cone with an inclined
hump, free form geometry with saddle point) in different feature se-
quences. They concluded that before forming a feature its surrounding
features have to be formed to achieve good accuracy. For a free form
component with saddle point and having three features, they reported
that the component formed using out-to-in sequence has less profile
error, i.e., 0.270 mm, whereas in other feature sequences it is
1.150 mm. Lingam et al. [21] proposed a simple methodology to ana-
lytically predict the rigid body displacement during ISF by assuming
that the material moves normal to the profile in a stage. They formed a
80° wall angle cone (opening size of 60 mm) in four stages and pre-
dicted its geometry. Maximum deviation between the predicted depth
to that of the measured depth at the center of component is 0.61 mm,
1.4 mm, 1.9 mm, 2.3 mm after 1st, 2nd, 3rd and 4th stages respectively.
After considering tool and sheet deflections, the deviations reduced to
0.06 mm, 0.1 mm, 0.38 mm, 0.2 mm respectively. Moreover, Lingam
et al. [23] validated the rigid body displacement prediction metho-
dology [23] and importance of feature sequencing [22] by forming free
form geometry (opening size of 60 mm) having multiple features (three
features). The maximum profile deviation between predicted profile to

that of measured profile is below 0.5 mm in case of features formed in
out-to-in sequence. Also, the maximum profile deviation between the
predicted one and FEA is below 0.350 mm. Reddy et al. [9] demon-
strated multi-stage forming methodology to enhance the accuracy of
large components. A conical component of opening diameter 250 mm is
formed in two stages using same tool path in both the stages. They
reported that the maximum profile error was 2.4–1.4 mm after 1st and
2nd stages respectively. Ren et al. [24] used finite element analysis to
develop a regression model to predict and compensate the elastic de-
flection of sheet that occurs during DSIF. They performed finite element
analysis by applying different loads at selected locations on the inter-
mediate geometry to get sheet deflection. A regression model is de-
veloped from force–deflection data. Axial force on tool during forming
was measured and it was used to predict sheet deflection at that instant
from the regression model. For conical geometry having opening size of
70 mm, the maximum profile error reduced from 5.7 mm to 1.5 mm by
using compensated tool path. Moser et al. [34] performed explicit FE
analysis of DSIF of a varying wall angle (maximum 66.7°) geometry and
reported that support tool lost contact in both simulation as well as
experiments after forming certain depth. Tool maintained contact
where the deviation between predicted and measured thickness is less
than 50 µm and the deviation is around 150 µm in remaining region
where tool is not in contact. Moser et al. [35] studied the influence of
in-plane curvature on contact condition of support tool in DSIF of a
varying in-plane curvature geometry with constant wall angle using
FEA. They reported that support tool steadily lost contact with sheet
while approaching concave regions and the process degenerated to
SPIF. Ren et al. [29] studied the significance of support tool contact
force on geometrical accuracy and formability of the component formed
using DSIF. They developed a force control algorithm using position
and force feedback. They reported that using displacement control on
both the tools, the support tool lost contact during forming and fracture
occurred at a depth of 19 mm for a varying wall angle conical compo-
nent having opening size of 60 mm. Whereas, using force control ap-
proach, support tool maintained the contact with sheet throughout
forming and also the depth at fracture is increased to 22 mm. To ensure
continuous contact, Lu et al. [36] used pneumatic controlled support
tool and investigated the material deformation mechanism in DSIF by
varying support force. For a varying wall angle conical component
(opening size 100 mm), they reported that depth at fracture increased
from 20 mm to 30 mm when support force increased from 240 N to
480 N. Ren et al. [37] carried out simulation of DSIF by incorporating
machine compliance and analyzed for tool-sheet contact condition and
reported that support tool lost contact at a lesser depth with an increase
in machine tool compliance. Leem et al. [38] investigated on accuracy
of force predictions in the DSIF numerical simulations by incorporating
the kinematic hardening as well as machine compliance. They con-
sidered the Yoshida–Uemori multi surfaces hardening model (isotropic
hardening + kinematic hardening) and Voce isotropic hardening and
performed the numerical simulations with and without machine com-
pliance by using both material models using explicit solver. They
compared the measured forming forces with numerically predicted
forces of both models without considering machine compliance, and
reported that Yoshida–Uemori multi surfaces hardening model pre-
dicted forces are closer to experimental measured forces.

In SPIF process, absence of support tool results in unwanted bending
at component opening [1,14,19,32]. Using DSIF process, bending at
component opening is reduced but there is a tendency for support tool
to lose contact with sheet during forming and resulting in less accuracy
of the formed component. Attempts made to improve the contact con-
dition using squeeze tool path strategy [27,28] ensured the support tool
contact but not the accuracy of the formed components. Sheet and tool
deflection compensation methodology [20] ensured the support tool
contact and also significantly improved the accuracy. However avail-
able analytical methods to predict and compensate sheet spring-back
uses theory of small deflections [19,20] which is valid only when the
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sheet deflections are small compared to its initial thickness. The above
mentioned strategies are validated for different geometries having
opening size less than 200 mm × 200 mm. While forming components of
larger opening, the deflections are expected to be much higher than the
thickness. Hence, in the present work, combination of small deflection
and membrane theories are used to predict the sheet deflection and it is
validated using numerical as well as experimental studies.

2. Methodology

Double sided incremental forming process uses two tools to form the
components, one on either side of the sheet. At any instant, one tool will
be forming and the other acts as support. Support tool may lose contact
with sheet or squeeze the sheet depending on the distance maintained
between forming and support tools [11,13,20,27,29]. To ensure proper
contact of support tool, distance between contact points of two tools T1
and T2 (Fig. 2(a)) should be very close to the sheet thickness at that
instant. In the present work, instantaneous sheet thickness is predicted
using overlap methodology proposed by Bhattacharya et al. [39], which
is proven to predict thickness with less than 4% error [40]. It is well
known from literature [14,19,20,26] that sheet and tool deflections due
to forming forces, are the main factors for geometrical inaccuracy of the
component. Accuracy of components can be enhanced by predicting
sheet and tool deflections accurately and applying compensations for
them while generating tool path. For estimation of sheet and tool de-
flections, first instantaneous sheet thickness is predicted using overlap
methodology [39], contact area between tool and sheet is predicted
using analytical methodology developed by Bansal et al. [40] and then
forming forces are estimated using force equilibrium methodology [40].
Asghar et al. [19] and Lingam et al. [20] used theory of small deflec-
tions [41] to predict sheet deflection, which is valid only when de-
flections are much smaller compared to sheet thickness. In the present
work, combination of small deflection and membrane theories are used
to predict sheet deflection so that the methodology can be used for
small as well as large components. Forming tool deflection is estimated
by assuming it to be a cantilever. Finally, compensations for the pre-
dicted sheet and tool deflections are applied to tool path to enhance the
accuracy of components.

2.1. Prediction of thickness and forming forces

Deformed sheet thickness at any instant is predicted using overlap
methodology proposed by Bhattacharya et al. [39]. In the overlap
methodology, the initial sheet configuration is divided in to number of
elements (AB, BC, CD, ) as shown in Fig. 2(b). Some part of the
material in ISF gets deformed repeatedly due to overlap. Amount of
increase in length of each element during deformation is determined by
assuming that the material moves normal to the profile of component in
previous tool pass. Deformed sheet thickness is obtained by imposing
volume constancy condition between initial and final positions of the
elements. Strain values along the principal directions (Fig. 2(c)) are
calculated by assuming plane-strain deformation. Equivalent stress is
obtained using stress–strain relation of sheet material. By assuming that
the sheet material yields according to von-Mises criterion, stress com-
ponents along principal directions (i.e., thickness ( t), meridional ( ),
circumferential directions ( )) are obtained as [39,42]
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where eq is the equivalent stress, R is tool radius and t is thickness of
sheet at any instant. Bansal et al. [40] estimated the tool sheet contact
area by integrating the contact perimeter (Fig. 2(d)) in plane perpen-
dicular to tool axis and the same expression is used in the present work,
and is given by
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where R is tool radius, z is incremental depth, is wall angle, is
grove angle.

From finite element analysis of SPIF, contact pressure distribution
show that the contact area can be approximated as rectangular strip
[40,43]. Length of rectangle (l) is estimated as the length of tool–sheet
interaction along meridional direction ( = +l R ( )) and width of
rectangle (m) is calculated from the predicted contact area (A), which is
given by =m A l/ . Assuming that the stresses are uniformly distributed
over the entire contact zone, force components along thickness (Ft),
circumferential (F ) and meridional (F ) directions are obtained as [40]

= = =F F Fml; lt; mtt t

However, to predict the sheet and tool deflections, the forces acting
on the forming tool in the tool coordinate system are required
(Fig. 2(c)). Hence, forces are resolved along axial (Fz) and radial di-
rections (Fr), and are given as [40]
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2.2. Prediction of tool deflection

Forces acting on the forming tool (i.e., along axial (Fz), radial (Fr)
and tangential (Ftg) directions) during ISF are as shown in Fig. 3(a).
Majority of tool deflection occurs due to radial force (Fr) and deflection
due to other forces can be neglected [19,20]. In the present work, force
acting only in radial direction is considered for tool deflection predic-
tion. Tool is assumed as a cantilever with force (Fr) acting at its tip as
shown in Fig. 3(b). Forming tool has two parts, tool extension and tool
shank. Hence, tool is divided in to two parts of different cross sections
and tool deflection is calculated using the moment-area method. Tool
deflection at tool tip location is obtained as
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where t is tool deflection, E is Young's Modulus of tool material, I1 and
I2 are moment of inertia and L1, L2 are lengths of tool shank and tool
extension.

2.3. Prediction of sheet deflection

In ISF process, peripherally clamped sheet is deformed using simple
tools moving in a predefined paths. When the tool moves from point A
to diametrically opposite location B, profile of components undergoes
elastic recovery (point A moves to A ) as shown in Fig. 4(a). When the
tool is retracted after forming, global elastic recovery takes place (point
A moves to A ) as shown in Fig. 4(a). To predict the elastic deflection of
sheet, the loading condition at any instant is considered to be analogous

Fig. 3. (a) Forces acting on forming tool, (b) tool shank and its extension as-
sumed as cantilever.
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to concentrically loaded circular sheet clamped along its periphery as
shown in Fig. 4(b). In experimental setup, sheet is rigidly fixed along its
periphery between two circular clamping plates one each on either side
of the sheet (Fig. 11(c)). Adequate number of holes are drilled along the
sheet periphery for clamping the sheet to arrest all DOF of sheet edge.

Methodology available in literature [19,20] to predict sheet de-
flection in ISF used theory of small deflections (neglecting the strains in
middle plane of sheet) and is valid only when sheet deflections (w) are
small compared to thickness (t0). For large components, sheet deflection
will become higher, hence, influence of membrane force due to
stretching has to be considered [41,44] to predict sheet deflection. In
the present work, combination of small deflection and membrane the-
ories are used for sheet deflection prediction.

It is well known that applied transverse load (Fext) will deflect the
sheet against bending, shearing and membrane stresses. For a trans-
verse deflection of w at a distance rl (Fig. 4(b)), some part of the applied
load (Fext1) will be balanced by bending and shearing stresses and re-
maining part (Fext2) will be balanced by membrane stresses [41]. Hence
Fext1 and Fext2 will be functions of w; assuming =F f w( )ext1 1 and

=F f w( )ext2 2 , total external force will be

= + = +F F F f w f w( ) ( )ext ext1 ext2 1 2 (5)

Sheet deflection is obtained by solving above expression using
predicted axial force as Fext. Methodology to obtain f w( )1 and f w( )2 is
explained below using small deflection and membrane theories re-
spectively.

2.3.1. Theory of small deflections
Transverse deflection (w) of a clamped circular sheet due to con-

centric line load (Fext1) acting at a distance ( =r rl) from the center
(Fig. 5) can be obtained as [41]

=
+ + +( )

F
r r r

4Dw
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2b
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where D is the bending rigidity of the sheet =D Et
12(1 )

0
3

2 , t0 is initial

sheet thickness, E is Young's modulus, is Poisson's ratio, rb is blank
size, rl distance from center at which load is acting. Here, material is
assumed to be isotropic and strain in middle plane of sheet is neglected.

2.3.2. Membrane theory
It is well known that, if transverse deflection of sheet (w) increases

beyond thickness of sheet (t0), then sheet tends to stretch resulting in

membrane stresses [44]. For a circular sheet with concentric line load
(Fext2) shown in Fig. 6(a), displacement in radial direction (u) can be
neglected [45] because of its symmetry. Hence, strain in tangential
direction becomes negligible ( = =u r/ 0tan ). Free body diagram of an
element at a distance r from the center of sheet is shown in Fig. 6(b).
For an element at a radial distance of r from the center (Fig. 6(b)),
strain in radial direction can be expressed as [45]

= + =du
dr

1
2

dw
dr

1
2

dw
drrad

2 2
(7)

Using Hook's law, membrane force along radial direction (Frad) can
be expressed as [45]

= + =F CEt
1

( )) ( )rad
0

2 rad tan rad (8)

where C is in-plane rigidity of the sheet =( )C Et
1

0
2 , t0 is initial sheet

thickness, E is Young's modulus, is Poisson's ratio. Applied load (Fext2)
will be balanced by the in-plane forces that act along radial and tan-
gential directions. Radial stretching force per unit length acting tan-
gential to deflected surface (Fig. 6(c)) can be resolved into two com-
ponents, one along out-of-plane (Fop) and other along in-plane (Fip)
direction of sheet. If transverse load (Fext2) is applied at a distance rl
from center, then the relation between transverse deflection (w) and
out-of-plane force component (Fop) is obtained by considering the
equilibrium of region of sheet within radius r as shown in Fig. 6(c), and
it can be expressed as

=F F dw
drop rad (9)

Force equilibrium of an element at radius r (where >r rl) in the out-of-
plane direction as shown in Fig. 6(b) can be obtained as

=F r d F r d( )( ) ( )( )lop ext2 (10)

where rl is the distance from center of sheet at which concentric line
load (Fext2) is applied. Governing equation for a peripherally clamped
sheet subjected to concentric line load as shown in Fig. 6(a) is obtained
by substituting Eq. (8) and Eq. (9) in Eq. (10) as

= F r
C

rdw
dr

2( )( ) ( )lext23
1

3
(11)

For a circular sheet clamped along edge =r rb as shown in Fig. 6(c),
the boundary conditions are

= = =w r r0; dw
dr

0 at b (12)

After integrating Eq. (11) using above boundary conditions, trans-
verse deflection (w) of sheet can be obtained as

=w F r
C

r r3
2

2( )( )l
b

ext23
2
3

2
3

(13)

where rb is the distance from the center of sheet at which it is clamped.
Above equation can be rewritten as

=F w C

r r r

8

54 l b

ext2
3

32
3

2
3

(14)

2.3.3. Combining theories
In incremental sheet forming process, a wide range of sheet sizes are

used to form the components. Hence, neither theory of small deflections
not membrane theory is applicable in all cases. Combination of small
deflection and membrane theories used by Timoshenko [41] to predict
the deflection of a peripherally clamped rectangular thin plate sub-
jected to uniformly distributed load. In the present work, above
methodology [41] is adopted to find the deflection of peripherally
clamped sheet subjected to concentric line load. Total load (Fext) to

Fig. 4. (a) Schematic showing the spring-back in ISF process, (b) schematic
showing the loading condition and parameters used for prediction of sheet
deflection.

Fig. 5. Schematic of parameters used for sheet deflection prediction.
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balance the bending, shearing and membrane stresses can be obtained
by adding Eqs. (6) and (14).
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Contact pressure distribution in incremental forming observed in
finite element analysis show that the contact area can be approximated
as a rectangular strip [40,43]. Calculation of length and width of rec-
tangular strip is presented in above section (refer Section 2.2). As-
suming that the axial load (Fz) predicted at an instance is uniformly
distributed along the periphery of the tool-sheet contact area (Fig. 7),
concentric line load (Fext) acting on the sheet at distance rl is estimated
as = +F l mext

Fz
2( ) and the above Eq. (15) can be rewritten as
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Solving the above equation will result in one real root and a con-
jugate pair. The real root is taken as the transverse deflection (w) of
sheet. Procedure to predict sheet deflection in incremental forming is
explained using the flow chart presented in Fig. 8.

2.4. Measurement of machine tool error

Two spindles/tools traverses on lead screws mounted on machine
frame and results in change in loading location on lead screws leading
to different deflections/errors at different locations. Although the tools
are programmed to move from one location to other with respect to
standard reference plane, there is a relative displacement in tool axial
direction. Machine's spindles are programmed to move to various dis-
crete locations of grid within sheet reference plane (x , y) and relative
deviation in z direction corresponding to each location is measured

using dial gauge. Similarly, machine tool components deflection/errors
in different planes on either side of the sheet reference plane are also
measured. An empirical model relating machine tool error and spatial
coordinates is developed using the measured data to generate com-
pensated tool path [46].

2.5. Compensated tool path generation

Slicing the surface model (representing the component surface to-
wards the positive z-axis) gives the contact point T1 (between tool-1
and sheet) shown in Fig. 9a. Ideal tool path to form the components is
generated by slicing the CAD model of the geometry. Surface models of
the geometry are used for slicing by considering it as the surface of the
component towards the positive z-axis. Choosing the tip points (P1, P2
shown in Fig. 9) as the reference points on tools their ideal locations are
obtained by applying tool radius and sheet thickness compensations to
the sliced points using the normals at those points. Ideal tool tip loca-
tions are obtained as

= + ˆ ˆP T R n k( )1 1 1 (17)

= + +ˆ ˆP T R t n R k( )f2 1 2 2 (18)

where n̂ is the unit normal at contact point (T1), k̂ is the normal along
tool axis, tf is sheet thickness, R1 is radius of tool-1 and R2 is radius of
tool-2. Tool deflection and sheet spring-back have to be compensated to
enhance the accuracy of the components. Forming tool deflects because
of the forces acting on it, whereas, the support tool will not deflect
significantly as the force applied by it is very less (below 50 N of force is
measured during forming). Sheet deflection effect the location of both
the tools as both the contact points (T1, T2) will undergo spring-back
when the tools move away from them. Hence, tool deflection com-
pensation is applied only to the forming tool and sheet deflection
compensation is applied to both the tools. Fig. 9 illustrates the tool and
sheet deflection compensation when tool-1 is forming tool. In this case
tool tip locations are obtained as

= +P P n n w n( ) ( )C t x y z1 1 (19)

= +P P w n( )C z2 2 (20)

If tool-2 is forming tool then tool tip locations are obtained as

=P P w n( )C z1 1 (21)

= + + +P P n n w n( ) ( )C t x y z2 2 (22)

where P C1 or P C2 is the forming tool tip point locations after applying
sheet and tool deflection compensations, nx , ny, nz are the components

Fig. 6. Clamped circular sheet subjected to line load Fext2. (a) Schematic of parameters used for sheet deflection prediction, (b) free body diagram of element at
distance rl from center, (c) schematic showing the relationship between force (Fop) and deflection (w).

Fig. 7. Schematic showing the loading condition on sheet to predict its de-
flection using combined theory.
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of outward normal at contact point, t is tool deflection, w is sheet
deflection.

After applying the compensations for tool path, it was observed that
there is an increase in forming forces due to increased wall angle.
Therefore, sheet and tool deflections are recalculated iteratively using
the increased wall angle. In the first iteration itself; it is found that the
increase in deflection is close to 20 µm ( °60 cone, incremental depth of
0.5 mm, tool diameter of 12.7 mm). Hence, only one iteration is used to
obtain the compensated tool path.

3. Results and discussion

In incremental sheet forming, sheet and tool deflections are the
main factors for geometrical errors. It is well known that if the feature
being formed is close to the fixture, then majority of the external load is
balanced by bending stresses and sheet deflections will be smaller than
thickness. However, for features that are far from fixture opening, sheet
deflection will be much higher than thickness. Earlier attempts [19,20]
to predict sheet deflection used small deflection theory and is valid only
when the deflections are small compared to thickness. In the present
work, a methodology applicable for small as well as large components
(formed using either small or large sheet) is developed by combining
small deflection and membrane theories. Predictions of developed
methodology are validated by comparing with FEA predictions and
experimental measurements performed during the present work. Alu-
minium (Al8011) sheet of 0.8 mm thickness, tool diameter of 12.7 mm
and incremental depth of 0.5 mm are chosen for validation. The
stress–strain relation of sheet material is = 144( )0.02 MPa.

Components are formed using a custom built DSIF machine shown in
Fig. 10 and it consists of two independently controlled spindles and are
operated using SIEMENS 840D controller. Tool path is developed in
such a way that; the two tools traverse in a synchronized manner during
forming. In DSIF, support tool has to maintain continuous contact with
sheet throughout forming with a minimal force to avoid squeezing.
Profiles of the formed components are measured using gantry type
Coordinate Measuring Machine (CMM, resolution 0.1 µm) after un-
clamped from the fixture.

3.1. Validation

Sheet deflection predicted using proposed methodology is validated
using finite element analysis (FEA) and measured values. During the
forming process, local and global spring-back of sheet takes place. Local
spring back is the elastic recovery of sheet when the tool moves away
from the point and the global spring back is the elastic recovery when
the tool is retracted. Total spring back (local + global) will be equal to
the elastic deflection (Fig. 11(a)) of sheet due to forming forces. Hence,
to validate the proposed methodology, deflection predictions are
compared with numerical and experimental predictions. An elastic fi-
nite element analysis is carried out using ABAQUS for a circular sheet
fixed along its periphery. Sheet is modeled as deformable body and is
discretized using four noded quadratic shell elements (S4R) of size
1 mm. Mesh convergence study is carried out by predicting sheet de-
flection using mesh sizes of 8 mm, 4 mm, 2 mm, 1 mm, 0.5 mm. It is
observed that the variation of sheet deflection is below 1 µm when
mesh size changes from 2 mm to 1 mm. Hence, 1 mm mesh size is
chosen for FE analysis. Tool with spherical head of 12.7 mm in diameter
is modeled as analytical rigid. For tool, rotational DOF as well as
translation in x and y directions are arrested. Interaction between tool
and sheet is modeled as frictionless surface-to-surface contact as sheet is
well lubricated. Axial force Fz (in z-direction) is applied on the tool

Fig. 8. Flow chart to predict sheet deflection.

Fig. 9. Schematic showing compensation methodology applied to forming and
support tools. (a) Tool radius and sheet thickness compensation, (b) tool and
sheet deflection compensation.

Fig. 10. Custom designed DSIF machine (IIT-Hyderabad).
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Fig. 11. (a) Loading condition in ISF, (b) FEA model, (c) ex-
perimental measurement.

Table 1
Comparison of sheet deflections predicted using small deflection theory, combined theory, FEA and experimental measurement.

Sheetsize rb (mm) Loading location rl (mm) Small deflection theory (mm) Combined theory (mm) FEA (mm) Experimental measurement (mm)

50 42 0.51 0.428 0.46 0.49
350 300 263.2 4.05 4.18 4.5
1000 900 1427 7.95 7.2 Not performed due to machine size restrictions

Fig. 12. (a) Varying wall angle geometry modeled to a depth
of 50 mm, (b) comparison of measured and predicted axial
forces, (c) sheet deflection variation with depth.

Fig. 13. Varying wall angle component with 610 mm opening diameter (a), (b) CAD model and geometrical parameters, (c) no compensations, (d) sheet and tool
deflections compensated, (e) sheet, tool deflections and machine tool error compensated, (f) axial force on support tool, (g) profile comparisons, (h) profile error.
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placed at a radius of rl as shown in Fig. 11(b). Axial force predicted
using force equilibrium method is used for FE analysis. Displacement of
sheet in axial direction exactly below the tool, is taken as the sheet
deflection. In experimental measurement, force is measured using a

single component load cell mounted on the tool (Fig. 11(c)). Forming
tool is moved in steps of 5 µm till the reaction force on the tool reached
381 N and its displacement from initial sheet surface is taken as the
sheet deflection. Comparison of sheet deflection predictions for small as

Fig. 14. Varying wall angle component with 250 mm opening diameter (a), (b) CAD model and geometrical parameters, (c) profile comparisons, (d) profile error, (e)
component formed using uncompensated tool path, (f) component formed using compensated tool path, (g) axial force on support tool.

Fig. 15. Varying wall angle component with 150 mm opening diameter (a), (b) CAD model and geometrical parameters, (c) profile comparisons, (d) profile error, (e)
component formed using uncompensated tool path, (f) component formed using compensated tool path, (g) axial force on support tool.
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well as large size sheets (radius 50 mm, 350 mm, 1000 mm) is shown in
Table 1. For small sheet (50 mm radius), the deflection is less than its
thickness and both the theories predicted approximately same deflec-
tion as that of FEA and experiment. However, for large sheet, deflection
is higher than thickness and prediction using theory of small deflections
is very high. Whereas, combined theory predicted the deflection with
less than 10% error from FEA predictions and experimental measure-
ments. Measurement of tool deflection is carried out by applying known
loads at close to tool-tip and deflection is measured using dial gauge.
The variation in predicted and measured tool deflections are within
10 µm.

A truncated conical component with wall angle varying from 25° to
60°, opening diameter of 610 mm is chosen to validate the effectiveness
of force prediction methodology (Fig. 12(a)). Forming force is predicted
at any location using methodology proposed by Bansal et al. [40].
Forming force in this geometry varies continuously as it depends on
local wall angle. Fig. 12(b) shows the comparison of measured and
predicted forming force (Fz) and they are in very good agreement. For a
flat circular sheet clamped along its periphery (Fig. 11(c)), as the
loading location moves away from the fixed boundary, deflection of
sheet will increase due to lower stiffness in that region. However, in ISF,
as forming tool moves in an out-to-in tool path, stiffness of the formed
region of the sheet will increase which will reduce the deflection.
Therefore, combined effect of stiffness is studied using FE analysis. A
600 mm opening diameter varying wall angle cone (25–60°) is modeled
at various depths starting from 0 mm (flat sheet) and in steps of 10 mm.
At each depth the sheet deflection due to forming force (Fz) is predicted
using FE analysis. Thickness of sheet in the formed region is obtained
using overlap methodology [39] as it will be varying with wall angle.
This is done by dividing the formed region in to regions of 10 mm depth
(Fig. 12(a)) and assigning the average predicted thickness of that re-
gion. Axial forming force at each depth is obtained by Eq. (3) using the
instantaneous wall angle and is applied on the tool (Fig. 12(a)). Max-
imum variation of sheet deflection with depth (Fig. 12(c)) is found to be

0.3 mm and the maximum error between prediction using combined
theory and FEA is 10%. Comparison of sheet deflection predictions of
combined theory at different depths with that of FEA for constant wall
angle cone (30°, opening diameter 620 mm, fixture size 700 mm, depth
130 mm) as well as pyramid (60°, opening size 430 mm, fixture size
700 mm, depth 180 mm) that are located at centre of clamping region,
constant wall angle cone located asymmetrically (45°, opening dia-
meter 200 mm, fixture size 700 mm and located within one of the
quadrants of clamping region, depth 60 mm), varying wall angle
asymmetrical shallow geometry (maximum and minimum opening sizes
620 mm and 560 mm respectively, depth 75 mm, maximum wall angle
28°, fixture size 700 mm) as well as freeform component that needs to
be formed by both the tools with local stiffeners) indicates that the
variation is within 10%. Hence, it is assumed that the sheet deflection
during ISF remains approximately same throughout the component,
and is equal to the deflection calculated at the component opening. In
the present case component opening radius of varying wall angle
component is 300 mm. Therefore, to predict the deflection of the sheet
at any instant during forming, first forming force (Fz) is obtained by
using Eq. (3) and sheet deflection due to Fz at a radial distance equal to
component opening is obtained by solving Eq. (16).

3.2. Experimental results

A varying wall angle conical component with different opening
diameters (i.e., 610 mm, 250 mm and 150 mm) is chosen to validate the
proposed methodology for small as well as large components. In addi-
tion, a free-form geometry having two features, one symmetric and
other asymmetric is also chosen to demonstrate the robustness of de-
flection compensation methodology. To check the repeatability, three
components are formed in each case and profile error of each compo-
nent are measured. Maximum change in profile error of three compo-
nents is within 50 µm and average of them is presented. Measured
profiles of the components formed using with and without compensated
tool paths are compared with ideal profiles and the error between them
is presented.

3.2.1. Varying wall angle components
A truncated conical component with wall angle varying from 25° to

60°, opening diameter of 610 mm is formed using compensated as well
as uncompensated tool paths. Dimensions of the geometry are as shown
in Fig. 13(a) and (b). For the above geometry, predicted sheet deflection
is varied from 4.26 mm to 4.56 mm, tool deflection varied from
0.20 mm to 0.35 mm and machine tool error varied from +0.1 mm to
−0.27 mm. Using uncompensated tool path, maximum error in the wall
region is −4.45 mm and in the base region is −3.53 mm. Note that,
negative error indicates under forming and positive error indicates over
forming. Fig. 13(c) shows that the support tool lost contact after the
fillet region while using uncompensated tool path. Even after com-
pensating for sheet and tool deflections, support tool maintained con-
tact only on one side of the component (Fig. 13(d)) because of machine
tool related errors. Hence, machine tool error is measured and com-
pensated by developing an empirical model [46]. The relative dis-
placement between the two tools in axial direction when they move by
same distance in xy-plane is taken as the machine tool error (Fig. 10).
When machine tool error is compensated along with tool and sheet
deflections, the support tool has maintained contact throughout the
forming without squeezing the sheet (Fig. 13(e)) and the average force
on support tool while forming is 40 N as shown in Fig. 13(f). When
machine tool error is not compensated, dimensional error at one of the
chosen location (point A shown in Fig. 13(h)) is −1.04 mm and the
error at diagonally opposite location of A (A ) is −0.36 mm. After
compensating the machine tool error, dimensional error at B is
+0.11 mm and at B it is +0.09 mm. After compensating for sheet, tool
deflections and machine tool errors, maximum error in wall and base
regions has reduced to +0.73 mm and −0.77 mm respectively. In

Fig. 16. CAD model and geometric parameters of free form geometry with two
features.

Fig. 17. Feature F1 of free-form geometry with 610 mm opening diameter, (a)
profile comparison along section AA, (b) error along section AA, (c) profile
comparison along section BB, (d) error along section BB.
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addition, profile variation due to spring-back after unclamping is
measured and it is observed that there is an insignificant variation
(maximum difference of 30 µm). Maximum error in wall region before
unclamping is +0.70 mm and after unclamping is +0.73 mm as shown
in Figs 13 (g) and (h). Hence, experimental results presented further are
of the components formed using machine tool error compensated tool
paths. Hereafter, compensated tool path refers to sheet and tool de-
flections are compensated, while uncompensated tool paths are gener-
ated without deflection compensations. In both the cases machine tool
error is compensated.

A truncated conical component with wall angle varying from 25° to
60°, opening diameter of 250 mm is formed using compensated as well
as uncompensated tool paths. Dimensions of the geometry are shown in
Figs. 14(a) and (b). For the above geometry, predicted sheet deflection
is varied from 3.19 mm to 3.45 mm, tool deflection is varied from
0.21 mm to 0.29 mm and machine tool error varied from +0.05 mm to
−0.14 mm. Using compensated tool path, the maximum error along the
wall region has reduced from −2.2 mm to −0.75 mm (Fig. 14(c)), and
in the base region, it is reduced from −1.85 mm to +0.2 mm. Com-
parison of the measured profiles of the components formed using with
and without compensated tool paths are shown in Fig. 14(c) and cor-
responding errors are shown in Fig. 14(d). Support tool maintained
contact throughout depth of the component formed using compensated
tool path (Fig. 14(f)). With uncompensated tool path, support tool lost
contact after forming fillet region (Fig. 14(e)). Average force on support
tool while forming is 30 N and the maximum force is 50 N (Fig. 14(g)).

A truncated conical component with varying wall angle from 25° to

60° with opening diameter of 150 mm is formed using compensated as
well as uncompensated tool paths. Dimensions of the geometry are
shown in Fig. 15(a) and (b). For the above geometry, predicted sheet
deflection is varied from 2.07 mm to 2.23 mm, tool deflection is varied
from 0.14 mm to 0.21 mm and machine tool error varied from
+0.04 mm to −0.06 mm. Comparison of the measured profiles of the
components formed using with and without compensated tool paths is
shown in Fig. 15(c) and corresponding errors are shown in Fig. 15(d).
Using compensated tool path, maximum error along the wall region has
reduced from −1.1 mm to +0.33 mm, and in the base region, it re-
duced from −0.76 mm to +0.13 mm. When uncompensated tool path
is used, support tool lost contact after forming fillet region (Fig. 15(e)).
With compensated tool path, support tool maintained contact
throughout the forming (Fig. 15(f)). Average force on support tool is
35 N and the maximum force is 50 N (Fig. 14(g)).

3.2.1.1. Free-form geometry with convex and concave features. A free-
form geometry with two features (F1, F2) is chosen to demonstrate the
applicability of the proposed methodology to asymmetric components
(Fig. 16). Forming and supporting role of tools change while forming
features F1 and F2. Two features (F1 and F2) in the free-form geometry
are recognized by splitting the geometry using planes parallel to initial
sheet plane [22]. Opening of feature F1 has convex and concave
segments and its wall angle is varying from 0° to 45° (Fig. 16). It is
formed using tool that is on the negative z-axis side (T1), while other (T2)
acted as support tool. Conical feature F2 of wall angle 45° is formed on
the base of feature F1. Roles of tools are reversed while forming F2 i.e.,

Fig. 18. Features F1 and F2 of free form geometry with 610 mm opening diameter. (a) Profile comparison along section AA, (b) error along section AA, (c) profile
comparison along section BB, (d) error along section BB, (e, f) component formed using uncompensated tool path, (g, h) component formed using compensated tool
path.
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T2 formed the geometry and T1 provided the support. Deflection
compensations are applied to the tools based on their role (either
forming or supporting tool).

Feature F1 with component opening of 610 mm and depth of 60 mm
(Fig. 16) is formed using compensated as well as uncompensated tool

paths. For the above geometry, predicted sheet deflection is varied from
3.2 mm to 5.4 mm, tool deflection is varied from 0.15 mm to 0.3 mm
and machine tool error varied from +0.1 mm to −0.28 mm. Profile
comparison is carried out along two sections i.e., along A–A and B–B
passing through the maximum and minimum radius of opening

Fig. 19. Feature F1 of free-form geometry with 260 mm opening diameter, (a) CAD model, (b) profile comparison along section AA, (c) error along section AA, (d)
profile comparison along section BB, (e) error along section BB.

Fig. 20. Features F1 and F2 of free form geometry with 260
mm opening diameter (a) profile comparison along section AA
(b) error along section AA (c) profile comparison along section
BB (d) error along section BB (e),(f) component formed using
uncompensated tool path (g), (h) component formed using
compensated tool path.
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respectively (Fig. 16). Comparison of the measured profiles of compo-
nents formed using with and without compensated tool paths with that
of ideal profiles are shown in Fig. 17(a) and (c) and errors between
them are shown in figures 17(b) and (d). Note that, for feature F1,
positive error means over-forming, while for feature F2, it is under-
forming. Using compensated tool path, maximum error along section A-
A in the wall region has reduced from −4 mm to −0.72 mm
(Fig. 17(b), and in the base region, it is reduced from −4.35 mm to
−0.78 mm Along section B–B in the wall region, maximum error re-
duced from −4.14 mm to −0.66 mm as shown in Fig. 17(d).

Conical feature (F2) with component opening of 360 mm and depth
of 40 mm (Fig. 16) is formed on the base of already formed feature F1
using compensated as well as uncompensated tool paths. Comparison of
the measured profiles of the components formed using with and
without compensated tool paths with that of ideal profiles are shown in
Fig. 18(a) and (c) and errors between them are shown in Fig. 18(b) and
(d). Using compensated tool path, maximum error along section A–A in
the wall region is reduced from 4.8 mm to 0.78 mm and in the base
region, it reduced from 5.49 mm to 0.69 mm (Fig. 18(b)). Along section
B–B maximum error in wall region reduced from 5.2 mm to 0.77 mm
(Fig. 18(d)). When uncompensated tool path is used, support tool has
lost contact after forming fillet region (Fig. 18(e) and (f)). While
forming with compensated tool path, support tool maintained contact
throughout the depth of component (Fig. 18(g) and (h)).

A smaller free-form geometry shown in Fig. 19(a) (similar to the one
shown in Fig. 16) is formed to demonstrate the robustness of the pre-
diction methodology. Opening diameter of the component is 260 mm
and depth is 40 mm. For the above geometry, predicted sheet deflection
is varied from 3 mm to 4.23 mm, tool deflection is varied from 0.15 mm
to 0.27 mm and machine tool error varied from +0.05 mm to
−0.15 mm. Comparison of the measured profiles of components
formed using with and without compensated tool paths with that of
ideal profiles are shown in Fig. 19(b) and (d) and errors between them
are shown in Fig. 19(c) and (e). Using compensated tool path, max-
imum error along section A–A in the wall region has reduced from
−2.47 mm to −0.26 mm (Fig. 19(c)), while along section B–B it re-
duced from −2.88 mm to −0.74 mm (Fig. 19(e)).

Conical feature F2 with component opening of 100 mm and depth of
20 mm is formed on the base of the already formed feature F1 using
compensated as well as uncompensated tool paths. Comparison of the
measured profiles of the components formed using with and without
compensated tool paths with that of ideal profiles are shown in
Fig. 20(a) and (c) and errors between them are shown in Figs. 20(b) and
(d). Using compensated tool path, maximum error along section A–A in
the wall region has reduced from 2.65 mm to 0.22 mm (Fig. 20(b)),
while along section B–B it reduced from 2.58 mm to 0.25 mm
(Fig. 20(d)). When uncompensated tool path is used, support tool has
lost contact after forming fillet region (Figs. 20(e) and (f)). While
forming with compensated tool path, support tool has maintained
contact throughout the depth of component (Figs. 20(g) and (h)).

Tool and sheet deflections are major reasons for inaccuracies in ISF.
For small components or features that are close to the fixture, majority
of the transverse load is balanced by bending stresses, where membrane
effects can be neglected. However, for features that are far from fixture,
membrane stresses will significantly resists the applied transverse load.
In the present work, combination of small deflection and membrane
theories is used to predict the sheet deflection. In this way all the
stresses in the sheet are considered simultaneously in sheet deflection
prediction, making the methodology suitable for small as well as large
deflections. In addition, machine tool related errors are reduced using
an empirical model developed during present work. Two different
geometries (varying wall angle axisymmetric, asymmetric with max-
imum opening size of 610 mm) are formed with maximum error less
than 800 µm using compensated tool paths generated using the pro-
posed methodology.

4. Conclusions

Sheet and tool deflections are significant factors for geometrical
errors in the components formed using double sided incremental
forming. When the sheet deflection is less than its thickness, theory of
small deflections can be used to predict sheet deflection. However, for
features that are far from fixture opening and large components, sheet
deflection will be much higher than thickness. In the present work, a
methodology is developed to predict and compensate sheet deflections
using combination of small deflection and membrane theories. In ad-
dition, machine tool errors are measured and an empirical model is
developed to compensate the errors that ensured the support tool
contact throughout the forming. Applicability of developed metho-
dology to small as well as large components is demonstrated using
numerical and experimental validation. Sheet deflection predicted
using proposed methodology is within 10% error compared to finite
element predictions and measured values. Varying wall angle axisym-
metric components of three different openings (opening diameters
150 mm, 250 mm, 610 mm) and a free-form component of two different
openings (component opening 260 mm, 610 mm) are formed with
maximum error less than 800 µm using compensated tool paths.
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